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Abstract

The paper presents & set-thecretical definition of

the classification problem, ané then discussess and
illustrates by exa-ples the application of the
varisbla-valued logic system VL, to the synthesig of
minizal {or sirples:) classificabion rules mder cost
(or sisplicity) functionals designed by a user frem
available ecriteria.

Int roduction

Papcrl introduced & concept of a variable-valued
logle (VL) system and defined a particular VL syssem
called ¥L. . One of the basic essumptions underlying
the concePt of a VL system is that every propositiszn
[called a VL forzula) and ell the variables in the
proposition (uwsed to represent any cbjects, a.g.,
other propositions) are allowed to accept thair own
oumber of truth-values whish are problem= snd
sementics-dependent, From the viewpoint of formal
logic, the concept of a VL system L2 an extension of
the concept of a mamy-valued logic system.

One of the applications of the VL. system is that
it can be used as sn Inductive systam 'J-‘hich when
supplied with "numerical namss' of cbjects, their
attributes, relations between the ocbjects or their
parta, etc., can infer a description of objects or
cbject classes, which is simplest in & well-defined
gensé, and also which is a generelizetion of the
input information.

Important featurss of VL, are that the formulas
of the system have very simpl& interpretation and can
be very eagily handled end evaluated by a general
purpose computer (and, as well, by & human), sspecially
using parallel or parallsl-sequantial techniques.

Aiso, the system is wall suited for classifiecatian
problems whick are intrinsically nonlipnear.

The papar presents s set-thecratie definitisn af
the classification problem and then discusses mn
epplication of the system VL. to the synthesis of
einimal elassification rules“under variows cost
functicnals. Two exémples are glven,

Statement of the Classificatiecn Prcblem

Let @ denote s non-espty set of physical or
abstract oblects, called the i e of objects.
R denote & finite non-smpty (f.n.) set, celled the
miverse of representations of the cbjects o ¢ #. Let
£ denote & f.n. set of subsets of ¢, callad the fand 1y
of oblect clmssas:

K= {xl, RE"“" Kn]'
are called ghiect classes and are specified as:

Lat

(1)
A’J E 2,
K,f - lojl’ %‘2"'""]' u.fk c @, k=0,1.2,... (2)

Accepting notation:

m
U

K= (K, K ,..., xml" =\
J=1

(3)
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{E tao the power union) we will sssume that
(L)

Thus, for each objiect o ¢ J there oxists at least
tne colect class containing it. Index J§ of slass ¥.
is called the pumerical name of ¥., The sat J ind.a‘s]:lug
clpsdes !C‘T.: J

x'=p

J = [jixj €&} = {1,2,,..,m} (5)

ia called the family of nuserical class names,

Tn general, the index j can sssums not only num-
erical values but non-numerical nomes given to classes
R‘J., and then & ia called the family of class pames.

A5 an exemple, consider the wniverse of objects,
#. %0 be & group of people. The univerae af represan-
tations, 8, can be, =.g., & set of pictures or volem
records of these pecple; @& set of thelr fingerprints;
nuserical dsta describing their height, zex, hair colag
medigal test regilts, and so on; a set of statements
characterizing sach individual, and, elso, B set-
theoretical sum of any two or more of the previous sats
The femily of class names, J, can be, e.g., the set of
the names of people Zp the group or & set of lists with
names of those who are ghert with blue eyes, fat or
bald, have M.3c. or Ph.D. degress, ste. (In the second
example, sets of class namea may not be disjolnt.
Though the usual tendency is to classify objacts inteo
disjolnt classes, the cese of not-dizjeint classes is
also, in general, of interest.)

Let:

T dencte & reletion between @ and J, called the
feference relation:®

t: §F -7 (&)
p denote a relation between # and &, called the
representation relatign:
p: #F — R {7
® denote & relation between R and J, called the
lassificaticn relstion:
£: R =7t {8)

In the present paper we will restrict curselves
only to the case where X consists of disjoint sets mnd
T and w are fmetions:
g~d {3,

{10}

T
kK: R~+J

(that is, thers exlists only one class relsted to any

31 end §_ are sets, iz meant
tn betwees 5, end S (that isa,
S5}, Ashvyt(3), s ¢ 5., is

Lngn from .5'2 which are related wy

By t: 85, — 5., wherse
that L is nnht?
P-“S,E,G,’.GS
Emean :asetaarnlc
it tow.



cbject end sny representation). Figure 1 presents
gchematicelly relsations v, p, =nd .

IfL is B relation betwsen sets .E-'l and SZ:

5 —5 {11}

1 2

then by Ex(f) we dencte an =xpression for &, which is
& formula comsisting of varizelss {[vhose valuss depend
en elements of 5.}, and different operations (e.g.,
logical, Mithme;-ic. comtrol), such that for any

# e 5, Ex{l) corputes elemeuts af ‘FE' related by
relr:}.:-: L to element 8.

[ H

Suppose that for semantical restrictions (e, g.,
because a mathematical formula cannot deal directly
with physical objects) or practical reasens (e.g.,
because sets @ end/or A are too large] it iz nat
feasible to specify relations £ and p completealy and
to determine expressions for them, Supposs, housver,
that v and p are specified for scme subsets #f ¢ @ end
£ € R such that F i3 the union of non-empty disjeint
‘Bets I, Py P

'ﬂ:
ﬂis {e] asxj},j=l.2,...m (22)
and A is the union of non-empty disjoint aets
Rl, RE"'"‘ Rm=
RJ;{rIrspEaJ.osﬂj}‘ (13)
such that for every o € @,, there i3 in B, et least
one P e plo). Let 1 and § denote reatri:‘ilans of
T and p:
: @+ 4 {24)
p: J—R (15}

Set R is called & disjoint reoresentation of the
set @, If it is pot required thal sets &, moust be
disjoint (for a certain F thers may not s%ist & dis-
Joint representation of @), then A i3 called a non=

disjoint representation of J.

A non-disjoint representaticn dees not allow to
clasgify objeets without error. In such & case the
following spproaches cen be talen:

1. Evaluate probability densities £ (r)] of object
with representation r beiag fraom cluﬂa Ko §=1,2,...,m
and then construct deeision rules which,Ye.g., give
the minimur expscted error {such me}hodn are studied
in statistical pettern recognition™ J.

2, Extend the universe of regresentations R, or seek
& nev R such that it will s==vids & disjeint represan-
tation. (A general tenden:y .sre should be to seek an
R such that sets A, are nct <1y disjeint but form in
R 'clusters'--cne Br more 7+ :lasg,] Such a repre-
sentation X s cailed eomssss 7 clustered.

In the paper we are conuarned anly with the
second approach mnd, therefore, statistical =ethods
will act bte considersd.

Let « denote & function:

R+ (16)

such that the corposite relation o o x is equal to T3

L

pox®ET {(in)
Hote that im order <z satisfy (17), function = has to
have appropriete ¥al. -3 cnly for elements of § ¢ R,

gnd, therefore, thers :sn be many functions of type
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{18) which satisfy {17). Each of them has the property
that p o ¢ 18 equal to v for objects ¢ ¢ f, and for

objects o ¢ # may or may not be equal to .
Definition: An expressicn Txfe) is callad a elassifi-

cation rule fop the set @ hesed an B into J, or

briefly, = classification rule Ci@, 8, &)
Some of the types of pmb.le:nq which arise are:

l. How, given v endp, to determine a classification
rule C(@, R, ) which {a) involwves operations from soma
specified set, {b) i3 minimsl under ar assumed coat
functional, or, genarslly, satisfies certain criteris.

2. MHow, given a classification rule C(F, B, J), ta
estimate ita performance for objects o ¢ @ and/or
rapresentations rt R (assuming that T cen be speclified
for some additional objects).

3. How, givem 1 =nd g, to determine a zet af apera-
tions, such that clessifieation rules invelving all or
soms of these operations can be made wvery simple (in &
specified sense}.

Y. How, given J and T, to specify a universs R whnich
will provide & dis)oint (or clustered) represamtation
snd will permit comstruction of very simple classifica-
tion rules.

In the paper, we consider g protlem of type 1,
Where the universe of representations K iz sssumed to
be & set of vectors with discrete components , and
classification rules are formulss of & variable—valusd
logic aystem VL Also, on the basig of & concrete

example, We daduss a problem of type L.

The Variable-Valued Logiz System '-lT..l

Definition of ‘a'Ll

The variable-valued loglec system, VL., which will
be used here to construct clessification 88, Va5
introduced in pn‘pet“, For cospletensss we will ineliude
here its formal definition (slightly modified).

The varish
quintuple:

le=valued logie system U’Ll is an ordersd

(%, ¥, 8, R, B) {18)
Vhers
X is a f.n. get of input variables

i gy

vhose domains, eslled input or indep
arg f.n, seta, reapectively:

Bys Byrenas En

= lﬂ.L,E....,ﬂi}, i=1,2,...,1,
tural nusbsr,

endent nams sete

vhere H
Hiﬂl n{

consists of one sutput varieble ¥, whose domain is
8 f.n. set called output or dependent name et

H={0, 1, 24...4 ¥}, H—=a natural nusber.

(Constents in H represent truth-values whish nay be
taken by statementa {formulas) in the system.}

S 1is the set of 11 fmproper symbols:

VA

= - 5



ja a set of formation or syntactic rules which
define yell-rormed formulas (wEfs) in the system
{'i.l't..J forrulas j:

1. A primitive constant from H standing alcne is
s Wil

2. A form [x #¢], where 1 ={1,2,...,n}, # (=4},
¢-=-8 Sejuense of alepents of H, separated by '," or
':' gnd ordered by relation <,7is a wif.

3. IV, Y and ¥, are wffs or names® of VI, formulas
than [¥), ~({¥), V., A V_ (vritten alzo as ‘-I'l‘-l'é},

Y.V ¥, are also bffs.

& 2

L. IfVY is a wIf or & name® of a VL, formula or &
single vArishle x, wnd ¥, i3 a wIT or a nsme* of a ‘J'I;l
formue or Eequan%e e or its name® than [‘uflﬁ'n"zt,

# (= o}, is also a wif.

Fores {1.1!':1 and [V #V.] are celled selectors;
the former form iz alao %nlie& 6 simple selactor., [In
the sicple selector [x,fe}, ¢ is called the reference
of % . =
el |

If "#" iz '=", then the refersnce is called
faelusive; otheruise, excludive, The reference is
sald to be in extended fore and called an extended
refersnce If all the constants in it are separated
only by ',". The reference is said to ba in
corpressed form and called a compressed reference if
in toe sxtended Teference, every maximal (under
inolusion) sequence of consecutive constants of length
et lesst three ls replaced by a form 'c :I:E' where 4
g, are the first and last constents of b'm sequence.,
rgupec‘:iwu.

Rl is & set of interpretation rues which sasign %o
any Wil ¥V a value v(V}e H, depending on values of

the variables Ty Hgareey X0

1. The value v{c} of a constant ¢, ¢ ¢ H, i3 ¢, which
is denoted vicl = c.

2. il x, de

K,
v[[xi.t‘ell = {-I], uthc%'hriae

where X.=¢ (:iﬂj is satisfled i{ the value of the
variebld x, 15 (is not) cne of the slements in tha
sequence ¢, If two elements in ¢ are separsted by
‘:', then the relation is also satisfled if the valus
of x, is [is not) between the sbove two elements. The
selettor I:.lir.-] is said to be satisfied if xi"'

3. #a 18wV Javiv,)

vV LI = (57 hervtee 2

vhers the zeaning of # mnd the dafinition of a
selector being setisfied 13 the same aa in 2.

L. 1{‘[-(‘1"]} - “ = \r{\r}
~{¥} is called the complement of V.
5. vV} = stafel(v ), vE'."z.]}
25 qvl'f; i.u celled the product {or gonfunctisn}
afid V..
1 2
6. WV A Vo) = maxfeiv }, viv,i}

V.V ¥, 1s called the sum (or disjunction) of
v, l.'ﬂ}l \'E.

* Tnils is sn pddition to the previcus definitidn
given in peper’.

7. In the evaluation of a VL, formule, /\ has higher

priority then 4

8, Parenthesis { ) have their usual mesaing, i.=.,
they dencte - part of a Tormula which is to be
evaluated as o whols.

The following is an example of a 'U'I.l formula and
its interpretation:

I:[;l-o:h,Tllzziﬂ,EJV z[::;a]\# 1(x5=0=l=] {19)

The formule (19) is assigned the value L [briefly, has
valua &) if accepts value betveen [inclusively) O
end 5, ar vallle T; and aocepta value which ig
peithar O nor 5. The foPmula has valus 2 if the
previous conditicn dces not hold and xs accepts value
0, The formila hes valus 1 if both of“the previous
conditions do not hold and Xg accepts velue between 0
and L. I none of the sboveconditicns hold, the
formule has wvalue Q.

Event Space as a Universs of Bepressntations

Tha interpretation rules R. sssign to any VL
formuls a value from the set H dspending on the ueg
of wvariables X s prras X taken from sets
H , H?.,... H 3 ug, the Interpretation rules
intarpret ‘-'Ll Formulas as expressions of a funotlon:

T Elxﬂzx...xﬁn-ﬁi {20}

The functicns of the type (20) are called ¥L fimeticms.

The set B, x K, x..xH , 8,200,1,... 8}, i=1,2,...,n8,

includes i]i passibla sgqueﬁces af veluss of input

varisbles and iz called the upiverse of avents or the
space, The event apace i3 denoted by

Bl B peeap hn},uhare' h, = ::{Hi] = ﬁ:l’. +1, or,
bridf s by E. "The functidn f in (20) Cen then be
denoted as:

£: E{_hli Bysesrs nn} -+ H . {21}
The slements of an event space E, vectors (11,12,. "
i), vhere ¥ 1is a value of the varishle %, ,"%. "¢

H
ale ‘called sbents and denoted by ed, 3§ = o31,21... %',

where W = h-1, b = c{E) = h h....h . Thus, wa can
veite: 12" "

E = E(hyhyyeee,h tol{d 2,00 00% )| 228, ,122,2,... 10}

.I}H

1=0 {22}

.{ﬂ

It i3 pssumed that values of the index ]| are given
by a cne=to=-cne function:

vy: E = {0, 1,..., K} T (23)

specified by the expression:

= 1 k+1
J = yle) = x + h fzL)
- k;§;1 " [:1 >

v({e} is called the pusber of the svent e. For exazple,
the nurber of the event e = (2,3,1,4) in the space
3{51!1.2.5} ils:

y(3) = b+ 15 4 3+2+5 + 2-4+2:5 = 115.

Assuming that the demaipseof varisbles in ths
formila (19) have ssrdinslitiss: c(:llll = 3, =(H2] =8,

®  af5)], where 5 13 & set, denotes the cardinality of S,
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" bles.

efl ) = 2, E(HA}' =2, clH.) = 5 and the cardinality
of l;, cf{H) = 5, the fo & ls interpreted as an
expression of a function:
£: E(8,6,2,2,5) = {0,1.2,3,k} fEs]

In order to use VL, formilas as clessification
rules, the representatifne of objects should be in the
form of vectors whose conmporents are digscrets varia-
Thus, Lf scme variables wied to charscterize
eb)ects are continuous, their ranges of varfabilitias
should be resglved into discrete units. The numbar of
these units should be selected as the minimum which
provides sufficient zcocuracy {to facilitate computa-
tions) and can be Aifferent lor each variable.

Minizal VL, Formulas
=

In general, there can be & large numher of VL
formulas which expreas a given VL function. There¥ore,
& problem arises of how Lo construet & formula, which
is meinal wnder =n assumed cost (or optimality)
fmetional. .

Cost funstionals are usually stetad as & linesr
function of certaln paramsters multipliad by weights
being real aushers. Such functicnals can, hovever, be
inconVenient from the cocputaticnal, and, as well, the
epplicetion vievpoint (they reguire multiplication =nd
addition operations, which can be s disadvapntage when
a large set i searched, and it is often diffioult to
state welghts vhich reflect well the intuition,
usuelly guiding a designer of the functicnal). There-
fore, in program AQVAL/L {see next saction) a fimeo-
tional A measuring minimslity of VL, formules wes
assumed to0 be in a dlfferent form, Hazely:

A = <p=lisgt, t-list> {28)

vhera: a-list, called attribute list, is 2 vector
a={ sesesl ), where the a, dencte single- or

L
m-:}.l:gd. attributes uwsed to %-hnrautarize TWVL
forzules; t-list, ealled a folerance list, 13 a vector
t = (1 "2""'11}’ vwhere 0 £t, & 1, {91,2,...,8,
and thE 1, are called toleranced for attributes .-

A DVL, formula V is said to be a minimal DVL
expression for f under functicnal A iff:

AV) &MHJ}

A = (V) &y V) 4oy a, (VD)

1

(27}
whers

M'lfj:l = {&l{":j}' IE{‘IF‘}}...... at{\rdll}
nililr],t (V,) denote the value of the attribute 8
r }omruh ¥ and V,, respectively
Vys $54,2,3,... are all pdssible irrequndant’ DVL
expressions for f
3{ denctes & relation called the lexicographic order
with tolerance t, defined as

AlV) é"“’.ﬂ 11

tlt‘fJJ-tl['ﬂ']l >T,
or 0 u;;ale]-nl{ﬂ < T, and a.zt'irji-aat‘l.r}} Ts

OF ssinnssase

or

srareness. Mod il{‘-"J}—ll':ﬂ} T,

T TN

&

. 1 1=1,2,...

A i

“Loag " BPEo IV 1), 8, 2 mala V]

185

Note that {f v = (0,0,...,0), then < denates
the lexicographic order in the usual sense. In this
case, A will be specified just as A = <a=-lizt>. Ths
1=list allous a designer to 'soften' the rigid
attribute priorities aggumed in the m=liat,

To specify a fimctionel A ona selescts a gat of
attributes, puts them in the dssirable pricrity order
in the a=1ist, and sets values far tolersnces in ths
=list. Thus, the functional is very simple to forou-
late, a3 well as to evaluste, and slsc it seems ta be
well fitted to humsn intuition in many applicaticns.

AQVAL/1

A PL/1 program, called* AQVAL/1, has.been
developed at the University of Illinocis for the
synthesis and sminimization of VL, formulas. It {g a
complex program and its descript%un and theorstical 5
background goes beyond the scope of the pressnt paper.

AQVAL/Ll amccepts the specification of the VI
function (whose VL expresslon is to be synthesized
and minimized) in Pne of the three forms:

1 .
rE = {a-{:‘.l.:la,....:tjurfe} =k}, k=H,H=l,..

2, By sets similar to those in 1, but with events
specified not as sequences of input variables, but bty
thelr numbers (24), i.a., values yi{e):
o [y(a)|f{e) = K}

By event seta: F'H A . FE whers

0 (28)

{29)

3. By a disjunctive simple VL, formula®® {mll
expressing £ (in this case the program ls suppdsed to
simplify aceerding tc the mssumed Twieticnal, if
poasible, the given I!l'-"l:.ll.

As & result, AQVAL/1 produces & quasi-minimal
IVL, formds (which is minimal or approximatsly min:zal)
mdér a functional & {26), where attributes a, in the
a-list can be chosen from seven presently i=plemsnted
attributes. Among them there are attributes such as:

1. (V] - the number of terms in ¥,

2, 8(V) - the nusber of selactors in V,

3. 2(V) - the cost of ¥V specified as E =zl x
iel

2{x,] is the cost (specified in the input data) of

dst#rmining the velue of varisble x,; and varishles x,,

igl, are those, among all specified in thé

i}' whors

5

EER]

)
input data, which actuallylﬁp;%u 1n"the output
‘n"[.l formula.
b, &(¥) - the 'degres of generslization' defined as:
glv) = 2 f: X Ay
V)= = £ (30}
& k=1 E‘L e
vhers elL, . )
i) = B
c{]‘..uf‘i F‘k}
* The name AQVAL/1 was derived from 'Algorithz 43
applied for the synthesis a& VYarigble-Valued Logic
formules'. The algoritha A" which provides a VEIY) «
L]

simple and efficient solution %o covering problems
has been used as the basis for \I'Ll formula synthesis.

** A VL, feroula is & sum of simple t-rme, where &
simple term i3 a product of a comstant  “rem H) and
one or more Simple selectors.



L ==the set of events which satisfy® the L =th term [n
£ the sequence of terms in V with the constant k

s, =-nupber of terms =-=total number of terms in V
with the comstant & F& = {o]f{e) = k}

{This sttribute was designed to capture the 'siza' of
geosralization resulting from the forcula as cocpared
to "trus facts'-=events specified in the input dats.)

VL. _Forrulas es Classification Aules [Examples)

1. :

In this chepter we illustrate, by two examples, en
application of the VL, systeo to the synthesis of
clasgification rules.” The exacples are very simple;
their purpose 16 to provide am inaight into the
principles, rathar thas to investigate the boundaries
of application possibilities.

Exacpls 1

Suppose there is given a set of eight cbjecta, as
shovn in Figure 2, and it is known (relatien 7) that
those denoted U.‘L belong to the clasa vith pnumerical
name 1 {briefly, class 1), and those denoted #y to
elass 0.

The problem is to find the simplest (in some
specified sense) rule, which characterizes cbjects of
class 1 as opposed to objects of cless Q.

{To make the problem clearly understood, suppose
that cbjects vere mixed up. The rule, which is to be
found, could then be used to restore the original
classificetion with the minimum cost--according to
some cost functional. )

In order te apply the VL, system to this problem,
all cbjects should be describid by segquences of valuss
af certain variables, that is, by events or event sets
of scme event space E[hl‘hgi""huj‘ Then the problem
becomes thet of finding a 1 expression for & function

i E{hlihgr-uihn:l + {0,1} {3}
such that f{e) = 0,1 for e ¢ Rﬂ, Rl‘ respectively,
vhere:

0,1 - reprasent classes O and 1, respectively

.ﬁ'n 'ﬂl - are svent sets representing objlects of
ﬂ'ﬂ znd ﬂ'z. respectively,

Suppose that soms specimlized procsdures have besn
developed which can identify in the objects such com-
ponents as rectangles, triangles, trapezcids, circles,
and ellipsea.

A simple description of every oblect could then
bte by specifying hov many times ench asuch componsnt
A4ppesrs in every object. Let us accept, as a first
trial, this kind of description as object repressnts-
tions.

Lot X .X. 4040 be variebles associsted with
each cnnpo&eh*. 125

Wl S
o= AN
A it

- O
% = T

* By set of events which satisfy the term T is meant
the set of all events which satisfy every selector in T,
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and let values of x, = i=l,2,...,5, denota nurbers of
times & given cocpodent appesrs in an chject. To be

able to describe in this way any ohject in & and ,@'T
it is sufficient to assupe: i

H‘i = (0,1} H3 = (0,1} Hﬁ = (0,1}
i, = {o,1,2) B, = {0,1,2}
Thus, relating our problem to the dafinition of a

clagaification rula, the svent set E(2,3,2,3,2) is
considered as the universe of representations R,

set @ \) F. can be conaidered as F or #). Let =(4.)
and r[‘;ﬂli %eno:--: sets of avents which are deseripticns
of chjects o ¢ @‘c_ and o € 'ﬂl' regpectively. We have

(@, )=((0,2,1,2,0).(1,0,0,2,0),{1,1,0,2,0),(0,1,0,2,1)}
rid )=i(0,1,1,2,0),(1,08,0,1,1),(1,1,0,2,0),(0,2,0,2,1}}

Bvent (1,1,0,2,0) appears in both r{@ ) and ().
Since this is the only evsat representing E‘bj-ct 3 iE-
Py #nd object 3 in @, , therafore, there does not exist
& disjoint represent2tion R =5 U ‘:',1‘ Efnﬁ .?1 = 4,
where . ¢ r{d ) and 8¢ @ ) and 2ach oblect of I
amd ?w.s at least ens reprefeatation in &) md & ,U
nspeécive‘ " p 3

Consequently, there does not exist & classifice-
tion rule hased on R which can dHstinguish betwesn
objact 3 in FD and cbjact 3 in _91.-

To avoid misclassification, let us introduce a new
object 2lass called undecideble object class and gElve
the nuwmerical name 2 to it. This class can be charap-
terized ma: 'a class of objects which are sguivalent
in the wiverss of representations'. let R.g.* A, and
R, denote event sets: £ = r(d INje®}, z
Ri = !"I:FL:I\{{'}, RE = {tg} '\ll'hEIE e* = {1,1.0,2,0).

Figure 3 presenta the ILD® representation of the
space E(2,3,2,3,2) end sets 2., A, and A?E Calls in
the diagram which correspond %a e%ents of K., A, , and
R§ Are marked by 0,1,2, respactively. The & gi‘m is
3 Lr-uxplnnator*; for the formal dafinition of GLD and
details consult',

Let £ be a function
f: E(2,3,2,3,2) « {0,1,2} {z=)

such that f{e) = 0,1,2 for e ¢ ., 8, A, respectively
gllu& »:r.t’2

{i.e., for ¢ ¢ .U B U E, the f i3 not
restricted), LEQ us i:terﬂzne & classification rule
for #. 1) &, based on R into J = (0,1,2} 23 a VL

I‘nrm&u expressing £, briefly, a ‘-’Ll expression for f.
A EJ. expression for § minimal under functional:

<t,z,5> (33)
whare t+ - nuober of teres, z - mugher of A ffazsns
varisbles, s - nucher of selectors,(that {s, an expres-
siocn whish has the minimus nusher of terms, the
minimus number of different varisbles for that musker
of terms, and the minimum number of selectors for that
nusber of teres and varisblea) determined using the GLD
Tepresentation of the fumetion £, fa:

2lx=1]lx=11V :.[rzsu,z][xs-o] W :[x?=1][x5=1'; {3u)
Figure 3 shows the sats of cells which correspond %o

terms of the forzula. The formula gives a rule: [P
an abject hes one rectansle and cne trienpgle, then i+

* 'OLD' stands for Generalized Logle gilgramT which is
& planar model of & space E{hl,... .nn].



Pelengs to undecidabls clesg; if Lt has D ar 2
triangles an aliip triangie ipse
then It belongs to 2lags 1i if none of the cravigus
conditions holds, then it Ealongzs to class O, (Hote
thet the formuls involves oaly three variables ﬁl ::i,,
and out of five, i,e., requires measuring only th
numbef of rectangles, triangles, ond ellipses.) The-
formula hes a disadventage that it cannot classify
correctly all objects and also seams to be rathsr
complicated. ’

Let us now try to extend the universe aof
representations to ootain a disjoint repressntation of
oblects. An obvious way to do 80 Seems to alag
loclude in the objsct descripticns information about
spacisl relationships between objact parts. Suppose
that the specialized procedures not only can narme the
objest parts, but also can determine binary relations
gush as 'on the left of', "contains', "on top of'
betveen adjacent oblect cooponents., New variables

have, therefors, to ba introduced. Lat xgi; + Bnd Xy
be varishles such that: %, and x. represént the left

end right elements (oblect components), respectively,
in & binary reiastion which relates any two adjacent
cocpanents. Thelr domeins, H. and H., are aets of
numerical naces of all object componénta which can be
distinguished and uniquely named in any object:

H-=H, = {0,1l,...,T}y¥heare O represents a rectangle,
1= & trisngle or & laft triangle if theare ars two
triangles, & = 4 right triangls if thars are two
triangles, 3 - a tropezoid, b - g eircle, 5 - a left
‘or upper circle if there are two cireles, & - the
right or lower circle if thers are two circles, 7 -
en ellipsa; Zg represents binary relstions betueen the
values of #nd x, if these wvalues are names of
wdjacent compenents in an objeet, Its deomain, H,,
consists of numerical ne=ea of those reliaticns {?;nm
B universe of relations which specialized procedures
can detect], which astuslly appear batween adjassnt
components in any object: H, = {0,1,2,3),where O
repregsents "none of the relations holda'y1 - 'on the
left of', 2 - 'containa’, 3 - "om top of'.

Let us ses if thore =xists & dis)oint representa-
tion of the objects, if they are represented only by
relations which exist between oblact components , that

is, by vectcrs Hcs. .is}, 4. £ Heo 91 e H,, and

%, € Hy, These vectirs cen Be treated as dvents of
+8e apﬁu E(8,8,4), We have:

plf) = {e e E(8,8,8) | e e Mo}, 0 2.1

rl@) = {e c E{8,8,k) | e ¢ r{o}, o ¢ 2°). Seta

I‘(.ﬂ;? and r{ﬁl} are specified in Table I.
The table shows thet events® of set
E u{egg, bl J6 2133 e;éE} [see right side of the
table) appear in both sets »(P8 ) and r{f ). Howaver,
es cpposed to the previous sitlation, anﬁh object has
nOw more then one representation, Therefors, by
rezoving events of E from (@ ) and r(@.), we cen
cttain a disjoint rtpmaentat?mr = i'lu Rﬁ vhere

Ay = rwﬂ}\m ad £, = p{d hE. {35)

Te find & classification rule (for # u @
kased en A into J = {0,1}), ve have to determife an
srpressicon for a function:
s

E{8,8,4) = (0,1} (38)

such that fle) = 0,1 if & ¢ HO' H.L" respectively.

The 'JLl sxpresslon for F, minimal under the
Tuncticnal:

* Fecull that ] in ed 15 the event number y(a) =g

defined by (24},
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<t g (371
where t - pumber of tarms, and g - the dagres of

generalization (30), foumd using the GLD represeatation
af £, ia:

-

(xg=0,3,T1(x;=5.61[xg=3] V [xg=21[x,=3](xg=3]  (38)
Asguming the functional <t,z> means that we want
to minimize the number of 'rules' whiszh are pesdsd o
classify objects (terms im e formule), and alsa, with
Seccndary priority, we require & minimal "degras of
generalization' resulting from these rules).

It can be observed in Table I that the event
e = (2,3,3), vhich is the only avent which aatisfies
the second tarm of (38), cen be removed from r{r.i\'lJ
and the resulting representation R will s:41] bea
dizjoint representation of objects. Therefors, the
formida:

[:G-G,E.T][:T-S.E][xaﬂ] (33}

{whish is the formula (38) without second term) is alsc
4 classification rule, (3%) gives & Tule: if a slven
coject has a recten traperold or #llipse on ten of
two or one [out of two) cireles, inen it b=longs o

clasgs 1, otherwvise to class 0.

Corparing (38) emd (39} we can say that (38),
though more complicated (in sense of functional <t»},
glves additional infermation, whish, if appropriately
used, oay speed up the classification progess,

Let us now assume as & cost functional the

funectional:
<t,8,z> [LD)

where 3 13 the number of selsctors snd z the pumber af
different varlables. Assuming this functicmal means
that ve want to obtain possibly simply deseripticn (inm
the sense of <t,s8,z>) while permitting a greater
generalization vhich may arise from it. Two minimal

VL, expressicns for f under <t,s,2> {assuming that

ﬂo&l not include the eveat (2,3,3)) exiat:
la=h,5][xg=3] (b1) .
[xT-h.Sl[:aiE] (L2}

(41) gives & rule: 1f, in a given object, anythin

(since x. was dropped) is on top of two or cne lout of
tve) cireles, then it belones to class 1, othe=wisa to
cless 0. 2) gives a aimilar rule: if, in a given

object, thare gre twa circles not containsd im anvihir

then it belongs to cless 1, otherwise %2 class 0.

Considering all of the above formally found rules,
it seems that they are close to what & human lateiticn
could support as claseification rules. Alsp, comparing
(38,39) with (L1,k2}, it seems that the measure of the
'degree of pmneralization’, dpecified by g, 13 relsvant

Since the sbtained rules classify all chlects
correctly, there is nc nesd to consider descriptions
which use all eight variahlea.

Example 2

Flgure b shows two sets of smell 'picturas’,
R, and RD' which represent certein chjects from two
clnauu, 1 and O, respectively. These 'pletures' are
grephical notations of wectars f o ,x?]. vhers
varigbles s L=1,2,....9, corresbond to pleture
elements as ghown below:



LR Three waight vectors Wia W, and W, were abtainad
to classify eventa froz A, and 5 using ™ 'veto' logic:
%[4)% w e
SRS . % vy
09115226 00816241 03820991
Dosains of varisbles are H = {9,1,2,3}. 20518258 -0.313103127 -0.26958540
flerents of #, are grachically Fepresented by .20797055  -0.14690878 -0,1302T7307
differect shafows given to picture elsmepts [as shown .09119226  -0,11284L73 .03551099
in the lowsr part of Flgure L), Sets E‘l and 5. ar= . 32965925 . 1928L4L 32 LlTeokaz
disjoint, thus, 7 = ﬂ’GU R is = disjoifit représenta= 05887045 LDE243012 . 32208080
tion of cbjects. The univBrse of representations is .13238L52 12208022 L0117T0BE
here B[4, 4,4 L4 6 L L L) or briefly E{L + 2}, L 3L19T09T +23401563 15927806
L0T118216 .0LATELAS  -0.0TOLTTSS
The problem ls to fiand a classification rule =0.1263020k -0.o803520L  -0.02458ks3
besed on & late set {0,1), which i5 the minimal =0,01231172 =0.317L8333 -0.13115018
according to sooe assumed functional. .04390515 -0.03525638 LO9LuATLR
.159586L5 L06EE25LO 21284891
A clasgification rule bas=zed on B into (0,1} is an .36LTag0L 2656893 08009393
expressicn for a function L230TRAG2 028257318 LDBBLDIIT
. =0,01231172 =0.01803L6B0 .139313 3k
f: E(% + 9) + {0,1) (43) .19287087  .21287293 LoTorass
.11229935 17750368 27205511
such that fie) = 0,1 for & ¢ , rezpeotively. We L0TE22607 -0.21053121 -0.06775921

E ., A
vill seek a slassiffeation rull bylswcnesf- zing a VL .19021729 -0.25610102 =-0.23897380

expression for that function. M#s & cost functionml i L2L9oaTTh L k2933998 . 41658097
let us sssume the functional: LOTBEB0SL  -0.23097723 .0273161L
17007280 -0.336192L6 -0.0T3TSI5E
A= <t .8,z (Lu) .150062TL =-0.1531538L L0118035T
»21301535% 22063670 JO9T231T9
Program AQVAL/L has been applied to this problem L30L20761  -0.1550L60L  -0,07S0TESE
end produced the following quasi-minimal formuls under L2262E98T -0.0Té23952 L 01503365
the functicnal A: =1.3831b51L . 30564728 -0.30908121
[1241][!5'1-2][151‘01[191‘1] W An object, represented by vector yle), if classified as
gm0, 1 xgm2 310l V (ol ilngms]  (45) o OF class Lin
Wiz=0,1][x.=0,1 1 =11[x =
& g ke 2 !EEJ'HJ; 9, for j=1,2,3 (LE)
Figure 5 shows & graphical representation of
individusl terms in (L5). means that the sor- otherdige as a mesber of class O.
responding variable (in order %o satisfy the approp-
riste selector] should have value equal to 2 or 3; [¥] B. Zequential Boolesn Expression Events s e 8, Ry
means that the variable should have value not egqual are represented in a similar way as in 'Veto Logi®,
to 0; * denotes irrelevant varisbles; the meaning of except that variasble y_.. is not used; that is, they are
the other cells is anaiogous. represented by wctum‘;?(el = ¥, ¥oseesi¥or)- The
following result was obtained hylhu%an r:al.gﬂ.lntims

As we can see, the formulae depends in toto om (aftar & faw hours of work].
five varisbles put of aine, - .
An object, represented by vector yie), is

It can be of interest to compare this solution classified ss & member of: class 1, ify.. =1,
with results obtained by other approaches to the elass O, if y.. = O vhere variable :rag Lszgﬁlputed
above problem. from the f0113%ing Boalesn equaticns?

The following four results were generously Fun = ¥V F, Fay = TaaW ¥
supplied by Mr, T. J. Mueller (result A} and 28 - z g 34 " _3?‘; = 18
Professor E. Gegliardo (results B, C, and D) of the Yap ® ¥agV Y13 T3 =TV Ty
U 0 E .
niversity of Oregon "30 = ’29\"' ?1!; 3'35 = 3'35\"' 3'22
A Neto logic Events & o (x,x,....0)¢ R U & ¥ ® TV ¥y Ty T ¥y Xy
ere transleted into 23-component olanry ctord Vap = Y3V 3-9 Y™ Ter Tu

Ftij - ‘?l-:l"?u-v . ‘:FE&JL

W ¥uFo |07 . s .
:TiIS ;9 gl - £. Seguential Boolesn Expression (Another Varasion)
8[* % o L e o i This result % similar to cne Lg B, except that it was
%o %, | X voror e [Yog¥agfaq chtained by & computer program,” An object, Tepresen-
ted by vector y(e), i3 classified as a member of:

Ty3 ¥V Vs Y9 " Yia ¥y

Val = . clasg 1, ify__ = 1, class 0, £f y.. = O whers varisble
thre‘:ut:fn:}y?u Hﬁl:h;::n;e:‘i b asatmnond of wilide af', YEQ' is eunmtt;a frm': the foliawiugﬁunlzm equations:
% '

(o} = (0,0.0) (2) + (0,1,1) Tg * iy Tig Y = Y39 73
L) = {o,0,2) (3) + (1,1,1) Yag = ¥ygV¥og  ¥33 =¥y iy
Variohle rEB i3 an additional varlable; its value waa ,Bﬂ T ?‘21\} Tl? :'rsh = Y‘;r; rlé
aet to 1. . Yoy =1V T, Fae = ¥ap ¥

ki 30 & 35 3 Tat

[ continued)

168



Yo "V Vop Yy tVV T,
in " T8y Yuo ™ Y38 ¥y
T IpViny ¥ cTHiy

Fug = NV Yy

D.

Jign=of=Polynomial Solutfen This result was
aisdo cbtained by A& computer program’. It uses sistlar
(as in the second and third -:xm:;ules} repreasentation
of events & 3y vectors yle) = {:-'1.3“ . '3'2"}' except
that ¥y take values 1 and -1 (in 1%&nd 0).

ateia.éf

An cbjlect, representsd by vestor y(e) is
classified a8 & membar of: class 1, I(F :.n'2 = -1,
class O, if ¥y, = 1l,vhere veriable Yag is gumputed
froz the fo]l%ginﬁ expressions:

BN A
+YET;+:F—&:I
’ag‘sj'mlga*y_il+y§_a+%'%+?'¥;_u
9%-1-%
et - 5228

It cen be wvorth noting thet resulta in all
examples recuire measuring different numbers of
original variables: all 9 variables, & variables,
4 varisbles, and 8 variables, respectivaly.

Concluding FRemarks

1. Presented coneepts and the classification
Eethod are of general applicability. They can be
especially useful ia solving detearministic classifi-
cation problems vhich are:
—intrinsically nonlinesr (=.z.., wher each clags ig
represented by a number of indepsndent 'clusters’
in & representation apace] or
--when wvarisbles are measured on nominal scale (i.e.,
valuss of varisbles are labels ('numerical names')
of certain independent cbjects and, ther=fore,
arithmetic relaticnships betwsen these values have
no mesning) or ordinzl scale {only order of varisble
values has seaning). Thus, they can be applied
teyond the ares of applicabllity of conventional
ssthods, such a8 linear (or nonlinear) diserimination
techriquas or statistical methods.

2, The method automatically detects and reduces
redundant variables,

3. Classificaticn rules in the form of VL.
expressicns are very easy to interpret by hum& and
at ihe sare tice very convenisnt to evaluate by
computers (especially using parallel or parallel=
ceguential technlques).

L. Although the synthesis of minimal VL
expressions L2 & complex cocbinatorial pmble}n.
exrericantul results from program AQVAL/L prove
that the sxacution time and memcry requirements
clving "average size’ problems are gquite

praepiable,

=k

5. It is also worth noting that the cethod ean
te extended to cover the case of not complately

189

apecified eventa, i.e., when some measuremsnts are
missing (what 1s a common situstion in applicaticns),
and, also, that the classification rules (obtained
based on some glven data) can be sasily modified if
nev {nformastion is given which {s contradictive to
the ruls.
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