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VARIABLE-VALUED LOGIC:

System VLl

by _

Re S. Michalski
Department of Computer Science
University of Illinois at Urbana-Champaign
Urbana, Illinois 61801

ABSTRACT

The paper defines the concept of a variable-valued logice

(VL) system and discusses in detail one specific VL system called VLl.

The main motivation for the development of the VI system
concept is to construct a well-defined, general formal system unifying
various combinatorial problems and adequate, in particular, for problems
of 'learning from examples' (problems which are of special interest to

areas of pattern recognition and machine intelligence).

INDEX TERM:
Variable-valued logic, many-valued logic, switching functions,
disjunctive normal ferms, feature selection, classificaticn rules,

inductive systems.
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INTRODUCTION

This paper describes a forﬁal system, called VLl, which
is a specific system within a broader concept of a variable-valued
logic (VL) systems One of the basic assumptions underlying the
definition of a VL system is that every proposition (a VL formula)
and each of the variables in the proposition, can accept its own,
independent .number of values *ruth-values'),which are selected
on the basis of semantic or problem-oriented considerations.,

The concept of 'truth', the'fundamental concept of logie,
is treated here as a property of our knowledge about nature in the
broadest sense, similar to any other property characferiziég natufe.
Therefore, the 'truth' is not considered as a concept which has an
absolute number of 'truth-values' ('true - false', or 'true-false-
possible’, etc, ) but as a concept which can take any number of values
which is adequate in a given situation or appropriate for the meaning
of the sentence. The main motivation for the development of the concept
of a VL system is not theoretical, however, but practical, namely to
construct a well-defined,Ageneral formal system, which would be adequate for
solving various practical problems of combinatorial nature, in particular,
problems characterized as 'learning from examples'. Such problems are
of special interest to the areas of pattern recczaition and machine
intelligence.

The VLl system, discussed here, though a very simple system, displays
many of the desired features in the mentioned direction. It can be used
ag a formal basis for designing software or hardware systems able
to infer ('learn') the simplest, in a well-defined sense, and also

generalized, descriptions of complex objects (or object classes) from
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specifie samplé facts or examples characterizing the objects. These
descriptions can then be used, e.g., as simple rules.for classifying
or recognizing the objects. Another application can be to infer the
simplest expression for a deterministic relationship existing among
various objects, from examples of this relationship.

The set of operations which VLl uses to create such
descriptions is limited to only a few basic logical operations and
one arithmetic operation -- addition (which is used only in a restricted
context, namely to express symmetric propverties of functions with
regard to their variables or inversed variables).

: The original facts or examples, from which system can 'learn',
have to be expressed in a special format: as sequences of properties
taken from various finite (ordered or unordered) domains (i,e. a
'questionnaire formet') or, in the most general case, in the form of VLl
formulas.

The concept of a VL system énd the definition of VLl were
first introduced2 at the IFIP Working Conference on Graphic Languages,
Vancouver, Canada, May 1972,

In this paper we present an extended definition of VLl which
includes certain new concepts, such as a symmetric selector i |
exception and separation operations and a combined VL formula, We also

1

cive here a grammatical description of the syntax of VLl and describe

various concepts relevant to the system: equivalence-preserving
operations, merging and simplication rules, concept of minimality of VLl
formulas under a lexicosraphic functional, a zeometric model of VLl

formlas,

A Reader interested in applications of the system and its

computef implementation is referred to other papersl’2’3.
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RASIC DEFINITIONS

Definition of a Variable-Valued Logic System

A variable-valued logic system (a E} sxstem) is an ordered

~»

quintuple:

(%, ¥, S, By, Rp) (1)

where
X -- is a finite non-empty (f.n.) set of input or independent variable, whose
domains, denoted Di’ i =1, 2y 3y eee, aTE any non-empty sets,
Y -- isaf.n.set of output or dependent variables, whose domains,
denoted jD, jJ =1, 2, ¢esy are any non-empty ;ets.

§ -- is a f.n., set of symbols, called connecting symbols,

RF -—— is a f.n. set of formation or syntactic rules which define well-formed

formulas (wff) in a system (VL formulas), A string of elements
from X, Di’ Y, jD and S is a wff, if and only if it can be
derived from a finite number of applications of the formation
rules,

R. -- is a f.n., set of interpretation or semantic rules which give an

interpretation to VL formulas. Namely, they specify how, for
any string of values taken by independent variables, to compute

from the formula values of dependent variables.

In this paper we will discuss one specific VL system called VLl'
The definition of VL,,given below,is an extension of the previous
definition in paper”, It includes the following new concepts: a symmetric

selector, an exception and cepzration operations and a combined VLl formula,
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Definition of the VL, system

VL, is a variable-valued logic system (x, v, 8, Ros RI)

where

X -- is a f.n. set of input variables whose

domains are f.n. sets of elements called input semantic units,

To be speéific, we will assume, without loss of generality,

that variables are
X X s e X ) - (2)
and their domains Di are sets of non-negative integers with
dl{dE""’dn elements, respectively:
Di = {01112:"'1%} 3 1 =1,2,00e,n : (3)
where ﬁi = di'l‘

Y -- is a set consisting of one output variable whose domain is =

f.n. set of elements called cutput semantic units.

To be specific, we will assume, without loss of generality, that
the variable is y and its domain D is a set of d non-negative

integers:
D= {011)2;---;jﬂ ‘ ()-L)

where 4 = 4-1,

A possible interpretation of elements of D is
interpret them as truth-values ('dezrees of truth')
or 'degrees of preciseness of s“atements describing

relations among values of variables Xi. Another, more
general, interpretation of elements of D can be to
interpret them as decicions which are made depending on
values of x., YNote that in this case elements of D may
not have a.ni‘r 'natural' order, unlike in the previous
interpretation.

S == is the set of the following connectinz swmbols:

= fF 2z s¥yYVvNA + o () [ 1, :

e R
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RF -- is a set of the formation rules which define wff formulas in the

system (VLJ. formulas):

1. An element of I} standing alone is a wff,

2. A form [L # R] is a wff, iff:

#el=#%2) Lelx,V}} Refe,V,)

X 1s a sequence of literalé Sc'i, iel, I < {1,2,0e0;n},
where ':Tc'i is a variable x; or a form -.'xi (wz_'itten
also ii) , separated by symbol + . Or a name of such
a sequence,

€ is a sequence of different non-negative iﬁtegers
ordered by the relation < (i.e., the smallest integer
will be first and the largest integer will be last in
the sequence) and separated by 's" or ":'. € also may
be a name of a sequence such as defined above.

V, are wffs or names of wffs.’

The form [L # R] is called a selector. L is called

the left part or referee, and R is called the right

part or reference of the selector, If L is x., then L is
called a simple referee. If R is¢, then R i% called a
sirple reference, A4 selector with a simple

referee and a simple reference, i,e, a form

[x; # €], is called a simple selector,

A simple reference, ¢, is said to be in an
exctended form, if it contains no ':', TIf i an
extended form every maximal under inclusion
sequence of consecutive integers of length at
least three is replaced by a form cl:ca, where ¢
is the first and ¢y the last elemert of the sequence, then
the obtained reference is in a compressed form, If a
referee is not simple, but reference is simple, then
selector is called a syrmetric selector,

3. Forms (V), 4V, V) AV, (also written V-V,), NNV, Vv v,

and Vl{ V2,w11ere v, Vl and V2 are wf?: v names of wffs, are wifs,

*
Hwhenx denotes a variable whose values are such sequences .

i.e., a cequence of consecutive integers which is not =a part of
anotheyr =syAh rarcyranaa
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-V 1is called the inverse of V (5)

V;V, is called the product (or conjunction) of Vv, and v, (6)

UR" V, 1s called the exception V, from vy (7)
(or V, except for Vé)

Vv WE is called the sum (or disjunction) of (8)
Vi and Vé

Vi | Vé is called the separation of V, and v, (9)

RI -~'1s a set of interpretation rules which assign to ahy VLl
formula V a value v(V) e¢ D, depending on values of Xpreee X 2
1. The value v(c) of an element ¢, ceD, is c, which is

denoted :

v(c) = ¢ (10)

2. v([L#R]) = {g: §§£Zﬁigsf v(R)

where

v(L), Le¢ (x,V)), is v(Vl), i.e. value of wff Vi, if L is Vi
otherwise is v(x), i.e. value of the sequence x.

Assuming that x is a sequence of literals ;g, iel,
separated by '+', v(x) is defined as:

vx) = 2. (), (11a)
iel

where

2 denotes arithmetic sum

, ( %, if %, is x,
v(X,) = * ool (1)

i v i o~
=X,y 1T Z, i858 «x
ﬂi 12 i e |

X, denotes a value of variable X, % €D

Ilg{f.Z.,...”}

Example: If values of variables X1 X0, X3, X,
are, respectively: 2, 0, 3, L, and maximal
elements in their domains: 4, 4, 5, 5, then:

v(x2 + 23 + xu) =0+ (5-3) + L =6

v(R), Re [c,VE], is the sequence e, if R is ¢; otkerwise v(VQ),
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v(L) # v(R), #¢€[=,#,5,2), is true if v(L) is in
relation # with v(R). If R is e, then:

v(L) = e (v(L) #e) is true if v(L) is (is not)
one of the integers in ¢, or is (is not) between
any pair of integers in e¢ separated by ':!

v(L) = e (v(L) = ¢) is true if v(L) is smaller than
or equal to (greater than or equal to) every integer
in ¢ (in normal use of these relations ¢ will consist
of just one element).

If v(L) # v(R), then the selector [L # R] is said to be

satisfied,

3, v((V)) = v(V) (12)
v(aV) =4 - v(V) ., (13)
V(v Av,) = v(V V) = min{v(V,), v(V,)] (1)
v(vl\, v2) = v(Vl), if v(Vlve) = 0, otherwise V(Vz) (15)

S v(Vy v V) = max({v(V,), v(V,)) (16)
v(vy) if v(vy) =0
v(vy | v2) = v(ve) if w(v)) =0 (17)

0 otherwise

Parentheses have usual meaning, i.e. they denote a part of

formula to be evaluated as a whole,” Operations are ordered from one
with the highest to one with the lowest priority as follows: - A\ v,

If there is more than one operation \ , the rrioriiy zoes from the
most left one o the most right one unless it is changed oy ( ).

In zeneral, %i.e elemeats of domain D,, i = 1,Z,...,n, and/or
doms®n D ma; uot te intezers. In “ids Case 1t is assumed that
Dy (D) are lirearly ordered accordinz to some desirecd semantie

or syntactic zreczerty (e.z., alnnabetlcallf) and then their
elements are assigned posgitions O,1,2,... dj(d). In eq, 1llb,

Z, is then interpreted as the positicn 2 2 value of variable
. rather than the value itgelf, And = - zhe value of a formula
Vlls nce tzken the element of D whose :.::ition is V(J) defined

as above, rather than v(V) itself.
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DISCUSSION OF VLl FORMULAS

Examples of VLl and notVIj_Formulas

A string of symbols from sets X, D and S,specified in the

definition of VLl,is a VLl formula if and only if it can be constructed
by a finite number of applications of the formation ;ules RE' Below
are given some examples of VLl formulas, and, for comparison, some
strings which are not VL, formulas.
VLl formulas:

3[%,=0,3:5][%570,b] V 2[x,#3] v 1[x, 22] - (18)

([xy=1:3] v [xyéh,él)(lv[xl=0,2,hJVEx3=3]) (19)
20y SBIv Vi) | 2(0x 4,20, 5N [x,2] v 1 [%,40]  (20)

Not VLl formulas:

([%)=0,2:5] = 3)[x Al 2[[[x,=0]v 1 = [x=1]]]=] (21)
Axg0s31 v 2(0250,1,5,5] = [xg2]]v =, (22)
(2l =01 v 1 = x,]v 1[2,32(x,4]] | 30x, 4+, 53] ' (23)

String (21) is not a VL, formula because the form [xl=0,2:5] = Z
does not satisfy the definition of a selector (should be enclosed in [ ]).
(22) is not a VL, formula because a varigble standing alone is not 3
wif. (23) is not a VLl formula because x, is on the right-hand side of

=, and also because the string '2,3' is on the left-hand side of = .

Event Space
M—

The interpretation rules RI assign to any VLl formula a value

-=- an element of set D, depending on the values of %1 X55 eesy X, --

elements of sets pl, 22’ soey Dn' Thus, the interpretation rules

interpret v11 formulas as expressions of a function:

where x denotes cartesian product and
-» "maponing dAtal
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The set Dl x D2 X sae X Dn, Di = [O,l,oo';di}, 1= 1,2,-00 902y ir'lCludeS

all possible sequences of values of input variables and is called the

universe of events or the event space., The event space is denoted by

E(dl’ d2, ki g dn), where* di = c(Di), or, briefly, by E, The
elements of an event space E, vectors (il,iz,...,in), where ii is a
value of the variable X5 iie‘Di’ are called events and denoted by
ej, J =0,1,2,000,d, where d=d-1, d = ¢(E) = didé' -dn. Thus, we can
write: ' ‘

E = E(dl’ dE’“' ,dn)':{ (ki"f{E"' ° ;in) lJ’tieDi,iﬁl,E,... )n]":{ej}?;o (25)

We will assume that values of the index j are given by a

function:
e E"[O, 1,'--.,& (26)

specified by the expression:

1 k+1 )
X+ 2 xno[)da; (27)

k=n-1 i=n

i = y(e)

y(e) is called the number of the event e, For example, the number of the

event e = (3, 2, 1, 2) in the space E(4, 4k, 2, 3) is:
7(e)=2+l’3+2'3 '2+3u3-2-h=89,

e

It can be verified that each cvent e of a given event space

has the unique mumber y(e), and, also, that given y(é) and.E(dl,de,...,dn)

» ¥
one can retrieve the event e |,

¥
c(8), where S is a set, denotes the cardinality of S.

The retrieval of an event e = (x ,ig,...,in) can be done by
arithmetically dividing y(e) firstlby d,, to obtain % as the

remainder of this division, then by dividing the result by dy.1,
to obtain Xp.1 @8 the remainder, and so on, until Obtaining kj.
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Examples of VLl Formulas Interpretation

Recall the formula (18): 3[xl=0,3:5][xjfé,h]v'2[x2#3]y/l[x¢22],

This formula can be interpreted as an expression of a function:
f: E(6, 4, 5, 5) = {0, 1, 2, 3} (28)

aésuming that c(Dl)=6, c(D2)=h, c(D3)=5, c(Dh)=ﬂ. The formula is
assigned value 3 (briefly, has value 3),if selectors [xl=0,3:5] and
[x3¥ 2,4] are satisfied, i.e., if x; accepts value 0, 3, 4 or 5 and X,
value O, 1 or 3; (Thus, the value 3 of the formula does not depend on
values of x2 and xh.) The formula has value 2 if the previous condition
does not hold and the selector [x2#3] is satisfied (recall that

v(Viv Vé) = max{v(Vy ), v(Vé)}), The formula has value 1,if both of the
previous conditions do not hold and the selector [x,22] is satisfied,

If none of the above conditions hold, the formula has value O.

Consider a formulas:

2[x2+x5+x)+=2)3] \ l[Xl=O] . - (29)

The formula has value 2 for all events in which values of
variables X539 x3 and X), sum up to 2 or 3, except for such events with this

property in which the value of variable b'q

, is O. For the latter events,

and only for them, the formula has value 1. For all the other events the
formula has value O, Note that the function expressed by formula (22) is
syrmetric with regard to variables [x2,x3,xh}, i.e. these variables can be
exchanged one for another without changing value of the function (assuming

that domains of these variables are of the same cordinality).

VL Functions

In describing objects (or processes) we usually deal with

functions which may have an unspecified value for certain events, that

is with functions ¢
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f: E~-»pv (¥ (30)
where * represents an unspecified value,

An incompletely specified function f can be considered és
equivalent to a set [fi) of completely specified functions fi’ each
determined bty a certain assignment of specified values (i,e, values
from D) to events e for which f(e) = *. (We will call such events
*_events, ) If *-events can never occur (because of semantic constraints),
or if thef do occur, the value of f is not relevan#, a formula VLl
which expresses any of the functions fi cag be accepted as an
expression of f, If, however, we have to preserve the information
which events are *-events, then value * can be .renamed into an
additional element in D.

Functions of the type (30) will be called variable-valued

logic functions or VL functions.

Multiple-output VL functions

As was previously mentioned, a VLl formula expresses a function
f:E — D (31)

In practical applications we may be interested in expressing not just

one function f but a family of functions with the same domain E: (32)
f: E —= D (33)
where
1
f=(f, zf, LR mf), kf: E._'}(D,k=l’ 2, 226 3 m,
k

k
D= (0, 1, 2, seey ﬁ]

D="Dx%Dx.. x™

Thus:

2

1 ;
f: DlXD2X... XDm—-- D X D X ese me (3&')

A function f is called a multiple-output VL function, It can be
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expressed by a single VLl expression by extending the set X with
an additional variable y whose domain is {1, 2, ..., m) and assuming

that
D =In3.JC(lD, 2D, sme y DD)'

The role of the variable y is expressed by an additional interpretation

rule:
4o v(V[y # ¢]) is interpreted as follows:

the value v(V) is given to functions (Yf | y # c}.

1’ 72
the variable y, then

For example, if V., V. and Vs are VLl formulas which do not include

Nly = 3,2,31v Vly = 3,L) V %[y = 1,3] (35)
L . . 1, 2. 3. L.,
in interpreted as an expression of a function £=(¢2, £, “f, 7f),
where expressions for functions kfl k=1,2, 3, 4 are:
e, v v, frrov, de ovovvv vy, be, v, (36)

3 1 P Vs

The selector [y = e¢] is called a function selector. A VLl

formula which includes funection selectors is called a multiple-output VI

—1
formula, We extend a function £ (33) %o an incompletely specified
function by assuming that:

£ E— (D) x 3 o) xa. x (D) (37)

Special Classes of VLl Formulas

We will define some special clasres orf VLl fgrmulas (disjuncti-e
énd conjunctive simple VLl forrmlas, cyclie formulas and interval
formulas) which are of special inizrest for applications, because of the
simplicity of their interpretaticn, svaluaticn and synthesis, We will

start with defining some auxiliar: incepts,
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Definition i. A component of a VLl formula is defined as a selector

or a constant from p, or a VLl formula in parentheses, or an inverse
of a VLl formula,

Definition 2. A product of components 1s called a term. A term in

which each of the components is either a simple selector or a constant
is called a simple term.

Definition 3, A seguence of terms separated by \; is called a phrase,

Definition Lk, A disjunction of phrases is called a clause. A clause

in which each of the phrases is either a simple selector or a constant

from D is called a simple clause,

4

Definition 5. A sequence of clauses separated by [ is called a combined

Vl'.l formula,

Definition 6, A simple selector [xi#c], # e{=,#), whose reference ¢

is cyic, or ¢, is called a cyclic selector. A cyclic selector in which

'#' is just '=' is called an interval selector.

Interval and cyclic selectors are the simplest among selectors

for evaluation, To evaluate an interval selector [xi=c ] one needs

1°%

only to check whether the value of X is between ¢, and ce, i.e. within

1
an interval; and to evaluate a cyclic selector [xi#cl:caj--to check
whether the value of Xy is within or outside the interval, Interval
and cyclic selectors have direct correspondence to interval and cyclic

literals discussed in paperss’u .

Definition 7. A \Ll formula which is a disjunction of simple terms is

called a disjunctive simple (or ncrmal%) V;l formula and denoted DVLl.

(For example, (13)is a DVLl.)

* The adjective 'mormal' is given as an alternative for the sake of
tradition--since a disjunctive simple VLl formula reduces in the binary

Togic case (when dl=d2=...=dn=d=2) or in the k-valued-logic case (when
dl=d2=,,,=dn=d=k) into a form which directly corresponds to a form usually

termed as disjunctive normal form.
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Definition 8. A VLJ. formuila which is a conjunction of simple clauses is

called a conjunctive simple (or normal) VLl formula and denoted CVLl.

(For example, (19)is a CVLl.)

Definition 9. A VI.l formula which is a DVL:L or CVLl is called a

simple (or normal) VL, formula,

Theorem 1, For any VL function there exists at least one DVLl and

at least one CVL:L formula, which are expressions of this function,
7

Proof, See paper .,

Specification of formation rules as rewriting rules of a contex-free
grammar

*

Below are given rewriting rules of a contex-free grammar
(together with g corresponding terminology), which are an alternative
way of expressing formation rules RF of the VLl. They are equivalent to
Rp with the exception for sequences x and ¢ In RF,x and ¢ were defined
as séquences of different elements while here they can include identical
elements (x and ¢, as defined in RF’ cannot be expressed by a contex-
free rewriting rules), A bar '| "'and "::=' are used as metalanzuage

symbols for deseribing rewriting rules,

Formula Va=xX|v|Z
Clause Zi= Pl XvP
Phrase D=1 | P\ T

Term Tiu:=€| TaB|TE
Componen* Cii=c | s | v | ()
Selector S i:=[L # R]

Left part (referee) L itmx | V

Right part (reference) it=e | V

R
Selector relation # 11= = | ;é [ = [ <



Qutoput constants c=0)1]2]] .. |4
(values of devendent
variable)

Arithmetic sum of literals x ::= x; [ x + Xy

i X, 1= X,
Literals %, =
Input variables xg 1= xi| X, | wee | X,
Simple reference e i=c; |e,op] e iy
Non-negative integers c, ti= 0 |l | 2| e

Specification and Ecuivalence of VLl Formulas

When we say 'V is a VL1 formula', by V we mean a name of a
VLl formula. If we want to specify the formula whose name,is V, we

write: 'V=' and then write the formula. For example:
V= 3[x=3,5]v 2[x,L]V 1 (38)

Suppose that Vi and Vé are two VLl formulas which depend on the same

set of variables X = {xl,xg,...,xn) and take values from the-same set
D. Accepting notation V(X,D) for the set of all VL, formulas which
depend on'X (or its subset) and take values from D (or its subset),we
can write: Vi, V, e V(X,D). Iff for each event e e E(dl’de""’dn)’

4; = c(Di), i =1,2,0es,n and D, --the domain of x;:

v(vy) = (V) (39)

then formulzas Vi and Vé are called eguivalen* with rezard %

interpretation, or, briefly, ecguivalent, and we write:

v, o=, (40)

The connector = will also te used, with the meaning extended in the

obvious way, when V; and/or in (40) are substituted by actual VL,

formulas or by Vll formulac ‘aich scme parts are represented by names.
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All operations on Vl and/or V2 which preserve relation (40)

are called eguivalence-oreserving overations,

Exarples of Equivalence-Preserving Cperations on VLl Formilas

Let V e V(X, D).

v = v VvOos=sY (identity elements) (41)
VO =0 vads=sd (zero elements) (y2)
.,(g) =7 where v(%) = d-c (43)
If # is = or # then;
1#! if r#' ig ="

-.[xi#c] = [xi%’c], where 'Z' is {,___, if 'Y is o

For example, -.([x2=5:5]) = [xeyéi:SJ.

-.[xiac] [xiéc' ]; where ¢~ is equal c-1.

q[xiéc] = [xigc"' ], where ¢* is equal e+l,

Let Vy, V, and V, be elements of V(X,p).

2 3 _
v.(vvv,) = v VvV Vv, =V (Avsorption (4h)
L (v v) = vy 11 = 1  Lews)
= = v i stributi
vl(\(evvz)) Vlvzvvlv3 Vlvvev3 (Vlvva)(vl V3) (g;.;:z)‘l utive (45)
Let [Vj]jeJ be a subset of 'V(X,D).
“«Vov)= A L) - (46)
jeq 9 jeg Y )
: = \ De Morgan's Laws*
~(j{> v,) = JX«(VJ.) (47)

Examples: 1(2[xl=1=§][x37‘21) =2 V[Xl#lﬁ] % [X3%]
vhere v(2) = do

~(3[x,=, 4]y l[x2=01[x374l:5] )=(3 vix,7#2,4]) (l vIx,R)y [x5=1:3])

Let ey <, (cl zerged with c2) and clm c, (cl intersected with

c2) denote corpressed references obtained by set-theoretical Summing

and intersecting, respectively, the sets of elements in extended forms

* N and \/ mean a conjunction and a disjunction of formulas, respectively,
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of <, and €5 then ordering the results by < and finally transforming
them into compressed forms. For example, if € is 2,4:6,8 and <,
is 0,3,5:7, then e.w e, is 0,2:8 and e, Me¢, is 5,6,

1™ 2 1 2

The following rules, called merging rules, describe when and how

two terms of a VLl formula can be merged into one. Namely, if each of
two terms T1 and T2 can be represented as a product of a term T with
a simple selector involving the same variable:

T = T[xi#cl] and T, = T[xi#c2] (48)

then in the case when '#' is '=' or = or £ in both Tl and T2:

T[xi#cl]\/T[xi#ez] = T[xi#ci9c2] (49)

(vhere # is the same relation in all three selectors),and when '#' is
v St s m o
'#' in both T) and T,:

T[xi#cl]M’T[xi#cz] z T[xi#cimcel (so)
Any two terms which can be expressed in the form (48) are called

adjacent terzs. (They can always be merged into ocne. If '#' is not

the same in both selectors, then before applying (49)or (50) , cme
of the selecfors should be appropriately modified.)
It e e, is 0:¢i (i.e., its extended form includes every
elecent of Di)’ or if ch\c2 is empty, then, respectively:
[xi=clu;c2] =4, [xi#clﬂ1c2] = 4, and according to (41), formulas (4L9) and
T (51)
T | (52)

Rules (51) and (52) are called si-plification rules.

0 me ¢ Tlx = V Tlx,=
(50) become [xi cl] [xl cE]

T[xi#cl]v T[xi#cz]

In applications, the following observation may be useful: any

simple selesctor can be expressed .. x product of cyclic selectors, or
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a sum of interval selectors. (To see this, consider, e.g., the
selector [xi=0,2:h,61. It can be expressed as a product
[xi=o:6][xi#l][x2#5] or as a sum [xi=0]v[xi=2:h]v[xi=6].)

With regard to operations N and | it follows from (15)
and (17) that:

Vl \ Vé

V[V, = 0] v

1| Vo =0V, = 0] v V[V, = 0]

MINIMAL VLl FORMULAS

A Planar Geometrical Revresentation of VI Munctions and VL, _Formulas

The merging and simplification rules (49, 50, 51, 52) are
examples\of rules which-allow us to modify ('simplify') a given VLl
formula without changing its interpretation (i.e., preserving the
equivalence), There can be, in general, many different VLl formulas
expressing the same VL function, Thus, a problem arises of how, for a
giveﬁ VL function, to construet the simplest (in some specified sense)

VLl formula,

To illustrate this problem graphically, we will‘use 8 Generaiized
Logical Diagram (GLD) described in paperh. The GLD is a planar
gecmeirical model of an event space E(dl, d2""’ dn), and provides
& convenient representation of VL' functions and VLl formulas. For

€xample, Figure 1,shows a GLD representation of a VL function:

£: EB(4, 2, 3,3) » {0,1, 2, 3, %
Cells of the diegram correspond to events in E(4, 2, 3, 3). The
correspondence is self-explanatory, efg., cell @B corresponds to
event e°” = (1, 0,2, 1). Numbers on the top and the right of the

diagram are the numbers of the events to which the cells correszond
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-

(note a lexicographical order of the numbers). Cells are marked by
values of the function f applied to the events to which the cells
correspond. Empty cells denote events for which f equals ¥, (For a
formal definition of GLD and a discussion of its properties, consult
paper&.)
An example of the VLl formula expressing the function f is:
3(x=2]{x,=0]{x=0,2] v 3[x1=2][x2=ljlx3=l] \%
V3[xl=o',3][x3=2][xh=o 21V 2[xl=0,l][x2=0][x3=0 2% =0,2]Vv

Va[x =l][xh=0 ,1]v 2[ﬁ=3][x2=l][x3=0][xh=l,2] \%

3
Vilx=0][x;=11{x,=0](x,=1,2]V 1[x1=l,3][x2=l][x3=0.l] %
Vilx,=1][x,21,2]1x,20,1] , (53)
Another VLl expression for the same function f is:
32 )ALV 300 =2V 2(x =11V 1k =1 - (5)

If the simlicity of VLl formulas is measured, e.8., by the

number of selectors in them, then (54) is clearly much simpler than

(53). Figure 2 shows the sets of cells in the GLD representation of

f which correspond to terms of (54).

Definition of the Minimal VL, Formula under a lexicozravhic Funetional

Depending on the application, different properties of VLl
formulas may be desirable when expressing a given VL function, e.g.;
the minimal nurber of terms,of selectors, the minimal 'cost' of
evaluation, etc.. Therefore, in defining the concept of minimality
of VLl formulas, we will not assume as the criterion of minimality any
one arbitrary cost (or complexity) functional, but will make the
definition explicitly dependent on an assumed functional,

We consider it theoretically irportant and practically useful
that algorithms designed for the synthesig of VLl formulas should

provide the availability of a nurber of different cost functionals--
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from which the user may select the most appropriate for his type
of application. For computational feasibility, it is desirable,
however, that the available functionals be expressed in one standard

form. We found it convenient for computations and also useful in

practice to assume that functionals are in the form:

A = <a-list, t-list> (55)

where

a-list, called attribute (or criteria) list, is a vector
a = (al,ae,...,a!), where the a; denote single- or many-

valued attributes used to characterize DVLi formulas ,

T-list, called tolerance list, is a vector t = (Tl’TEH""Tz)’
where 0 s.ri <1, i=1,2,¢s4,f, and the T; are called

tolerances for attributes ai.

Functionals in the form (55) are called lexicosraphic functionals,

A DV’Ll formula V is said to be a minimal DVLl exoression
_—__—G—‘__

for £ under functionsl A iff:

A(v) & A(v,) (56)
where
A(V) = (ay(V), 2, (1) w.u, a, (V)
A(VJ.) = (al(vj),ae(vj),..., al(vj))

ai(V?, ai(vs) denote the value of the attribute a; for formula V and
Vﬁ, respectively, Vﬁ, J=1,2,3 000 =--all irredundant DVLl
expresgsions for f (a DVLl expression is called irredundant,
if removing any term or selector from it makes it no longer an
expression for f),

T .
< denotes a r2lation, called the lexicozraphic order with tolerance T,

defined as:
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al(VJ.)-al(V)ﬁTl
or al(Vj)-al(V)ng and a2(V'j)-a2(V)>’I‘2

A(V)EA(vj)if OF weseass

-a (V)>T
or seeenenets e and al(vlj) a!(’)z £

Ti = Ti <aim.a.}c - aimin), 1=l,2)t¢|,!
8imax m?x[ai(vﬁ)]’ %imin ~ mén{ai(v5)]

Néte that if € = (0,0,.+4,0) then % denotes the lexicographic
order in the usual sense, In this case, A is specified just as
A = <a-list>,

To specify a functional A one selects a set of attributes,
puts them in the desirable order in the a-list, and sets values for

tolerances in the r-list.

AQVAL/1

The synthesisvof minimal VLl formulas under a specified
functional is a complex computational problem,-éspecially when n, di
and 4 are not small,

A very efficient computer program, called AQVAL/l, has been
develbped at the University of Illinois for the purpose of such synthesis, .

; . 1
An interested Reader is referred to paper .,

CONCLUDIING REFARKS
The concept of VLl system is an extensicn of the concept of a
many-valued Zogic system, It can be shown that VLl ineludes as special

cases, for example, two-valued Boolean alzgebras (when d,=d ="'=dr=d=2 and

)

=

the selectors [xl=l] and [x,=0] are interpreted as Xy and =, ', a multi-valued
. . 5 5
logic system described by Givone”, a multi-va.::2 disjeint | -t gystem”, ete.
Tre system can bte applied to various .actical :..‘lems of

‘combinatorial nature', especially problems in the areas o patiern
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recognition, concept formation, inductive systems, etc. Program AQVAL/l,

implementing a synthesis of minimal D formulas, has already been
: ¥

successfully applied to a number of patterﬁ recognition problems,

such as synthesis of certain medical.diagnosticproceduresl, design

of a set of spacial filters for discrimination of non-uniform texturesi,
'"discovering' simple classification rulesz, determination of simple rules

for carbonate rocks classification in geology, and some others,
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