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SYNTHESTS OF SLOWLY-VARIABLE SYSTEMS

ABSTRACT

A procedure is given for the synthesis of slowly-variable
systems by means of active networks. The procedurs begina with

the choice of a rational function of the complex-frequenecy B8

yhish eontains variable parameters. The transmiss ion funetion

which is chosen to meet the asystem spenifications is selected elther

on the basis of well-known pole-2ero conf izurations or by approximation
techniques, ten with the aid of the Wiener npt Lmim-mean-s(uare
statistical filter theory. Transmission forms which provide the
desired trensmission are realized by manipulation of signal-flow
zraphs., One of the transmiseion forms is selected as the basia

for the physical realization of the system. The selection is made

on comparison of the relative merits of the various forms with

rezard to ease of instrumentation, sensitivity to changzes in valus

of the elements of the ayatem, suscaptibility to sorrupting signals,
relative stability and susceptibility Lo gaturation. Dynamic variation
in paramoters is achieved by means of variable amplifiers, controlled
by an external source of voltage.

An illustrative desizn ia presented wherein & miltiple-loop
feedback system serves as the realization of a filter with an upper
cutoff frequency subject to dynamic control over a decade of frequency.
The rate of cutoff in the vicinity of cuteff is presst by means of &
single potentiometer. Test reaults compare favorably with theoretical

desizn performance.

-




SYNTHISIS OF SLOVLY-VARIASLE SYSTENS

I. INTRODUCTION

A problem of ma jor importance in aommunication is that of main-
taininz optimum transmiasion when the statistical properties of the
input messaze and noisea vary. The severity of thias filterinz rroblem
inareases as tha power-density spectra of messagze and noiae tend
toward equal levels and as the spectra tend towerd coineldence slonz
the real-Srequency axis. Tha 1ozizal avproach to the solution of
thia filterinz problem ia to measurs auiltable gtatistical paransters
asacciated with the message and noise, and apply the result of tne
measirement to cause the properties of the transmission system to
yary in ordsr to meintailn optimim transmiasion.

A second proplem whien 1is of prime importance in the theory and
application of transmission systems is the problem of maintaining a
presgribed overall transmission when e pert of the gystem hag a
warigble transmission. The saverity of the problam of compensating
for the varistion normally increases as deaizn control over the

shannel of tranamission dsereasss, In radio @ ~mmunication, for

axammle, the variation in tha channel necessitates adaptation of

proadeast ing conditions and techninues to taxke aeeount of the varimtion.

In octher instences, the problem may we more amenable to a desizn
approach. In the sontrol of the flight of a missile of wariable

mass. the viriable muantity can be measured to ohtain a aiznal whiech

cam be usad 0 sontrol & variable pensation davics, It is



reasonably evident from the loziecal aspects of the problem that a
~aneral approach to the solution is to measurs the variation in tne
trenamission aystem and apply the result of the measuremant to cause
a compenseting variation in the systam,

If it ls mssumed that suiteble measurements of the variation
gan be made in desizn situationa in which either or both of the
two maior problers just considered are of interest, the problem of
abtaininz satisfeectory sreénsmission reducss to the problem of symtheais
+f variable systems which can be controlled by the results of the
The clasa of variable ayatems whien is ccnaidersd

maasuraments.

in this thesis ia the class of slowly-varisble systems. A slowly-

‘ variacble system may be described by reference te Figure 1.1 where,

| Input

for simpliecity, a single wvariable

parameter 1

T(a,a)

featead,

o Output

- -
S5imnal Simmnal
Parameter-Control Signal
g e 1ale AS] BF~ atem with &

iakh] Fa it




The transtission Tlg.a) iz a functisn of the couplex=froquency

rariabla s

-Cq
+
£

of the parameter &, The valus of the

paremater & is varied by & parameter-control siznal in jectsd into
the system. The success of the gquesl-stationary treatment jmplied
by the use of the complex frejuency s 1la continzent on the rate of

variation of the paremater. Physieally, the rate should be such

thiat the imrulse restorse of the system is substentially the same
whether it is obtained with the parameter fixed or varying throughout
the dAuraticn of the response. When the rate condition ia not met
the sense of tha analysis 1a lost and the consideratioms of this
thesis are not zenerally epplicable.

ladﬂhl states that "the rather limited use of variable networks

is due larzely to lack of practical meana for their analysis,
aynthesias, and mechanization®. Zadeh has presented several articles
pertinent to the problem of analysis of wvariable aystems aince the
quoted statement was published. However, ne synthesis procedurea
of any seneral applisability are to be found in the litsratura,

Thare are three problems which mist be considered in establishinz
a procedurs for the synthesis of slowiy-vari&hle systems. The firat
of these is the problem of establishing & mathematical function
whien incorporates she gpecificatiocns. Thne second la the mroblem
of reslizinz s aystem from the mathematical funstion. The third
problem, closely allied with the second, is that of instrumenting
the wariable system to achieve the desired variatien,

This thesis vresents & procedure for the aynthesie of slowly-
t of the proseduras ia & syatem with

ul
ey hnalysis of Variable Networks®,
eh, 1350,

variable systems. The res

T ZEdali, Lis ey TETEGUED
5 5 2L

Prog, I, &: E., 38, 3, ¥




parameters sub ject to dynamie variation; i.e., a system with
variable tranamission provertiss, 4n important foetor in the
synthesis procedure is the realization of variable paramsisrs by
means of warlable (ideal) uwplir;arsl. If veriable parameters are
to be realized by variable amplifiers, the synthesis procedurs must
be, basically, a procsdurs for the synthesis of active systems.

If sotive systems are employed, attention must be given to the

practical sspecta of the performance of active systems, in order

that the aystems snall perform in accordance with the linear theory
and be not unduly sensitive to chanzes in element valuas,

&

Chapters II, III, and IV are devoted teo methods of obtainingz

a suitaple transmission functiocn, realizing the transmisaion funetion
as an active system, and inecorporating practical cons idarationa

in the employment of the syntheais procedure. Chapter ¥V conasists

o

a dispcusaion of tha adaptation of the synthesls procadurses of

-

of
Chapters II-IV to slowly-varicble aystems. Chapter VI eontains an
example of the realization of a variable-bandwidth filter from the
syntheais procedurs. Test resulta are ineluded in Chapter VI.

The sxampla in Chapter VI illustrates many of the concepta of
Chapters II-V. Chapter VII is devotad to & summary of the prin-
eimpal results and conelusiona, and su~zestions for future investiza-

tiona in connection with variable aystema.

1. An ideal amplifier provides constant (positive or negative)
transmission at all frequencies. The term *variable® refera o
the amplitude level of the trapamisgsion.




II. SFECIFICATIONS FOR SLOWLY-VARIASLE SYSTOB

If a slowly-variable system is to be more advantageous than
g fixed system in a Tilterinz rroceas, the distortion introduced
pecause of the varietion must be lees than the distortion ramoved
by virtue of the variation. This means that a slowly-variable
system must verform essentially as a fixed aystem over a representative
pariod of tiné. The representative period of time ahould equal or
sxoeed the effeetive duration of the impulse response of the system.
In view of this requirement, it is logical to synthesize slowly-
variable systems on a gquasi-stationary basis. Conversely, the
gquasi-stationary treatment may be imposed in order that the complex

a-piane Tamiliarly associated with fixed sysiems may be used a3 a

basis for the description and synthesis of slowly-variable aystems.
Specificatisons for a slowly-variable system may taks the form of &
rational function of the comnlex-frequency 8 involvinz paramatersa,
any or all of which may be gubject to wariation.

Ong of the most difficult vroblems associated with = given
synthesis problem is the dstarmination of a simple, realizable,
rational funetion of o which incorporates the specifications.
Only oceasionally is the determination of this functlon relatively
straizhtforward: e.z., in an applicaticn of a glowly-variable aystem Nj
to canzel the effect of unwanted yariatien in &8 slowly-variable system No
siis required transmission functicn i8 pstablished from & lmowledze

I

+f the transmission funetion of Nz and the desirsd overall transmission.

If the slowly-variable system is 1o saparats a measage from nocise,




the determination of a suitable transmission funetion for the
ayaten is a diffisult tesk, involwving two major factora.

Firat, the specifications mist be determined from the nature of
the problem, then s suitable fitnetion whieh ineorvorates the
specifigationa must be obtained., The funstion obtained is called
the tranamission funetion of the system. In this chepter the

determination of & realizable, rational funetion of 8 la considered

with empnazis on the oroblem of fiitﬁringl-

2.1. 3Synthesis Baged on & Franueney-Domein Approach

A gimple snd somewhat trivial solution to the oroblem of
inecorporeting specifications for a slewly-veriable system in &
realizable, ratiomal function of s ia that obltained by galecting
the form of the transmission function direectly from a body of
well=known pole-zere cenfizurations and appendinz an appropriate
lavel EaanrE. This azlution is called "trivial" beesuse if it
ia to be employedl, it follows that the specifications muat be
adaptable to £it the well-known characteristics. This solution
is certainly not trivial from the standpoint of the relative
number of times it is employed (in the synthesia of fixed systems)
gines specificetions for many filterirgz dewvieces fall into ecommon
ratterns; 8.z., it is not unusual to specify the proparties of &
servomechanism on the basis of the location of a single pair of

' 9 = :
aonjuzate-complex poles-. From the standpoint of relative eass

1. Since a servomechanism may be regarded as a filter, aervomaonanisms
are included in the consideraticn.

3. The term "level factor® ia used to deseribe the amplitude lewvel

of transmisaion, since the term "zain" will later be aynonomous with
bandwidth, or other parameters.

9. Truxal, J. (., "Servomechanism Symtheais throuzh Pola-Jlaro
Confirurations®, W.I.T. Tech. Rpt. #1462, Aumust 25, 1950,




of application and familiarity with resulting performance, the
determination of the rational function on the basis of well-imown
characteriatics is often 8 desirable one.

As an i{llustration of how well-known characteristics are employed
in connection with slowly-varisble systems, consider the realization
af &8 tyre of low-pass, varieble-bandwidth asyatem for which the
maximally-flat Butterworth characteristic, defined {except for a
laval faator) by the loeation of.twm raira of equelly-spaced
gon juzate-complex poles on & cirele about the orizin at the angular
poaitions indicatei in Fizure 2.1. The well-known, low-pass tranafer
function associated with tha pole-zero econfiguration of Figure 2.1
for a passive system is of the form

4
£

7 i 2 ) = . d )
(a°+ 2tls gos 22,5%+ @, <)(s“+ 2ws cos 67.5%+ w<)

Ma)

5k i

Since the radiua of the cirele in Figuwre 2.1 is &,, and if the
bandwidth of the system rapresented by (2.1) is defined to be /2,

s slowly-variable system with vuriable bandwidth my be realized

if the poles of the sy=tem move alongz radial lines through the orizin
in the s-plane in such a way that the poles ramein in eonjurate-complex
nairs, and always lie on a eirele about the origin of radius L.

This motion is illustrated by the losi shown in Figure 2.2,

Stated in another way, if the shape of the ampl itude-versua-frequency
characteristic is to be maintained, this is assured in the example

by the pole motion indicated in Firure 2,2. However, 1t is not
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agsured from the stated pole-motion that the zere frenuency-amplitude
of the frequency charscteristic will remain constant as the poles
move in the manner deseribed or, in other words, it is not assured
that the amplitude lavel will remain constant. The apegifiecation

in terms of amplitude level must be contained in the transfer functlon

in addition to the specification relative to bandwidth-variation and
retention of snape of the ermplitude-va-frequendy characteriastie.
Equation (2.1) incorporetes both bandwidth snd level apecifications
for & type of varisble-bandwidth £1ilter for which the lewvsl and the
ghape of the amplitude-versus=-fragquency curve are unchanzed Ly the
varistion.

In a slizhtly more zeneral variant of the g:mmple just discussed,
it mioht be desired to seqieve a higher rate of cutoff in the wicinity
of sutaff than that provided by the meaximally-flat Butterworth
sharacteristic without increasinz the number of peles. It is
reasonably evident that one way of accomplishing this ia to relocste
pne or both pairs of poles on the cirvele of radius &), end then
allow radial pole motion as before. Henes slizht variations from
familiar trensmission fumetions mey be introduced to achiswva the
lesired specifications in & transmission funetion. In this comnsetion,
L.-'.:wil;l has ~iven & method for approximeting emplitude and phase
gharacteristics over a rezion alonz the resl-frenuency axis by means
of variations of well-lmown pole-zero configzurations.

If the specifieations are ziven in the form of normalized

1. Linvill, J. G., “Approximation with Ratlonal Funections of

Preseribed iagnitude and Phase Charectaristics®, Froa, I. H, &, 0
Juna, 1952, pp. TI1=72l.




gharactzristica not readily adarted to familiar pole-zero confizurations,
any or all of the anproxiration teechninues of the symthesis of fixed

gysters may be applied to determine a suitable pole-zerc confizuration.

-

2.2. Synthesis Based on the Wiener Mean-Squars-Error Sriterion

The choice of & realizable, raticonal function from specificaticns
on & syatem is complieated by the fast that the number and types of
specifications which may be imposed mre countless, albeit in practice
only 2 few are usually imposed. A recent advance in the method of
incorporating the specificationa in o methematical funetion involves
the as=iznment of essentially two specifications in terms of the
response in the time dormmin. The first specification 1s thai the
puttut of the system lead or lagz the desired portion of the input
by a specified amount of time. The second specification ia that
the system reoroduce the desired portion of the input (i.e., the
mesgaze) by a linear operation whiceh minimizes the mean-square-error
between tha messaze and the output. The separation of messaze from

noise is mchieved on u statistical besis, The approach just mentioned

1

3 . 2 .
arnd discussed by Levinson™, Bode and

{ia that auzrested by Wiener

Shannon~ , LeﬁL, Stutt-', and othars,

., Wiener, N., The Extrapolation, Intervolation and Smoothinz of
Stationary Time Jer, Teahnolozy Press and Wiley, 194
2. Levinaon, N. The Wianer RIS h.rror Criterion in f""i't. er Deaizn
and Predlctio Jour, Meth, a: md Phya,, 25, &, Jan., 1347, pp. 261-278
e Bode, H. W., and Shan . C. E,, "A Simplified Perivetion of
Lineer Least Saouars Smoothing and uTer',i:hi.-m Theory*, Prog, 1, R. B;,
38, L, Apeil; 19504 pp. BLT =42
L Lee, Y. W., "Application of Statistical lletheds to Comminication
Problema®, MIT Tsehnical Report #181, Sapt. 1, 1350

. Stutt, C, A., "Experimental Study of Optimm Filters®

IT Technical Report #1853, May 15, 135l.
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If the required statiastical informaticn is awailable ( and to
obtain such information, epproximetion from experimental data is
af tan required) Wiener's theory may be applied to obtain a linear
operator which meets the specifications., While the linear operator
may niot be realizable by meens of a linear, lumped-parameter system,
a suitable aprroximation mey often be found with relatlive sase if the
ayatem is fixed. If, however, the aystem is to be a slowly-variable
aystem, the avproximation to the linear operator 1s complicated.

In a ziven case the optimum-mean-square {o=m=8) linear operator may

reweal that an extremely peculiar variamtion of system parameters
. is required in crder to maintain optimum performancs as the statistical
parameters of the input vary slowly. If several parameters of the
system are reguired to vary, the jngtrumentation of the system may
appear impractical, sinece the ralations between the vuriable para-
| meters of the system end the signals which control the parameter
yarietion may be vory complicated. In this eonnection the direct
application of tne Wiener theory may be undesirable and is certainly
unsatisfvinz, since there ia no ﬁy of knowinz from the =znalysis
whether or not & much simpler system mizht perform ag well in prac-
tica g3 the comrlicated one, for in a minimization process theres ia
always the possibility that the minimum is not sharply defined.
1t follows that the optimum system may be much mors ecomplicated than

a aimple system which gould zive essentially the same perf ormance.

In this connection, E’rtuttl has ghown experimentally that in certain
gpecial cases "the minimum mean-squers-error ad justment is duite

non-gritical®, o .
1. Stutt, o. A,, Op. eib.. PPs £3=112,
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Perhaps the zreatest advantaze to be attained by employing
the o-m-5 theory in ite present form is that a measure of system
performance iz established. If the optimum linear cperator is
determined, the performance of any linear system may be compared with
that of the optimum linesar operator on a mean-square-error basis.
Another advantaze of the o-m-3 theory is that it shows what parameters
of the input are significant in determining the optimum linear
operator. In other words, the o-m-a theory reveals what properties
of the input should be utilizad ‘L-f) mntf:::l the dynamic waristion
of the parameters of the system in order to maintain optimum
performance as the “statistical paramaters of the input chanzo alowly.
The o-m-g theory serves, thersfore, as a gulds to the type of
meesuremsnta which are necessary in order to permit the propertiea
of the input to eontrol the variable parameters of the slowly-
variable system. A third advantaze of the o-mn-8 theory is that it

may provide an indication of the practieal bounds of a solution

or mAy show that no satisfactory solution may ba found without

resart to non~linear operationa on the input, If' thers ia no

satary solubion to the approximaticn problem on & linear

basis. it is certainly desirable to recognize the fact rather than

to atrugzxle endlesaly in an effort to find that which ls non-existont.
In arder to illustrate in greater detail some of the problems

whien arise in the utilization of the Wiensr o-m-a thsory, an

application of the theory toan idealizad example is presented

in Appandix I. The example illustrates many aof the remarks of

this secticn., It is hoped that the esample may sugzeat avenues

for further investigation.




2.%. Summery and Conclusions

The apecifications of & slowly=variable system may be incor-

rorated into a deseription of the variation of pole-zerc positions
in the s=-plane and the assiznment of & wvariable level faector.

Of ten woell-known pole-zero configuretions may be seleciad as a
basia for the incorvoration of the apescifications. Approxi-
mation techniques ususlly associnted with the synthesis of fixed
systems may be carried over to the approximeticn of prescribed
amplitude and phase charactaristica for variable systems,.

The Wisnsr optimim-mean-snquare theory provides a means for
analytieal determination of how the warisble paramelsers of the
syatem should be controlled. In addition, the Wienar theory
enables comparisons of linear systems with the ootimum linear aystem.

In zeneral, no simple approach to the problen of detearmination

suitable raticonal function is entirely satisfactory. Apnli-

of appropriate festurea of all awvailable tecaniques may
of ten be required. In instances where there is doubt congerning
the existence ar extent of a vractical solutlon,
o=mes theory provides a basis for a aeientifiec consideration of

the issue, end apables performance tolerances Lo ba eateblished.




ITI. SYNTHESIS OF ACTIVE LINEAR SYSTEHLS

I'he need for & method of rerlizing an ective aystem from a
mreaeribed transmission function‘with e simple method of por-
traying the intermediate steps and the finsl result is basiec in
the synthesis of slowly-variable syatems. Since it is desired
to realize slowly-variable syetems by means of active systems
(because of the relative ease of achieving and controlllnz the
varistion), it is nesesaary to devote attention to an integrated
deseripticon of the aynthesis of active linear aystens. In the
deseription it is desirable to diznify certain simple operations
by assizninz nomenclature, in order that proper emphasis be Ziven
to tne coperations and discussion be made posaibls.

The choliece of active linear systems &8s & basia for the

ealization of slowly-veriable systems is a natiral one to mke,
since it enables the variable paramsters to be instrumented by
amplifiers with variable gzin. The use of armplifiers with variable

Fain as instrumentation for systems wlith slowly-variable paramelers

; X : ; ; I
ia not nawlf*. but the viewrpoint tsken in thia chapter represents

a8 more zeneral approech to the problem. In the: Literature,
yariable amplifisers have been erployed to realizes variable level

o

of transmission (in connection with awve gystema) and in reactance-

tubs ecireuita to obtain variable impadances.

1, Scott, B. H., "Dymamic Noise Suppressor®, Electronics,
Decamber, 1947, D. 98.

2, Yu, Y. F., "Dynamic Impedance Cireuit", Tele-Tach,
Vol. 7, auzust, 1943,




It is common practice in the literature of network aynthasis
to identify elements of the syatem according to their physical
nature; e.z., inductancea, capacitances and resistors. In a mora
zenaral interpretation especially avplicable io pgoetive-network
gynthesis, the slements of the transmission system may be rezarded
s integrators, differentiatora, and asplifiers. It snould be
noted that under tnia interpretastion, constraints are not imposed
on the physical ildentity of the elements at the outset of the
gynthesis procelure., The edvantaze of this viewpoint lies in the
fresdom available in the final physical realization. The outcome
of the adoption of this broader view of what conatitutes an glement
js & aynthesls procedure which is nol constrained to any particular
phyaical form (e.z., a reactance-tube cireuit) and is generally
applicable to synthesis from a prescribed stable, rational funeticn
of the complex-fragquency variable, == opposed to synthesis perforred
on the besis of knowledze of the performance of spesific configurations
of components.

There are certain well-mown disadvantazea in the use of active
syatems. These disadvantages are imnored in thia chapter, for
sxpedience and clarity of presentation. Chaepter IV ia dewoted to
means for takinz certain of these disadvantages into account in
the ssnthesis procadure and in the ghoice of & system in order that

the affeocts of the disadvantazes may be curtailed.
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9.1, Realizability Conditions

If & system is to be realizable me & linsar, active aystem
consisting of ideal elements herein referreil to as intezrators,
differentiators, and amplifiers, the mathematical function repro-
sentine the transmission from input to ousrut must satiafy certoiin
requirements called realizebility conditions, Th=ge conditions are
that the transmission funetion Tis)} be a rational fiunet ion of the

gomplex=Credquency variavle & and that the treanamission function

L)

reprogent a atable svatem for the envisioned type of tranamission;
f.8., if the finetisn ig t0 be realized aa A transfer function,

g=-nlane, while
Lo =arag 1ie anvwherse, but if the funetion i to be redlized as A

] miat lie in the

left=nall s-plane, f« tabil ity
9.2. Sizpal-Flow Graphs
1

= Y

Mason~ has deseribel the representation of & sst of 1linear,

homozeneous, alsebraic equations DY means of B siznal-flow zraph.

Since & linsar, sctive system with lummed slamanta can
by means of a set of such equations, it ean be described alterhately
{as Nason points put) by means of & aiznel-flow oraph. The use of &

girnal="low granh to deacribe an | otive gvstem i far superiar to

tha g of & set of equatlions, ai nogsible instrumentation of
she system is mch eesier to visualize. A signal-fiow gzrath is
alss surerior to e block diagram, gince the ~ravh is sasiel” O

T Teabn. B, .. "Sianal i 490, IRE Nationsl
=

* rl‘u'r_*ﬂt.j_ i ' .I-;l:.'-'l.'.‘ 1 "..] *




-anipulete and presentes & more complete description af ‘the systenr.

ha svithols of a signal-flow gzravh are of two L¥pesS. Cireular aress
6n the graph are called nodes end may represent voltagmes or surrants
{in e Lri Y wnile directed lines indicele directed
tranamitiances in the natwork, or relations between the node quantities
in the set of defining equations. In establishing rulea for mani-
pilation of the zraphs it is convenient to note that the value of &
node wariable is the sum of the sigznels which enter 1% and this value
alonr esaeh outroingz braneh, while the directed lines

traverased by sisnals from one node to another,

gn example, considar the slznal-flow spaph of Fizure 3.l.

o

af Tranampiasion from B, to B

sl micht represent a Teedback ampl ifier with

forwmard »#ein A i e fram a voltaze source B, with tne cutut
o L

woltaze E- returned 1 its entirsty to the input where & subtraction
e Eg re i1 i

takes place. The overall transmissicn ef the systam 7.1 ia

Additional of siznal-flow garaphsa

will mvpaar the role of the srapha




in the synthesis of active asystems will be illustrated.

3.3. The Healizstion of Trapsmissjon Formg

3y the realization of & transmission form is meant the
determination of & signal-flew graph whieh provides the deaired
averall trensmission from input to output. A given transmission
function can be realized by an infinite variety of trensmission
forms, dependinz on how the realization is performed. It is

therefore well to keep in mind Bode's zeneral comment on mathods

for the syntheais of active systiems. Budel states that ®"they are

best when they leave the final syntheais in the hands of the
desizner but atress the development of coneeptions and Trocsassea
which meke the esstablishment of any particular set of relstionshipa
g8 gimple and easy a mmitar &as possible*. This basaie thilosomhy
rerresenta an especially deairable outlook with reference to the
methods to be tresented, since the synthesis procedure serves to
rrovide a mere shell of a system. The spark of life muat be
injected by the individual designer. Stated another way, & topological
form is provided without an associated instrumentation other than
the amplifiers required to realize the variable perameters of the
ayatem,

Mathods of reslizinz a transmission form are now considered.
Let T(s) be the desired function interpcsed botween an input 2y
and output Ep, whers the £'s mey pertain to typieal input or output

quantities, such as voltage, gurrent, angle or velocity.

1, Bode, H. W., Network Apalysis and Feedback Amplifier Desizn,
D, Van Wostrand Co., Ine., New York, M. Y., 1945, £ 103-104.







The tradamission is represented by the basic esiznal-flow zraph

of Figure 3.2.

Fizure 3.2, The Dasic Siznal-Flow Craph Representing
lransmission From Input to Output
The problem at hand is to obtain transamisaion forms for the trans-
mission function T(s) by manipulations bezinning with the basic
araph of Figure 3.2. The followinz techniques represent a variaty
of methods which are useful in establishing transmission forms:
1) tandem separation
2) marallel peparation
9) simple-loop formation
L) double=-locop formation
5) intra-loop shiftinz
These methods are explained individually and illustrated aymbol ically
in the following examples.
Example 3.1. Tandem Separation

Tandem separation consists of writing a transmittance T(s) in

the form Ty(8)T2(s) and identifying T; and T, as separate transmittances.

Both Ty and T2 must be stable, for phys {cal real izability. Note
that this proceas is reversible, and a tandem recombination can be
made when desired. Fizure 3.3 shows the rerraesantation of tandem

separation by a aignal-flow zraph.







Figure 3.9. The Result of Tandem Separation

Example 3.2, Parallel Separation

Parallel separation consists of writing a transmittance T(s)
as Ty(s) + Tp(s) and identifying T) and Tp as separate stable
transmittances. The siznal-flow graph representing parallel separa-
tion is shown in Figure 3.4.

Ty

III2

Fizure F.4. The Result of Parallel Separation

Example 3.9. Simple-Loop Formation

Simple=~loop formetlon is parformed by writing

o(s) = 2{a) = n(s) _ _p(s)/ay(s)
LA = q[:lq} nlf_s}+ rlz{s} 1 <+ qgts}f‘ql{a}

The p's and q's are polynomials in the complax-frequency 8.
Let Ty(s) = qzialfql{s} = the loop transmittance

and To(s) = n(s)/qo{s) = the external transmittance.




If Ty and T, are to be realizable, the zeros of q; and qp should

lie in the left half-plane. The reaulting siznal-flow graph

{llustrating simple-loop formation is shown in Fizure 3.5.

Tg

Fizure 3.5. The Result of Simple-Loop Formatiom

Example 3.4, Double-Loopn Formation

Double=loop formation is performed by writing

n(s) = B2l . py(s)pals)
A=) q)(a)ay(s)+ py(s)agls) + pplelq,(s)

p1(8)po(a)
1 (s)g2(s)
py(8)as(s)  polalayls)
r +
ql\ﬂJQQ{S} qu:quEf_Elj

Let Tpq(s) = py(s)/qy(s), Tpole) = ps(8)/ap(s), Tgyle) = qB{EqugiSJ.

and Tgols) = qls)/qy(s). For stability in either loop, the zeros

of the q-polynomials should lie in the ieft half-plane. Ths siznal-flow

oraph illustratinz a double-loop formation is shomn in Figure 3.0.
TF1 IF2

-

The Hesult of Double-Loop Formation




Example 3.5. Intra-loop Shiftinz

_Intra-loop shiftinz is essentially a transformation which leavesa

both forward and loop zains invariant, but shifta the position of

elements in the signul-flow grarh, If this process ls applled to
the simple loop of Figure 3.5, for example, the result is & signal-
flow zraph shown in Figure 3.7 which has the same overall trana-

mission as the system of Fizure 3.5. The function'TA(EJ may be any

gstable transmission function.

TDfTA

Fizure 3.7. Reasult of Intra-loop Shifting Applied
to the Tranemission Form of Figure 3.5.

It is not meant to imply that there is any set pattern for
applyinz the technigues just discussed. It is of interest to note
that the methods ziven constitute a sufficient met of techniques for
the realization of any stable transmission function in a form reduzed
to intezrators, differentiastors and amplifiera. These techniques
fulfill the need for methods of realization of transmission forms
for mctive aystems and form the basis for the svnthesis of slowly-
variable systems from & nreseribed transmission function. The identi-

firation of the transmission form with 8 physiecal system i= ths next
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jtem in the synthesis procedure to be conaidersd, but before pro-

ceedinz to this problem, an example is presented illustrating the

usa of some of the technigues just discussed.

3.4+ An Illustrative Example of the Realization of a Transmission Form
A network function commonly used in the stabilization of

veloeity servomechanisms has the transmission

T(g) = &
a8

A function of this type, when realized as an active aystem, can Servs
either as a differentiatingz network or an integrating network, or

ag & variable compensation if wvarilable elements are employed.

Ths stens lesadinz %o one posaible realization ere ziven in Fizure S8
Step 1 consists of eatablishingz the hasie form. Step 2 illustrates
the result of a parallel separation, and step 3 indicates the result
of loop formation applied in sach branch of the zraph obtained in

Sten 2.

(s + a)/ls+ D)
j;-,.l:— -

=EE

8/{a + b)

a/(s + b)

Fizure 3.5. Steps in the Formation of a
Pransmigsion Form for T(s) = (a+ a)/(s + b)




9.5. Node Identifieation

After a transmission form is obtained, the problem remains to
+identify the form with a physical aystem. The identification
gonsista of aamsizning vhysical guantities to the nodes of the trans-
mission form. No rizid rules can be-g_iven relative to what partlcular
node -identifications should be made, therefore the discussion smpha-
gizea the siznificance of the node-identification proceas.

Node identification is the process of assizning physical
variables to the nodes of the transmission form, thereby simultanedusly
assizninz a physical dimension to the transmissions interposed
between nodss. (A perfectly satisfactory, alternate viewpoint might
be taken whersein the dimensions of the transmissicns are asaizned,
thareby fixinz the nature of the node variable.) & typleal branech
of & trensmission form is indicated in Figure 3.9.

T(s)

i

Fizure 3.9. 4 Branch of a Transmission Form

It may be desirable, for physical reasons, to identify node 1 a8

a voltage and node 2 as & current. If this is done, the intervening
transmission function T(s) must be reslized as an admittance.
Mternately, if both nodes are jdentified ms voltagzes, the inter-

veninz transmittance mat be dimensionless. Viewed in another

way, if the intervening transmittance is specified to be an impedance

riode 1 must be identified with a current and node 2 with a voltaze.




The most useful set of node identifications will usually be

determined by the reguirements of the application, togzether with

the knowladgze of available comnonents and constraints imposed by

the nature of the componenta. I1.;. is therefora dssirable, when
makinz node 1&3nti;}cations. to visualize the physiecel system a3

the node identifications are made, to insurs fhst the process leads
to a reasonable aystem. Once the node identificationa are completa,
a block diazram of the system may be drawn if desired. TIhe problem
of realizinz the individual slements of the system exactly or approxi-
mately is then in the hands of the desizner. (In the synthesis of

a system ziven in Chapter VI, the choice of node jdentificationa
and a representative solution to the problem of obtaining approxi-
mations to the desired elements of the system are indicated.)
Simple examples which illustrate node-identif ication are given in

the following section.

3.6. Illustrative Examples
The node-identification procedure may pe illustrated by a

ponaideration of the realization of the transmission function

T{s} =__.-':1——-— .

g+ 0.1

Since a transmission zain of more than unity i= required at low
yalues of s, an active system ig required. Ome method of realizing
a transmission form for this funetion is to separate the funetion

into a tandem arrangsment, as indicated in the transmission form

of Figure 3.10.




0.1/(s + 0.1)
> e L,

Figzure 3.10. A Tandem Transmission Form for T(s) = -1/(s + 0.1)

In this simple example the physical realization may be gehieved by

identifyinz the tandem combination as an amplifier followed by a

series reaistance-cepacitance combination, as indicated in Fizure 3.11l.

Fizure 3.11. A Physical Realization Associated
with the Transmission Form of Figure 3.10

Tha unidentified node in Figure 3.10 is identified as a voltaze EB

in obtainingz the realization shown in Figura 3.11.
A second method of realizing the jesired trenamission consiats
of forminz a simple loop accordingz to the method ziven in Section 3.3.

Cne posaible loop is shovm in Fiqure 3.,12.




Fizure 3.12. A Transmission Form for T(s) = -1/(s + 0.1)

A possible approximete physical realization of the form ziven in

Figure 3.12 is shown in Figure 3.13 where the unidentified node in

o

R %
A3
Jn
1

Fizure 3.13. A Fhysieal Realization Associated
with the Transmission Form of Fizure 3.12
Fizure 2.12 is desiznated to be & voltagse. The combination of H3
and O rmust serve to anproximate an ideal integrator, while the
voltage divider consisting of Fll and Ry muat be a hizh-resistance
device.
A third possibility for the rsalization is indicated by the

transmission form of Fizure 3.14 where the values & and b satisfy




{1+ b)/(b)is+ a)
3o

B
a/la + a)

Fismra 3.14. A Transmission Form for Me) = =1/(a 4 0.1)

the relation a/(1+ b) = 0.1. To visualize the instrumentation of the
aystem, let the unidentiflied node of Fizure 3.14 be a voltage node
desirnated as ET Let -b be an amplifier zain. Then note that

33 is made up of the swn of two voliages obtained by transmission
from El and Eo, If By and £ are, in turn, pet agqual to zero 1t

may be determined by inspection that a suitable choice for the
ramainder of the system {provided b = 10) i3 & resistance-capacitanca
sombination., The complete system is shown in Fizure 3.15. This

gyatem is one form of the well ~imown Miller integ: veireuite

{1/RC = 1.1)

Fizure 3.15. A Pnysical HRealization Associsted
with the Transmission Form of Figure .14




3.7. Summar

In this chapter techniques have besn presented for the reali-
zation of active systema., There is sufficient freedom in the
smployment of thease technigues to insure that a variety of asystems

can be realized, from whieh one can be selected on the basis of

certain practical foctora. The medium chosen for a graphical yor-

trayal of the trensmission form serves to provide the deeizner with

g pleture which alds materislly in the instrumentation of the sascciated
system. The cholice of acective syvatems ms s means of realizins
transmiasion functions leawves the way clear for the introduction of
variable emplifiers as varisble elements in the synthesis of

glowly-variable syatoma,




IV. THE CHOICE OF A BYSTEM

It was stated in Chapter III that the syntheais procedures
there developed ean provide a nurber of tranamission forme to
realize a piven transmission function. The essential requirements
for identifyinz transmisaion forms were outlined. It is now desirable
t5 considar how & lozical choice of & form can be made from the
available forms, or more specifically, how gertein practical factors
apaociated with the use of active systems can be dealt with effectively
in the realizaticon or selection of & Llransmission form. Examples
garve to illustrate some of the factors involved, while a8 discusaion

of the use of sensitivity to variation in parameters a3 a zuide

in the aynthesis provides additienal helpful information.

i.,1. Ralative Stability and Saturetion

The problems of maintaining suitable relative stability and
avcilins saturation are basically pecullar Lo a ziven situation, yet
gcertain features of these problems stand out as worthy of special
sonsideration. The problem of maintaining suitable selatiwe stability
is fundamentally a problam of preventing the passage of poles 1n a
transfer function from the left half of the s-plane to the right
half-plane, The problem of avoiding saturation is ome of preventing
the siznal level from risinz beyond the extent of linearity aof
the system. If the system is real ized in such a manner that the
individual units in the aystem can be jdentified with individual

voles, the problems of relative stability and saturation are rather

glosely related, for they are heth outzrowbhs of pols-locaticna




in the vieinity of the jw -axis. There are extenuating eircumatances

to be considered, to be sure, since if the pole-location is relatively

insensitive to changea in elements of the system the problem of
relative stability is not serious; while if the input siznal level
to the unit is extremely small, even the occurrence of very high
zain in some portion of the spectrum may not result in saturation.
As an illustration of how the factora of relative stebility and
saturation may enter the symthesis procedure, consider the reali-

zation of the transmisaion function

"['{5} = _c__._l.___.-, L
ga<+ 28 4+ 1

Alternate methods of realizing this transmission function are
shown in Fizure 4.1. Slight variations in the forward trans-

mission of the system of Figure f.l.a (of the type which may be

1/(s + 0.8) 1/(s )

1 l,-"';_53+ 1) , 1

t=d
M

-28 7
{a) fo)

1

FPigure 4.l. liethods of Realizing T(s)
g+ 25+ 1

expected to occur 1n active systema) will result in unatable

operation, and even if the system ls mai

ntained in & stable epondition
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saturaetion may well result from the effect of any stray siznal
‘ introduced in the forward braneh. In the system of Figure l.l.b
which zivea the same overall transmission as that of Figure hel.a,
glizht varistion in the pole-loeatlons alonz tne nezative-real axis
‘ will not lead to unsuitable relative stability, and the possibility
of saturation is mieh lesa because of the relatively amooth
amol itude-vs -franuency charactaristica of the pole-units in the

forward transmisgssion.

L.2. Susceptibility to Hoise

System susceptibility to nolise has been dissussed in the llitera-

ture by many writera, but it seems aporopriate to inelude a brief
‘ statament here for sompleteness. It should be recoznized that if
noise is introduced at some voint in a syatem, it may be vossible
by a simple rearrancsement of the slemants of the avatem to maintain
‘ the owerall transmwission sonstant #hile markedly diminishing the

noise econtribution in the output. For example, if

r 2
I‘Lﬁ_.l B il

a=+ 1 !

'!

b

{is realized as indieated in Fizure l.2, the nolse agontribution in 1
the output will De mueh leas if the syatem of Tizure L.2.a ls chosen |
|

rather than that of Fizure 4.2.b, because of the differsnt trans= “

|
mission functions gzoverning tranamiasion from the noise sourcs to |

] - g ! L -* A -
the outmut in the two ayatems, The ayatem of Iizure ll.2.2 gppears

to the noige source aa & low-pags filter, while the aystem of Figure 2D

i 3 PR I
gppeaars to the noise source as a hisn-pass filtar.







K
&

White Noiza
Source

White Noise
Source

-1/2 -1/2

Flzure 4.2. Loops Subjected to a Noise Input

The intra-loop shiftinz technigues deseribed in Seection 3.3 may be
usad to advantaze to change the transmission from & noise aource
to the output, while retaining the desired transmission from input

to output.

4.3. Sensitivity to Chanzes jn Element Values

It is well-known that one of the most pressingz problems in
meny applications of electronices ia the oroblem of reliability of
yacuum tubes. A zreat deal of attention la gurrently beinz directed
to this problem. Ome zapect of the raliability problem is the
difficulty of maintaininz low tolerances in the manufacture of tubes
and throuzhout tube life. Since elose tolerances cannot be maintained
at rresent, it is easential to have some indication of what effect
changes in the properties of vacuum tubes will heve on the trane-
mission of any active system containing tubes as active elemants.

The gquantity ziven by Hodel as a measure of the relative influence

1. Bode, H. W., Network Analysis and Feedback Amplifier Design,
D. Van Noatrand Company, Inc., New York, N. Y., 1945, pp. 52-53.




of an element of a system on the overall tranamission is called

‘ sansitivity., Under Bods's definition of sensitivity, a valus of
unity indicates that the transmission is direectly proportional to
an element value, while high magnitudes of senaitivity are inter-

‘ mreted to mean that the aystem is insenaitive to changes in the
slemant, with low valuss interpreted to mean that the system lia
very sensitive to chanzes in the slement. It seems more logical

to let small magnitudes of sensitivity indicate weak dependence

‘ and larze magnitudes indicate stronz dependence, with a wvalue

of unity retaining the same msaning as sscribed inlﬂuda'n treatment.
The reciprocal of Bode's definition will therefore be used in the
‘ disoussion end referred to as sansitivity.

Bodel states that "design methods to give direet control of
gsensitivity, in casaes where it departs materially from the return
difference, have not yet been developed®. Since it is deairable

‘ in the synthesis of slowly-variable systems to have some control

over sensitivity, it is of interest to conaider how control over

sensitivity ean be achieved. If it is mssumed that a transmisaion

matically prescribed. To make this statement clesar, conaider the
tranamission function T(s) = 1/(s + a). The senasitivity of the
function to chanzes in a is determined by the form of the function
and is ziven by

- aT -
Sa{T}‘_ﬁf% R - .

' function is gziven, then a certain set of sensitivities is auto- r
]
|

8+ a :

Note that the sensitivity just obtained is a functicon of the

1. Bode, H. W., Op, cit., p. 120,
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complex-frequency 8, a8 well as the paramster a. Of major interest

‘ iz the sensitivity of the tranamission function to chanzes in the

elementa employed to instrument the associsted system. The real
jsaue ia, therefore, a matter of how the elements of the system T
‘ conbine to form a. In other words, control of the functional 4
relationship between the slements of the syatemn and the quantity a
ia the besic approach to the control of system sensitivity.
Tha aangitivit; of a with respect to the elements which compose it 1
is the determining factor in the attainment of a satisfactory E
sensitivity of the transmission T to changes in the elements of |
the syatem. u
In more zeneral terms, it may be said that s transmisaion ! x
function chosen to represent an active system will contain |
gpertaln parameters in addition to the freguency wvariable. Theae F
parameters may be taken as the poles, zeros and level factor of
the function, or the coefficients of the numerator and denominator
ﬁ polynomials, accordinz to individual preference. The senaitivity
of the transmission with respect to one of the parameters ol , with

the other parameters held constant, is given by

The sensitivity dsfined in (4.1) is only a part of the consideration
af overall sensitivity, yet it 1ls the part over which {23 haa been
shown in the case of a simple pole) there is no design control.

-

It is convenient, thersfore, to refer to this sensitivity as the

principal partiel sensitivity of the tranamission T with rsspect




U
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to the parameter ® . The princiral partial sensitivity will
normally be a function of the complex-frequency variable a.
However, since the princinal partisl sensitivitiess are properties
of the orizinal transmission functlon, it is unnecessary to make
a separate computation of these gquantities for each transwmission
form which might be aseociated with the transmiassion fiunetion.

Onee the trineival vartial semsitivitles are computed for a
transmission funetion, comparisons of syatems which aive the same
tranamission can be made without repeated ertensive computatlions
inv:lviwf the orizinal 4transmission functiom. Intereat then centers
on the relationships between ths parametera of the transmission
function and tho elements of the system. If @ ia such an alament,
the sensitivity of a parameter of the tranamisgion function ol with
reapeet to the elesment @ is called a subgidiary partial semsitivity
af the transmission funetion and is

ol (L2

= G
Sp(*) = 3@

R

Equation (L.2) expresses the relationship between a change in an
element of the system and the resultinz change in a parameter whien

depends on that element. Since both ol arm.fﬂ are frequeney-indevendent,

the subsidiary pertisl sensitivitiea of & system are alsoc, as mey be

sgen from (L.2). These senaitivities are ponseausntly much easier

to deal with than the frequency-dependent nrincipal partial gensitivitles

ar the overall system sensitivity.

Neverthelsss, the final zoal 1s 1o obtain a satisfactory overall

sensitivity to chanzes in slement wvalues. It is easily shown that

-~

——
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the overall sensitivity of the transmission with reapect %o & changse

in an eloment a8 of a system with parameters oy is ziven by

S5(T) = Zsmf” 5 (%) . (4.3)

Mhe velue of sensitivity computed from (4.3) is found directly from
the values of principal and subsidiary partiel sensitivities. In
anplying & numerical result ocbtained from (4.3) to the understanding
of system performence, it should be recognized that the gasumption
that the slements of the system are independent nay often be violated,
.and in such cases & strict {nterpretation of performance based on (4e3)
is not posaible unless the equation can be modified to take into
secount the interdependence of elements of the gystem.

How may the discussion be directed toward the aim of control
over sensitivity in the deslzn? It has besen shown in Chapter 1Y
that for & miven transmission funection there are many different
phyﬁical realizations. Amonz this set of physieal realizetions
sensitivities vary widelv. The basic problem is then to selact
from this group & system with a guiteble set of senslitivity values.
This salsetion iz feecilitated Dy plotting the principal partial
gensitivities at the outset of the aynthesis, ther=ef ter employing
the particular set of guhsfidiary partial seraitivitios associated
with a ziven transmission form to compare forms on the hasis of
overall sensitivity.l

A faw sdditional commente about gensitivity as eprlied to the

sonsideration of alowly-variablé systems may be of interest.

1. Alternatively, a functional relation between the parameters and
the elements may be nrescribed at the cutset of %the synthesis.

The full potentialities of this truly "direct control® have not
been investizated in detail.
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Pesdback has traditionally been epplied to obtain low wvaluss of

sensitivity to chanzes in values of active elements. In the

jnatrumentation of slowly-variable systems, amplifier zains may

be used to reslize wvariable parameters. This means that the trans-

‘ 'missian funetions mist be fairly sensitive to chanzes in zaina.
Admittedly, thia is one unfortunate feature of the gyntheais,
ginge an active system may not be able to distinzuish betwasn

‘ external control of the amplification and internal effects whnich
enuld cause the amplificationm to change. It follows that hizh
gecuracy cannot be expected from slowly-varisble systems unless
gvery precaution is taken to insure that the gaina of the tubes
do not vary with plate, screen and Biss voltagzes (excepting those
voltazes employed for controlling the variation in zain), If there
are amplifisrs with fixed zains serving as elemants of the ayatem,
sugh amplifiers should be sapable of maintaining a constant zein,
within reasonsble limits, Performance should, of course, be considersd
in the lizht of long-term or short-term requirements.

It has been stated that the velues of senaitivity to changes
in elements depend strongzly on the functional relstion between the
elaments of the system and the parameters of the transmigeion function.
This fact is illustrated in Chapter VI in connection with the
{1lustrative desizn example wherg an a;tivs gyastem is comparad with
a passive system on a sensitivity basis,

It may be showm from the considerationa of this section that
one active system can perform much more gatisfactorily than ancther
from the standpoint of reliability of performance; whiles an active

system can, if ite slemsnts ars held to close tolerances, be more
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reliable than a nassive system with tolerances of the sama order
of magnitude. This statement is made to bring oul the fact that
while magsive systems are usually regarded as mors reliable than
active systams, it is not because of the relative valuea of sensi=-

tivities but is purely = matter of ths relative ability %o maintain

toleraences 1n construction and throughout the life of the elezent.

Size, Weiznt and Number of Components
1.7 that & wide wariety of systems
A larzse

olye
stated in CGaction
syarall transmisaion.

It was
can be found %o achieve the same
number of these systems may be eliminated by econsideration of aize,
and nurbar of esomronents. The procsas of intra-loon shifting
makinz alterations in s aystam, i it

waiznt
is likely to be helpful in
appears that the size, welzht or number of the comnonents may be
decreas=d in the vrocessa.
In pesizning physical coumonenta to perform the ranuirad
soms eontrol over size, weizht and

intesration o differentiation,
monents will ordinarily be available.

numbar of com
| b.5. Summry
It ‘has been shown that the nractical factors of relative stability;
turation; noise-ausceptibility; sengitivity %o changes in elemant
~f components sll may be gontrolled
a system.

of

o
=l

values; and size, weizht and number
in the synthesis procedure and ghioice
progedure

extant
coliparisen

to soms
The importance of sensitivity has yean discussed, and a
the

af comparison of aystems aurzestad which simplifies
and distinzuishes effects over which no control can be pxgrciaed from
nhoice of o aystem,

e subject to partial comtrol in the

effects whieh ar
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V. THE REALIZATION OF VARIABLE PARAMETERS

In Chapters II-IV methods for the synthesis of ective gystems
were presented. These methods were presented, as previously stated,
in orduf that the syntheeis procedure might be adapted with eass to
the synthesis of slowly-variable systems. In order to realize
slowly-veriable systems, the variable parameters of the system are
identified with variable amplifiers. In this chapter the identi-
fication technique is illuatrated and certain sspects of the physical

realization of variable paramsters are discussed.

5«1. The Varisble-Amplifjer Identification Teechnigue

It is established in Chapter II that the ratio of polynomisls
in the complex frequency s is a suitable form for the transmisaion
function of & slowly-variable system. The polynomials contain para-

meters which, when assizned numerical values, complete the specification

of the transmission function. If ones or more of the paramsters is

to be variable, the variable-amplifier identification technique is
employed in obtainingz the transmission form. The technique comsists 1

gimply of identifyingz the variable paramster or paramsters with an

ideal amplifier or amplifisrs in the syatam.

-

ha an example, consider the reslization of & transmisalcen form

I

—

for the function

T{B} = S SR

B +8
where a is the variable parameter of the system. In ordsr to distin- f
zuish variable parameters from fixed paramsters in a system, let
the variable parameters bs denoted by the symbols K,, K;, ete.

In this simple example with only one variable parameter, let a = K.
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A possible transmissicn form is indicated in Figure 5.1, where a

1 1/s
B

Fiz. 5.1 A Transmission Form for a Variable Pole

simple integration is performed in the forward branch, while the

revarse transmission consiata of & variable amplifier.

5,2, Linesr Variation of Gaip with Control Voltazs

In zenmeral, the epecifications will inelude variation of a
parameter over a range of values and in some specified way with
the parameter-control signal. Variation over a large range of
values is pnot diffioult to achieve in practice, provided the upper
limit on the ranze is within reason. However, variation in & pre-
seribed menner with the paramster-eontrol aignal is difficult to
achieve except over limited ranges. A linear variation of amplifi-
cation with ap external control signal can be achieved (approximately)
over & rather wide range. This type of wariation is the only type
to be considered here.

It i{s well-known that a dynamically-variable gain can be achieved
by applying a direct wvoltage (eontrol voltage) to a grid of a multi-
zrid tube, Since the zain is required to vary in & prescribed manner
with the control voltage, the problem of obtaining the prescribed

variation involves the dynamic characteristics of the vacuum tube.

Since dynamic characteristics vary among tubea of a given type,
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as a rule a prescribed mode of variation cannot be achisved with
great accuracy, if at all. I{ may be hoped that the expanding
research in the field of semiconductors will provide devices which
ovarcoma the diffieculties of abtaininé a. propar characteristic.
Perhapa, in the future, a desired characteristic may be manufactursd

into the device. Becker' states that "because of its relatively

lonz 1life ... the transistor may well be applied to those industrial

fields where rellability is of prime importance"., This statement
sugzzestas that if suitable characteristics are achieved in semiconductors m
the problems now associated with tube replacement will be cbviated. !
For the present, probably the most useful type of variation is that
which is achieved by employing a direct voltagze applied to the control
grid of a pentole to achieve a linear variation of gain with control
voltagze. This type of variation is esstablished in enzineering
practice and needs little discussion. However, a few commenis may
be made sbout this type of wvariation in connsction with elowly-
variable systems.

Sinee the variable perameter is controlled by an external scurce
of direct voltaze not under precise desizn control, operation anywhere i
alonz the load line of the pentods must often be gnticipated and ’1
stability of operation at any point on the locad line is required,
Furthermore, since the variable amplifier is represented in the i
synthesis procedure as an ideal amplifier, it is aggential that any

variation in plate resistance of the amplifier tube have little or

no effect on the overall tranemission. Either the load line mst v

1. Becker, J. A., "Transistors®, Electrical Engineerinz 69, 1,
January, 1950, pp. 58-64
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be selected so that no sizeable ehange in plate resistance takea
place along the load line, or the coupling networks must be selected
in such a way that the aystem is rendered insenaitive to changzea
in the plate resistance. One way to make the transmission insenaltive
to changes in plate reaistance is to employ a low walue of plate
load resistance with the pentode and a coupling metwork with high
input impedance. The pentode with its associated plate load resistor
may then be treated as a linear voltaze source. A further advantage
of employing a relatively low value of plate load reaistance is
that no rapid chanzé in the transconductance of the tube at low
values of bias woltage results; a factor which is to be expected
in operation with & hizh walue of plate load resistance.

While the approximation to linear variation over the ranze
of variation is better if sharp-cutaff pentodes are employed (assuming
a wide range of variation is desired), the decresse in the allowed
dynamic ranze of the signal tends to offset the advantage of linear
variation of gzain with control voltage. If a remote-cutoff pentode
{s used the allowed iynamic renge of the siznal is increased, but
the linear variation of gain with control voltage is destroyed and
the characteristics of the slowly-variable system are insensitive
to chanzes in the control voltaze when operating in the range of
larze bias voltages,

Conditions of operation at either end of the load line are
{mportant in establishing the limits of variation in thes transmisalion
propertiea of the system. It is doubtful, however, whether gufficient

agoeurasy in performance at the ends of the load line can be obtained
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to enable more than rough limits on performesnce in the vicinity of

maximum and minimim zain to be established.

Fa3« Summary

Variable parameters can be realized by means of wvariable amplifiers.
A linsar variation of a parameter with a de¢ control voltaze can be
approximated if the control voltage is applied to the control zrid
of a pentode, If wvariation over a wide range is anticlpated,

special attention must be ziven to the conditions at low and hizh

limitinz values of bias to insure satisfactory performance.

e




VI. AN ILLUSTRATIVE DESIGN

In this chapter the teshniques discussed in Chapters II-V ars
employed in the rallizatiun and test of a variable-bandwidth electronic
filter. The chief aim in presenting this chapter is to illustrate
the application of the steps in the syntheais procedure to a repre=
gentative problam and thereby bring the ideas presented in the
preceding discussion together in a singzle cohesive illustration.

It is felt that in presenting this illustrative desizn a unity and
depth of treatment is achieved which justifies the attention devoted
to the illustration.

The discussion of the details of the methods employed is rather
long, hence it is deairable to establish the gist of the discussion
before proceedinz to the details. The problem of the synthesis is
established by means of rather loose specificationa on the ayﬂtam;-

A suitsble transmission function is selected which incorporates the
specifications. The transmission form is realized from the transmission
funetion. Tha relationships between the parameters of the transamission
function and the elementa (loop-gain perameters) of the system are
satablished. Workinz wvalues of the elementa are selected on the basis
of the specifications. The sensitivity of the transmission to

chanzes in element values is investizated and a comparison of the

sensitivities of the active system (to be employed in the deaizn)

with those for e passive system giving the same pverall transmission

is made. The intezrators required in the physical realization are

realized approximately subject to the constraints that the coupling

1. By employing rather loocas specifications the essence of the :
syntheaia procedure is retained, while sufficient lesway is allowed !

for exploration of the example.
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networks in the system contain blockinz ecapacitors, that the loops
of the aystem attain suitable relative stability, and that pentodea
be used in the realization of the wvariable paramsters.

Approximate methoda are used to establish overall performance.
Variants of Fhe astablished syatem are considered and it ia shown
that the system can be modif fed slizhtly to meet more zeneral
gpecifications than those orizinally provosed. Finally, the results

of teats esre ziven and a comparison of experimental and thecretical

results is made.

6--1; The Sﬁﬂif_icﬂt iOI}E

It is desired to remlize a variable-bandwidth filter with an
upper cutoff frequency which is slowly-variable over a decade of
frequency extending from 10,000 cps down to 1,000 eps. The
asymptotie rate of cutoff at high frequencies should be twelve
decibels per octave. The mmplitude charaeteristic shoould be flat
to within plus or minus one decibel for any particular valus of
upper cutoff frequency. Low frequency cutoff should occur below

100 cps, but the rate of low freguency cutoff is not apecified.

6.2, Determination of & Transmission Function from the Specifications
The specifications ziven in Section 6.1 may be incorporated in

a familiar trensmission funetion which is commonly written in the

form
2
AWp

82 4 20,8 +Wy°

T(s) =

where A ip a constant indicative of the level of transmission,
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Wn is the undamped natural anzulsr velocity of oscillation end
% is the relative-damping ratio. If the relative-dampring ratio
iz set at a value of 0.6, the specification on the amplitude of
the frequency characteriatic is met and a relatively sharp cutoff
is acnieved.

Beoause the system need not tranamit down to zero frequency
it is not necessar¥ to realize the transmission function exactly.
The eventual bandwidth of the system is somewhat uncertain, but for
sonvenience and since attention is centered on high-frequency per-
farmancs the undampsed natural frequency £, & W,/2Wwill be referred
to as the bandwidth of the syatem, The apecificationa on the upper
cutoff frequency my be taken as synonomous with gpagifications
on fn and the syatem may be desiznated as a variable-bandwidth
filter. Now that a suitable transmission funetion and terminolozy
iz astablished, the next ster in the progedure is to realize a

auitable tranamission form.

6.7. Realjzation of a Iransmiseion Form
The problem is to realize

A2

= - (6.1)
a< + 28w, + Wy,

T™a) =

sueh that W, is continuously variable, but % is constant.

To proceed, put 2%Wp = K and g = ak, and write T(s) in the form

A a2 K2

: ¢ (6.2)
52 + Ka + a°K°

T(g) =

In (6.2) the variable-amplifier identification is made. It is

convenient to normalize the frequency variable with respect to K.
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The normalized transmisaion function is

|
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. (6.3)

Equation (6.3) is of the form required for a simple-loop formation
as discussed in Section 3.3. The transmission form associated with (6.3)

is shown in Figure 6.1.

Aa2/82  a%/(s + 0.5)2
& = i

=1
Fizs €.1 A Transmission Form for the
Transmission Funetion of (6.3)
It is desirable to convert the transmission form shown in
Figure 6.1 to another form which is more amenable to the visualizetion
of a physicel system. It can be shown that the system of Figure 6.2

(obtained by application of the technigues ziven in Section 3.3) is

equivalent to that of Figure 6.1.

e —

R R

——e
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Fiz. 6.2 A Trensmiasion Form
Equivalent to the Form of Fig. 6.1
The transmission form shown in Figure 6.2 contains two

intezrating elements. All other elements of the system are
independent of freguency. Since the variables parameter is hidden
in the integration terms, the effect of realizing the aystem according
to the transmission form of Figure 6.2 is that the variation in
the bandwidth of the system is dependent upon variation in the loop
gains of the two inner loops. It should be noted that each of the
inner loops is a one-pole syatem with the pole located on the nezative-
real axis in the s-plans. The problems of relative stability and
saturetion in the inner lcope are consequently monitored to some

extent, as discussed in Section l.l.

6.4. Bloek Diegram of the System
Since the transmission form of Figure 6.2 la deemed suitable
for the realization of the system, it is dsairable to determine a

block diagzram or tentative plan of physical realization. The form

can be instrumentsd s shown in Figure 6.3 if all nodes are identif ied
as voltage veriables, and the input impedance of the integrators

is sufficiently high+

1. The siznificence of the requirements is discussed in Section 5.2.
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6.5. Details of the Physical Realization of the System

In the physical realization of the system shown in the block
diagram in Fizure 5.3. it mppears from the specificaticns that either
de or ac amplifiers may be employed since the aystem is not reguired
to transmit frequencies substantislly less than 100 cpa. If ac ampli-
fiers are used the physical realization is complex and the low frequency
range is somewhat limited, while if de amplifieras are used the system
will be subject to drift in de potentials. The problem of realizing
the system with ac amplifiers 18 more interestingz because it involvea
a complex low-frequency stability problem, Similer stability problems -
may be enticipated in other slowly-variable systems, therefore it may
be of interest to indicate the solution for this case. For purposes
of illustration and to av@?d the problem of potential drifts asaocciated
with de amplifisrs, ac amplifisrs are used. The extension to the case
when de amplifiers are used should be relatively straizhtforward.

The tranamission form of Figure 6.2 was realized to provide a
form for the synthesis., It is usually true that the notation of the
original form is not very satiafactory in the study of the system.

In this case & slizht modif ication of the notation employed in
connection with Fizure 6.2 is helroful in the later discussion.
Accordingly, the transmission form given in Figure 6.l forms tha
basis for the followinz anslysise and discussion. In Figure 6.l each
loop containsa .a loop-zain parameter. In loop I the paramster is K.
Loop II contains the same parameter K, therefore a parameter b is

used in loop II to allow for possible differences in zain of loops

I and II in connection with the semsitivity enmalysis to be presented.

—
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Fig., 6.4 A Transmisaion Form
to be Remlized by a Physical System

The loop-gain parameter of loop III is denoted by the symbol d.
In terms of the notation of Figure 6.4, the transfer function of

the system is ziven by

Ad K
; (6.4)
a2+ Kb+ 1)s + K2{b+ a)

M{s) =

where 0O€b< 1.
The important relationships between the aystem parametsers
(W and ) and the system element values (loop-zain paramsters)
are found by comparing (6.4) with the erizinal form of the transmission

function ziven in (£.1). These relat ionships are

W, = K(b+ad) (6.5)
and
g = _b +-l_if (6.6}
2(b + A)*

It is convenient to note, for later referemcs, that the bandwidth

of the syatem is proportional to the variable zain K, as des ired,
and that the relative damping ratio 1s determined by adjustinz the

loop zain of the outer looD in Figure 6.4 when the two inner loopa

have equal zains.




£.%.1, Choice of Loop=Gain Values

e ehoiee of the loop-zsin velues K, b, and 4, may be mads an
the besia of relaticnshipa which have been estebllsned, end from the
speaifications on the system. The specifications place a gconditicn
on the maxizum velue of the variable zain K. From a comparison of

(6.1} and (6.4), and since 0Z b% 1,

SW, LK

LS 25W, : (£.7)

Putting w,= 2W(10,000) and $= 0.6, it follows from (6.7) that

12,000 Ko @ 24,000 . (6.8)

The lower limit in (£.8) corresponds to b = 1, while the upper limit
sorresponds to b = 0. If a value of b = 1 is chosen, the two inner

locpe of the system are, in theory, jdentical, If a walue of b =0

ig chosen, the zain of loop I asgumes the meximum valus indicated

in (&.8) and the reverse branch of loop II dsgzensrates to an opan clrcult.
The choiee of b = 1 would permit K, to be a minimim end would

simplify the deaizn and presentetion of the example, singe any
consideration of loop I would apply equally well to loop 11, For the

reagons just mentioned the desizn rroceeds with

Since the lower limit of the inequality (6.8) ecorresponds to
the sondition b = 1, the lower limit constitutes Knays However,

it is convenient to allow a small working merzin and employ & round number

K = 40,000,

i
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The £inal lcop-gzain parameter to be assigned ie found by
puttinz b = 1 and %= 0.6 in (6.6). This gives the loop-zain

parameter of loop III

d = 1.78,

6.5.2. Determination of Sensitivity 1o Changes in Loop-Gain Parameterg

Since working values for the loop-zain parameters are egtablished,
it is both possible and desirable to consider the sensitivity of the
syatem to small changes in the loop zains. First the principal
partial sensitivities (as defined in Sectiom i.3) are obtained in
order that systems with equivalent transmission functions may be
gompared. The parameters of interest are Waand 5 . From (4.1)

and (£.1) it may be shown that

5 Oy - Eﬂiﬂ'l'suwz
”‘E J g2 + 20w.8 + W
Hnli (6.9}
=26 5
G iT) = — = -,
N 524 2fwa + W2

The amplitude and phese of the sensitivity for s = jW is plotted
for sach parameter as a function of the ratio fz’fn. The curvea
are ziven in Fizures 6.5 and L.6y for values of 5= 0,6 end 0.7,
For the roment, interest centers on the e Pap: ook,

The relationships between the parameters WOaand § , and the
alements of the system {loop-zain perameters) have been ziven in

(f.5) and (6.6). From these relationships and the definition of

=
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subsidiary partial sensitivity given in (4.2), it can be shown that

Sxﬂwn] = 1.0 SK{S':I =0

Sp@y) = 0.55/(b + a) 8y(5 ) =Rk 24 - 1)
2(b + d)(b+ 1)

S4(Wn) = 0.53/(b + d) S3(% ) = -a/2(b + a)

(6.10)

The relations (6.10) illustrate the atatement of Section 4.3 to the
affect that the subsidiary partial sensitivities do not depend on
the fregquency variable, but are numeriecs which weizht the complex
principal partial sensitivities to zive the {ovarall) system senaitivities,
It is instructive to compare (6.10) with sorresponding results
obtained for & passive network gziving the same form of transmission
function. The compariscn will illustrate the remarks of Section L3
where it was stated that though active elements are normally mors
susceptible to undesirable chanzes in valus than are pasaive elements,
the undesirable effects of element variation on the overall transmission
may be less in an active syatem yislding the same transmiasion as
a ziven passive system, for equivalent percentaze chenzea in elemant
values. In short, smaller overall sensitivities may be obtained
in connection with an active system.
A passive system which gives the samé form of transmisaion
function as the active system under consideration is & series R-L-C
cireuit shown in Figzure 6.7. For this eircult, aonnectad aa shown,

1(s) = ——»lL :
B a2 # (R/L)s + 1/LC
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Fiz. 6.7 R-L-C Seriaes Circuit

For the passive system of Fizure 6.7 the subsidiary partial

genaitivities are

Sglww) = 0 Sg(% ) = 1.0
SL{M*:I = =0.5 SL{S} = -0.5
SglWa) = 0.5 Sg( %) = 0.5 -

(6.11)

In eontrast to the subsidiary sensitivities for the active system
ziven in (6.10), the subsidiary sensitivities for the passive system
do not depend on element wvalues. It follows that there Ia no gontrol
over sensitivity in the passive system of Figure 6.7. This fact
placea the brunt of the desigzn on choice of materials and menufacturing
tolerances,

The overall sensitivities for the transfer function under
sonsideration are computed at the undamped natural fregquency fn
fwhere the principal partial senaltivities are near the maximum

absolute value) for § = 0.6 with b = 1 and d = 1.78, as selscted

garlier in this secticn. The results for the active ayatem and
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passive aystem may be compared by reference to Table 6.1.

Table 6.1, Comperiscn of Sensitivities of
Active System and Pasalve System to Changes
in Parameters

Pagsive System Active System
Element System-Sensitivity Element System=Sens itivity
£ 0.31/-67,8° b 0.44/42,8°
c 1.57/212.4° a 1.04/41.0°
R 1.66/180.0° K 1.94/53.8°

In obtaininz the values in Table 6.1, the loop-zain parameters
(elements) of the active system were assumed independent., If this
assumption is recognized as a concession to the intrieacy of thsa
general problem of gensitivity, and the results of Table 6.1 ara
taken at face value, the active aystem seems superior to the passive
systaml. The active syetem is much lesa sensitive to changzes in b
(the loop-zain parsmeter of loop II) than is the passive systen to
changes in any element valus, while the magnitude of the sensitivity
to changes in d (the loop-gain parameter of loop III) is smallexr
than the averaze of the magnitudes of the sensitivities in the passive
ease. The magnitude of the sensitivity of the active aystem to
changes in K is the highest of all in Table 6.1, but this is an
outgrowth of the requirements on the gyatem,

The interpretation of the magnitudes of the gengitivities for
the active system is of interest. It is desirable thet the aystem

be insensitive to chanzes in b, since it is not anticipated that

1, Admittedly the eleémenta of the active system will probably be
subject to much larger variation then the slements of the passive
syatem, so the comparison on the basis of sensitivities tends to
be unfair to the passive aystem.

o gl e —  — = -

——

—
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the loop zains of the two inner loops will be matched exactly in
practice. It would be desirable if the sensitivity of the system
to chanzes in the parameter d were less, but some consolation is
derived from the fect that the slight (complex) change in the
overall transmission is added at an anzle to the (complex) transmission,
therafore the effect on the amplitude characteriatic is not as great
a5 would be expected from a sensitivity of equivalent magnitude &t
an angle of zero or cne hundred-eizhty degresea. It should be recalled
that the values in Table 6.1 are computed at a comparatively critical
point along the real frequency axis and will be lower for frequencies
nearer the center of the pass band.

The compariscn betwsen the active and passive systems serves,
in this example, as an indication of the comparison of systems which
sonstitutes an important part of the synthesis procedurse. The next
item for consideration is the problem of determining suitable approxi-

mationa for the required integraling elementa.

£.5.3. Loop Transmission Functions for Loovs I and II

Consider the loop transmission T; of loop I. (Sincs loops I and II
are identical, both loops will be disposed of in the diasecuazion of
loop I.) The ideal form of malmm'nﬁmmmﬁmn?flmmTis—L@.
Sinece a-c amplifiers are to be used, the choice of an approximation
to the integration characteristic la conatrained to take account of
the presence of two coupling networks which are suitable for use
in a=¢c amplifiers. Furthermore, the effect of the internal impedance

of the tubes on the approximetion should be eonaidared in the deter-

minatiocn of the approximation. 3ince the use of twin triodes is
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contemplated as instrumentation for the differentlal amplifisrs
indicated in Fimire 6.3, the comnon assumpticn that the tricda is
a8 linear wvoliaze source isolated from the input to the zrid is
smployed in connection with the differential amplifiers. The wvariable-
gain devices are instrumented by means of pentodes, as deaeribsd in
Chapter V. If the wvalue of plate-load reasistancs associsted with
a pentode is sufficiently amall compared to the input impedance of
the coupling network followinz the pentode, the pentode and the
associnted plate-load reaistances may be regarded ss a linear voltaze
gource, and are so regarded in the remainder of the discussion.

If the vacuum tubss with assceiated plate-load resistasnces are
treated as linear woltaze sources, the approximation to -K/s must
take the form of a voltaze transfer-ratio. A simple, straight-line
approximation to the required loop logarithmie zain is shown in
Figure 6.8. This figzure is formed by drawing the ideal integraticn
characteristic as the high-frequency asymptote, and drawing the low
frequency asymptote to conform to the reaquirement of blocking capacitors
in the two couplinz networks. Numerical values in Figure 6.8 show the

glopes of the lines in decibels per octavs.

Fizure 6.8. Approximation to Integration Characteristic in Loop I
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The frequency axis is not drawn in Fizure 6.8, since the loecation
of the polea in the transfer function of the two tandem (isclated)
coupl ing networks is am yet undetermined. The determipation of
the loop transmisaion of loop I to approximate -K/s 18 now considered
in detail. |

‘Based on the knowledze of the desired transmisslon and the form
of the approximation shown in Figure 6.8, the form of the loop
transmigaion of loop I may be written as

a

TI{HJ = =Hs "
(8 - ay)(s = EE}{H - 53} (6.12)

where 8;, 85, and 8q are the polea of Ty{s) end lie on the negative-real
axis of the s-plane. The factor K is interpreted as the product of

(a) the zain of the triode tube with its associated plate-load resistor,
(b) the variable zain of the pentode tube with its associmted plate-
load resistor, and (e¢) the so-called "zain constent® of the resistance-
sapacitance coupling networks to be smploved. The maximum value of

the product of the firet two of these three factora is eatimted to

be of the order of 1,000; thersfore, the zain constant of the tranafsr
function of the tandem (iasolated) coupling networks is required %o

be at least 4O if the maximum value of K is to be 40,000, as required.

The transmission function selected for loop I is ziven by

Tr{a) = K~ . (6.13)

(s + 3)a + 250)(a + 500)
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Che required transfer function of the two coupling networks in tandem

is, accordingly,

Loas?
(a + 3)(s + 250)(a + 500)

(6.1h)
where the constant a should be at least unity, end preferably zreater,
in order that freedom be available in ehoice of tubess and ad justment
in the laboratory. The explanation of the losation of the poles
tn (6.13) is now ziven. The poles are located on the nezetive-real
axis in the s-plane in order to permit a simple realization with
the use of resistances and capacilances. e pole nearest the orizin
cannot be chosen too close to the origin or the alement sizes will
be unduly large. On the other hand, it is desirable that this pole
be located close to the orizin, gince a zood approximation to the
desired intezration characteristie should bezin as close to the
prizin as possible. Another factor is involved in the location of
the pole neareat the origin, namaly, relative ptability of the
slosed-loop transmission of loop I. Conaideration of the latier
factor indicates that the pair of poles nearest the origzin snould
be staggered in loecatiomn, The pair of poles farthest from the orizin
should also be staggered, in order to provide a gradual transition
in the phase characteristic into the region of zood approximation.

It is apparent that there ls room for any number of choices af
the pole locations, based on consideration of the fectors mentioned.
The choices ziven in (6.13) represent cne compromise solution %o the
problem of pole location. Tt can be shown that with this choice of

poles the phase marzin is of the ordar of gifty-five degress at
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the low-frequsney zero-decibsl point in the open-loop transmissicn
when the zein K takes on the wvalue of 40,000. An additional loop
gain of ten decibels is required to deerease the thass marzin to
thirty dezrees. Under these conditions, the inner loops should be
free from low-frequency oscillation., The problem remains to realize
the gouplinz metworks, and if this can be accomplished the discussion
of the loop transmission of loop I will be essentially complete,
In order to obtain two networks to provide the desired transwission
punction (6.14), the function is scparated into two transfer functions
of the forms

las
EH - E-}.:;]l:i':'l - Bj,:'

and a

B = B]Jl

The poles of these functions are the poles of the desired overall
transmisasion, but obviocusly the poles may be assizned to the individual
functions in three ways, according to which pole is asaigned to the
sinzle-pole transfer functicn. This means that there are three distinet
gasss to be eonsidered.

The simple and widely-used form of ecupling natwork repreaented
by the transfer function s/(s - syp) is determined by inapection and

{g shown in Figure 6.9.

13
=

ql-

Firure 6.9. Coupling Network "A"




A simple form of the network containing two poless may be determined

by applyinz the vrineiples of B-C network ayntheasis to & representative

funetion such as

If the numerator and denominater of this expression are divided by
s(s + 1.5), for example, and the resulting numeratar ia identified
a5 the open-circuit transfer impedance of an R-C network, ani the

denominator as the open-circuit drivinz-point impsdance of an R-C

network, it is readily determined that a posaible form of the network

is that indiecated in Figure £.10,

2

Fizure £.10, GCoupling Metwork "B

Tach of the networks of Figures 6.7 and 6,10 bezina with a blocking

gapacitor, as required.
A thorough anelysis of the range of welues of the parameters of

the networks A and B was made, but the details need not be inecluded

here., Typleal sets

arzest cepacitor

wnich is prepared under the econstraint that the 1

of values from the analyeis are ziven in Table 6.2

=




in either network be 0,05 mierofarads in wvalue.

Table 6.2. Possible Sets of Vilues for Elements of Coupling Networks
in the Loop Tranamission of Leop I (in mierofarads end megzohme)

Row 81 'ﬂl G.l Ro Gy I-'{3 G_'T_:‘- a
2§ 500 0.18 0.05 Y- 0.,05 0.200  D.0t 3.2
2 500 3.2 0.05 3.2 0.0025, 0.200 Q.01 3.2
q 250 3.3 0.05 2.3 60,0012 0.40 0,01 6.3
b 250 0.08 0.05 3.9 0.05 0.k 0.0) 8.3
‘ g 3 2.38 ©.0012 0.28 0.0 6,66 0,05 1.05

The last row of Teble 6.2 zives the amallest capacitors, but

‘ glao xives a velue of @ barely above unity. To allow fer iuoe

azing and laboratary adjustment, it seems desirable to choose a

larzer velue of g, If more zain 1s available in the loop than the

minimm required, the elosed loop zain will be hizher by the ratioc

of the amount of available zain to tnat required in the loop.

While the velue of the gain parameter g is the same in Rows 9 and 4,

the low value of By in Row I} is not wvery aatisfastory, because the

assumption is made in the analysis that the invut impedance of the

eouplinz networks is hizh., BRow 3 is deamad moat gatisfactory of

the zroup, in view of the requirement on larze g and the requirement

on hizh input impedance of the coupling networks., The set of values

{n Row 3 is, therefore, gelscted for the couplinz networks. Figure 6.11

shows the eouplinz networks with the chosen alement values {indicated

on the fizure.

S

e
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0.01 mfd. 0.05 mfd. 3.3 M

{] i N s i .

400 K. 0.0012

:

Network "A" Hetwork "E"

Fizure £.11. Couplingz Networks of Loop I

A dacision muat be made a3 to the positien of the two coupling

networks within the loop. Because the resistor in the gzrid ecircult

of the twin triodes should not exceed one megohm in wvalue, it is

desirable that network A precede a triocde, leavinz network B to

rrecede the variable-zein pentcde. The high reaistance in shunt

in network B is desireble, sines if a de control voltage is inserted

in series with thia reaistor, the performance of the syatem rem ins

easentially independent of the impsdance af the sourcs of control wvoltaze.

6.5.4. The Performance of Loop III

Havinz established satisfactory performance in the inner loops,

sttention is now directed to the performance of the ocuter laop,

It will be recalled from Figure £.3 that the performance of

depends on the closed-loop performance of loop I.

loop III.
loop II1

It may be shown




o=
[

from (6.13) that the closed-loop transmission of loop I is

0K a2
T1p = 5

a3 + (K +753)s2 + 127,1508 + 975,000 (6.15)
where Gy is a constant. If the closed-loop performence of loop III
§8 to be destermined, it is essential to know how the poles of the
elosed=loop transmiasion of loop I move in the complex plane as

the parameter K varies. The pole loci in the s-plane for the
closed-1loop transmission (4.15) are shown in Fizure 0.12. A plot

of the absolute wvalues of the real poles as a function of K is ziven
in Fizure 6.13.

In obteining Figures £.12 and 6.13, poles on the nezative-real
axlia are cstahlishéﬁ first, since the wvalues of such poles my be
determined very simply. To determine these poles, consider tha
loop transmission of loop I ziven in (6.13). Poles of the closed-loop
transmission occur only when the phase anzle of the loon transmission
{s an odd multiple of T radians. By assigninz negative-resl wvalues
to 8 in the loor transmission, the possible loci of poles of the
closed-loop transmission cn the nezetive-real axis in the s-plane
are readily determined from the conditicn on tha thase anzle of the
loop transmission. If wvalues from the posaible loel are azaiznad %o
s in (6.13) and the magnitude of (6.13) is equated to unity {the
aescond eondition that the closed-loop transmission nave polas), tha
valus of K required to zive & polas at the splacted value of s 18

gasily establisned. The method ampl-yed is that set Torth by Evans™,

Svntheais by Root=Locus Method®,

1. Ewvans, W. #., "Control System J¥

frans. A,1.8.2,, V. 63, Part 1, 1950, pp. 06-5%.
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with the minor exception that analytical rather than zraphical
methods for obtaining values of K were employed., Actual values for
the complex polea over the range of wvariation are not Ziven, since
the pole-positions do not chenge grestly when the poles arse gomplex
and the approximetion to t]l‘ua desired tranamission is best when K is
large; a condition which correaponds to a palr of conjuzate-complex
poles in the eclosed-loop transmission.

In order to discusa the effects of the individual polea of the
¢losed-loop tranamission of loop I on the system performance, the

cloged-loop transmission is written symbolically as

GJ_I"..L.‘i.‘2

TIcEE} 5 ]
(8 + py)(s + polis + P3) (6.16)
In (6.16) Py+ P2y 8nd pg are the negatives of the pole values
written in ascending order of maznitude and labeled esecordinzly
in Pigure 6.13. It is desirable at thie point to investigzate the
ma jor features of system performance, based on (6.16) and Figure 6.173.
Cartain approximate relations which involve the poles of TIG{S}

may now be established in order to study the dezree of success in
achievinz the desired characteristics, and to determine certain
relations between loop-zaln constants. These relations comprise
(6.17) throuzh (£.23) and load to Figures 6.1k through 6.16, The
reader may wish to omit the numerieal details (which are included
for completeness) and proceed by notinz the results ziven in

Figures 6.14 through 6.16 to the diacusaion of low-frejuency

stabilization ziven later in this sub-section.

e
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A good approximation to (6.16) for the ¢losed-loop transmission

of loop I ia

S

& + g (6:17)

afin

Ig

which holds in the range of real fraeguenciea above the nominal value
of 100 epa. For loops I and II in tandem, the transmission is
epproximated by the square of {6.17), aince loopa I and II ares
identical, thus
22
: e G, 7K S
T1eT11e = T1e = “—J‘*"f,- 4 (6.18)
(a + pj)
If sdditional transmission functions added in loop III external to
loope I and II do not influence the transmiss iont of loop III for

frequencies above the nominal value of 100 cpas, the loop transmission

of loap III is epproximated by

*

2
111 * =

{6.19)

(s + |“-3}2

where G'& is a positive conatant.

From (6,19) the closed-loop transmission of loop III is then

approximated by

g Go® ;
o a° + 2pqgs + (932 + GZK‘EJ {&.20)

From (6.20) it may be shown that good approximations for the undamped

natural frequency f, and for the relative damping ratio 5 are

1/2
¢ i (p3° + GEKEJ
B - 2T

1. A chanze in zain level is, of course, allowed.

L ———
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'."1"3
{p32+ szz}lfz : (6.22)

Lt
wil=

The midband gain of the closed loop transmission of loop III is

approximated from (6.20) by the sxpression

a EE

Trr § — :
ITe(mid.) * O 2 4 02 - {6.23)

.
=
-

Tne design parameter G, of (£.19) is almost the equivalent of
the loop-gein parameter d, determined at the outset to be 1.78.
Bacause of deviations from the ideal resulting from the imperfect
integration the value Gs = 1,85 is used. This value is amployed
alonz with values of P4 from Figzure 6,13 to cbtain the results of

interest. The results are given in Figures 6.1k, 6.15 and 6£.16.

The fizures show, reapectively, how the undampsd natural frequeney f_

varies with K, how the midband zain of the aystem falla off &as a
function of ths undamped natural frequeney f , and how the relative
dampinz ratio § depends on the undamped natural freguency foe
These fizures show imperfections in system performence {reaulting
from imperfect integration) which may be rezarded as the price paid
in return for the use of a-s amplifiers in the system., The figures
show performance over a wider range of variation than is aspecified.

It will be recalled that the specifications require yveriation of_

f, from 10,000 cpa. to 1,000 cps.

.
i
i
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The next atep in the investigzation of loop I1I consista of the
determination of a auitabie tranasfer function for the coupling
natwork associmted with the differential amplifier external to
loops I end IT. This function must be chosen aceording to requirements
of auitable relative stability in the loop, the ability to bloek
the passage of direect current, and a negzlizible effect on the transmission
of the system in the frequency band extendinz from 100 cps. to 10,000 cps.
The problem of atabilization is sompliceted by the fact that
two pairs of double-poles vary alonz the loel shown in Fizure £.12
in the region near the origin where the singularities of the coupling-
network transfer function are to be placed. In addition, the midbend
zain of the syatem varies, as the bandwidth is varied dynamically.
I'wo extenuatinz circumstances make possible the sclution of the
stabilization problem. Tha outer loop hog a relatively low maximm
value of midband zain which falls below zero decibels as the variable
zain K diminishes, and the pole-zero configuration tends to be most
sbtrusive at low values of K.
Azain, the choice of a suitable transfer function results from
a eompromise based on the various factors inherent in the design
situation. The requirements imposed by the situation indicate that

a transfer function of the form

B

———

E—Sl

with the pole at 8, located within the circle |8l = 160 may be

satisfactory. The results ziven in Fizures £.13 and 6.15, showing

the yariation in midband zain and pole locations with bandwidth
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enable typical logarithmic-gain and phase plots to be drawn for
the loop transmission (exclusive of the couplinz-network trensmission)
from which it can be aatabl ished Ahat a satisfactory transmisaion

funetion for the coupling network is

-

a -
8 + 20

With the pole located es indiceted, a phase marzin of 30° ia established

as the minimum value to be anticipated for any value of K. The
gorresponding gain margzin is approximately six decibels. It can be
shown that deviations of the pole location from the indicated location
at (-20) in either direction alonz the negative-real axis of the
s-plane result in a decrease in the phase margin.

To complete the discussion of stability of the elesed-loop
transmission of loop III, the high-frequency stability 1s considered
at this point, If the effecte of stray and interelectrode capacitance
are negzlected, the high-frequency relative stability of loop I1I is
determined by the double pole at (-p3} in the open-loop transmission
ef loop III, If a thirty-dezree phase margin is arbitrarily selected
as a limitinz velue for purposes of relative stability, it can be
shown that an open-loop midband gain of about twenty-two decibela
can be attained before the limit is exceeded, Since the required
zain for § = 0.6 is only five decibels, there is no rroblem of
ralative stability at hizh frequenciece, Viewed in another way,

satiafectory hizh-frequeney relative atabllity is assured in the

rrocess of meetinz the specifications on the system.




£.5.5, Theorstical Performence of the System

Since the aomplete syatem has been determined, it is now possibla
to patablish the performanee of the aystem for any value of the

variable zein K. The loop transmissicn of ‘loop III im given by

l.E-__’-]._ti‘EafI -

Typple) = .
e (s + EG}EH + py)(e + po)is +-p33 £

(6.24)
Equation (L.2L) is formed by squaring the closed-loop tranamission

of loop I ziven in (6.1&) and multiplyinz by the transmisaion function

of the couplinz network external to loops I and II (s/a + 20) established
in the preceding sub-gection. The amplitude level factor 1.35 is

the G, of (6.13), with the value ziven ir the precedinz sub-section.

For values of X less than 10,070, the p's of (£.2)) are real and

raaitiva, while for larzer K, pv

L

tiss, with loei indicated by Figure c.12.

and ‘p. are coniuzate-complex quanti-

The system performance is shown in Fizure 6,17 for the nominal
velues ziven in Table 6.%. The procedurs for obtaining the results
Tsble £.3. Velues for which the Amplitude-

ve-Freguency Characteriatics of the System
are Computed

& fn
760 275
3,350 1,000

siven in Fizure 6.17 consists of plottinz the loop zain and phase

characteristics from (6.24) and information contained in

1l
|
I

.1
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Fizures 6.13-6.15 inelusive; then employing the Nichols charts to
determine closed-loop performance, The olcsed-loop frequenay
characteristics shown in Firure ©.17 do not indicate the actuml
value of midbend zein since the gain is subject to the choice of
vacuum tubes, but the relative zains are indicated with the midband |
gain correspending to a bandwidth of 11,000 eps arbltrérily taken
gs zerc decibels,

A bloek diagram of the ayatem is given in Filzure 6,18, The
diasram incorporates tha Hﬂip results of the symthesis proeedurs,
but the abaclute wvaluea of the individusl amplifier mains and the
tranamissions in the feedback pathe are not indiceted, since thess
values are best determined in the laboratory. Laboratory adjustmenis
may be made on the basis of the theoretiecal loop=-zain reguirementa

ziven in the preeceding discussion.
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6.5.6. Preliminary Dvaluation of the System

A complate sgyatem hes now been realized, as an illustrative
axampls of the synthesis procedure. At this point it is desirable
to review the properties of the system, Pizures which illustrate
the significant properties of the system are 6.15, 6.16, and 6.17.

Phese figures show that the system meets the rather loose apecifics-

tions. Howsyer, it may be seen from Figure 6.15 that ss the bandwidtn |

g

| varies from 10,000 epa down to 1,000 eps the midband zein drops to li
| the extent of slizhtly mors than one deecibel, while the dampins ratio !

falls from 0.6 t5 0.64. These effects seem to be small prices to

pay for the advantagt of the feature of one decads of dynamic waria-

|
tion in bandwidth. WNeverthelezs, in a complex system compoged of

|
two or three of these unite, such chanzes might be intolerahble. ]

It is repeated that the basic reascn for the mentioned unwanted

e ik ; j ; . S |
variations is the failurs to realize an exact integration enarscteriostic E
in the inner loopa. If de amplifierm and Willer intezratora ars I*

) s 'l
employed, these particular vardmtisons will probably be eliminated. i

Az to the ralative stability of the systen, it haa been stated

that the inner loops are well stabilized at the maximum wvalue of K.

|
Furtheruyore, as may be seen from the nature of the cven-loop trans- |.‘.
mission of an inner loop (Fipure 6.8), stabllity at maximim zain |
impliss stability for all smaller waluss of K, with the reletive
stability incressinr as K is lowersd,
The outer loop is atable for a wslue of loop gain correaponding

to a damping ratio of 0.0, and is also stable for smeller loop zains

corresponding to larzer values af damping ratie. If the zain
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of the outer loop is raised six decibels above tha walua corresponding
to a damping ratio of 0.6, the system will become unstable. The sys-
tem ocan be employed to yield any dampinz ratio between 0.6 and

unity if desired, with suitable relative stability.

6.5.7. Extension of the Rapze of the Relgtive-Dampipz Ratio

While the system undar discussion is not intended to be a
system with dynamiec control over both the bandwidth and the damping
ratio § , suah a system could be realized by resort to the basic
principles of the synthesis procedurs. However, for the system
under consideration, 1t might be dsairabls to set the dampinz ratio
manually at some wvalus lower than 0.6 in certaln applications requiring
a sharper high-frequancy cutoff, and it is desirable to asceartain
whother this can be achieved by some modifieation of the orizinal
deaizn. A walue of S = 0.9 is chosen as the zoal toward which the
mod if leation is directel,

The chiaf problem in ths modification is the problem of
stability of the outer loop. It can be showm from (6.6) that the
required value of the loop-main parameter 4 to zive a damping
ratio of 0.3 is 10.1, which leads to & wvalue for the zain-constant
G (of Bquation (6.19) ) of 10.5. It will be recalled that the
corresponding walue of Gp whem the damping ratio €= 0,6 is 1.85,
and that a six-decibel increase in the gain of loop III will result
in instability. Since the required increase for the lower damping

retio is of the arder of fifteen decibels, the scheme praviously

employed must be modif ied, or a new approach developed.

B p——

e ———— R o

—




On the basis of experience zained in the synthesis of the

aystem with §= 0.6, the only possibility for obtaining satisfactory
transmigssion with & simple couplingz network of the type previcualy
used involwves relocatinz the pole of the coupling-network transfar
function much farther to the left in the s-plane. Thia relocation
causes the pole to affect the transmission of the open loop to

some extent in the midband rezion. The details of the rslocation
involve refersnce to graphieal procedures, approximate computations,

and to the "feel® for the syatem performance obtained through

previous considerations. It ia therefore expedient to state simply

thet the chosen transfer function for the R-C coupling netweork in I

|
|
question is F
s e h
a8 + 1,000 1
|
and indicate the effesta of this cholee by presenting typical system
- |
performance curves. The solid lines in Fimures 6.19 and 6.20 are

typical curwes of the fregquency response of the system. The loop zain |
and phase are indiecated by dashed lines. It should be noted that |
the trice of movinz the pols of the coupling network into a poaition
where it affects the midbend open-loop transmission is ean increase

l

in the low-frequency cutoff value, although the low-frejuency gutof'f

I

remaina below 100 cps. It may be shown that with thia pole location 'w
adequate stability marzina are maintained throughout the range of ‘
varistion of K, "'
It is amain of interest to compare gsensitivities of the active
system and the corresponding H-L-C passive system (Figure 6.7), for |

the new condition that the damping ratio is 0.3 at T = fq. For this ;

e
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purvose (6.10), (6.11) and (4.3) with values from Fizures 6.5

and 6.6 are emploved to obtain Teble 6.1,

Table 6.l. Comparison of Sensitivities of
Aetlve System and Fasalve System to Changes
in Element Valuea for a Dampinz Ratio of 0.3

at £ = fp
Pasaive Syatem Active Syatem
Elamant Syatem-Sensitivity Element Syaten-Sensltivity
L 2.04/=55° b 1.46/11.9°
c 2.75/217° a 2.50/97.5°
) 3.35/180° K 9,50/73°

t may be noted by comparing Tables £.1 and f.l. that the sensitivities
are all hizher in absclute value for the condition of a lower relative-
damping ratio. A simple reason for the faet just stated is not
apparent. While the principal partial sensitivities increase in
magznitude as the relative-damping ratic is lowered, this faet alone
cannot be construsd to account for the higher overall sensitivities,
sinece the weizhting of the principal partial gepsitivities by the
subsidiary pertial sensitivitiss is a complicated process { although
aimply computed).

The absclute valuss of sensitivity obtained for the active
syatem, althouzh scmewhat lower than for the passive ayatem (with

the exception of the variable gain K), are higher than mizht be
desirable in long-term epplications. The valuss tend to indicate
that tube replacement mizht necessitate complate recalibration

of the system. It should be noted, however, that if the sensitivities
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gomputed for K and 4 were not rather largze it would be diffiecult to
obtain a large range of variation of the bandwidth and damping ratio.
Ine sbsolute valus of the sensitivity Yo chanze in the loop-zain
parameter b indicates that if differences between loop zains of
loops I and II oecour in nractice, a measurable deviation betwsen
nredicted and exporimental results may result in the wvicinity of
cutoff.,

The comparatively lower values of senaitivity in the active
syatem as opposed to those for the passive system again illustrate
the remarks of Ssction L.3 to the effect that active systems may
be {in theory) less sensitive to changes in parameters than pessive
systems, and illustrate the econclusion that valuea of senaitivity
are influenced in large measurs by the funectional relatlonship
batwaen system-perameters (such as @, and 5 ) and the elements of
the syatem.

6.5.3. Besume of Porformence of the Svstem with an Extended Banze
of Vapistion of the Halative-Pampinz Hakio.

=

Thé system performance, upon relocation of the pole of the
soupling network sxtarnel to loops I and II from (=20) to (-1,000)
is improved from the standpoint of versatility. The damping ratio
may be set between limits of 0.3 and 1.0 by adjusting the zain of
loop III with stable operation anticipated belwaen these limita.
Fizures 6.19 and 6,20 indicate that e decrease in midband zain and

dampinz ratio accompanies s decrease in bandwidth.




|
3
6.5.9. A Cirecuit Diszram of the System ‘

A circuit disgram of the system is ziven in Fixure 6.21

which shows how the system was instrumented for test purvoses.

Tubes ?E and Vﬁ and the associated coupling networks are identifisble
with loop I. Tubes ‘L’h and ?5 and the assoclated coupling natworks
are identifiable with loop II, Tube V, serves as the differential
amplifier element in loop III. The cathode follower arrangement
employing vg mkes possible a low output impedances whieh is econvenient
for test purposes and for isolating tﬁa gystem from &8 load in the
practical application of the syetem,

The combination of tubes and plate-load resistors in loops
I and IT ia such that no voltagze division is required to establish
the proper ranze of loop zain walueas. Althouzh the entire ocutput .
cf these loops is returned to the differential amplifier, a gain of
the order of 2 is available because of the asymmetrical action of
the differential amplifier on the two input voltages. In loop III I
voltaze division is required to establish the proper loop zain.
This division is achieved at the output of Ve with the Lo, 000 ~ahm ‘
potentiometer adjustment serving to determine the loop zain. The
eapacitor C, compensates the voltage divider.

The two values indicated for the coupling capacitor following Vi
correspond to pole locations at (=20) and (-1,000) in the transfer
function of the couplinz network. If the value of 0,05 mierofarads
is employed, the minimum value of dampingz ratio is 0.6 and the pass
band extends down to about 3 eps., while if the value of 0,001 miero-

farads is used, the minimum value of damping ratio is 0.3 and the i
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pass band extends down to about 10 eops.

As a general summary of the.{. phiioanph;.r employsd to obtain the
glements of the eircuit diagram, it may be stated that the metive-
network synthesis procedures of Chapters III and IV wers employed,
tempered by the result of a sensitivity enalysis of the type discussed
in sectlon 4.3. Pasaive-network aynthesis techniques were employed
when it appeared feasibla, Compromise played a aignif icant rols

throughout. Finally, experimental methoda were employed to determine

the correct settinz of loop gains for the proper lcop transmissions,

6.5.10 Experimental Methods and Test Results
The laboratory praoaﬂuré described in this section serves
three purposes: the desired {theoretical) valuea of loop zains

are set within operatinz limits; the performance of individual

loops is compared with the desired performence; and finally, the
| overall performance of the system is established.

The test arranzement ia shown in Figure 6.22, The cacillator

VIV

Oscillatorf—t— Test vrvy p—e—q Oscillo-
Unit scapa

¥

A

Powmer
Supnly

Figure 6.22. Block Diagram of Teat Arrangement
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suppliss a sinusoidal input to the test unit and the rmsa value of I
the input is read on the vacuum-tube voltmeter. The rms wvalue of
the output of the teat unit is read on a second wacuum-tube voltmeter
and the waveform of the output is monltored by use of a cathcde-ray
oseilloscope. The power supply providea plate, sereen, and sixty-
eycle-per-second heater voltages, as well as a variable hias voltaze
which permita the zain of the pentodes to be waried. The latfer
voltaze similates the dc control wvoltege which can be introduced
to zive dynamic variation of the bandwidth of the ayatem.

Tt will be recalled that the two inner loops of the aystam
are identical, in theory, but in practice unavoidable differences
exizt. The principal difference betwean the two loous reaults from
the fact that vasuum tubes of the same type (e.z. two 6877's) do
not zive identical performance under equivalent external operating
conditions, If the performance of the system is to be songidered
in the lizht of the theory, it is aesirable to test loopa I and II
individually for open-and closed-loop conditions to determine how
the characteristics of the loops compare with each other and with
the desired characteristics.

It is helpful to recall that the apen-loop transmission for
sither inner loop ia required to approximate -K/s; consequently,
the approximation to the clesed-loov transmisaion of either loop
should be proportional to ¥K/(a + K). This guzzeats that an addi-
tional test for purposes of comperison of the imner loops be made
to observe the wariation of the 3-db bandwidth of each loop &s &

function of the eontrol voltage (variable bias voltage) applied 1o



the control gzrid of the pentode in the loop. |

. Tasts wers performed on both inner loops to determine the
amplitude characteriastic of the cpen-loop frecuency reaponse and
of the response with the loop closed. Tests were also performed
on both loops to determine the variation in the 9=-db bandwidth
as a function of eontrol voltage. The experimental amplitude
charscteristies for loops I and II are gziven In Pigures §.23 and
6.2, respectively. Figure 6.25 shows the variation in 3-db bandwidth
with control voltaze for loops I and Il.
Figures 6.23 and 6.2} serve to establish that the experimental
open=-loop intezration charasecteristica agree very clogaly with the
theoretical cheracteristic expressed in gnalytical form in (6.14).
The slosed-loop characteristics are also ravealed to be of the
desired form as indiecated by the alope of the high-frequency |
asyrptote, the flat pass bend, and the virtual coincidence of the
9-db bandwidth with the open-loop zero-db fregquency value. .
A comperison of Fizures £.273 and 6.2l reveals that the two
loops are very similar in rezard to transmission eharacteristlos
with the most noticeable discrepancy gonsisting of a difference of

approximately six-tenths of a decibel in midband zain. A mOTe

gignificant difference in the performance of the two loops is reveeled
in Figure 6.25. The variation in 3-db bandwidth with de control
yoltage is noticeably different in the two innsr loors. This result
{s attributed to the fact that the veriation of transconductance with

control-zrid bias is different for the two 6377 tubss.
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Before concludinz the remerks on the tests of the inner leoops
it ia noted for completeness that the tests ware mede with the
larzer (0.05 mierofarad) capacity in the couplinz network aascciated
with tube Vy of Figure 6.21. This enables mccurate determination
of exparimental midband zain thereby permittingza closer comparison
batween theoretical and experimental results, for the purpose of
ad justing the loop zeins of the system.

Sinea the amount of feedback in loop III is to be determined
by a potentiometer settinz, it is essentisl to obtain the midbeand
gain of the system prior to establishinz the amount of woltaze
division required to zive the mroper loop gmin. When the value
of midbend gain is established, the prover potentiometer range to
permit a loop-gain variation from zero to the value nesded for a
relstive-damping ratio of 0.3 is determined on the basis of the
theoretical gzain requirement. After the potentiometer gelaction
takes place, the potentiometer may be galibrated in terms of the
relative-dampinz ratio for some fixed eontrol voltaze. T'he ealibration
for purposes of the tests was based on theoretical zain raquirementa,
and was based on obtaininz the désircd dampingz ratio at approximately
10,000 epa. (It should be recalled that the damping ratio variea
glizhtly as the ha;dwidth is varied.)

In determining the overall performance of the system in the
laboratory, it was found that at the relatively hizh values of
loop zain of loop III ecrresponding to low values of demping ratio,

the stray and interelesctrode capacity aoross the output of the
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potentiometsr caused undesirable deviation from the predicted
amplitudeg characteristie (in the form of an excessive peak prior to
high-frequency cutoff ), while at lower values of loop zain eorreaponding
to higher walues of damping ratio the transmission was insensitive
to the parasitic capecity and the antiecipated results were obtained.
Aocordingly the voltege divider was compepsated st the value of
loop zain corresponding to a damping ratio of 0.3.

j As discussed in Section 6.5.7, in arder to obtain a suitable
degree of relative stability under the condition that ¥ = 0.3 it
is desirable to employ a pole at s = (=1,000), corresponding to the
capagitor of 0.001 microfarads in ths coupling network following
tube V) in Fizure 6.21. The teats of overall performance were
conducted with this value of capacity installed.

The amplitude-va-frequency characteristiec of the complete system
was obtained at representative values of bias voltage for nominal
valuss of damping ratio of 0.6 and 0.3, These resulis appear in
Figures 6.26 and 6.27. The variation of bandwidth f, with control
voltagze is shown in Fizure 6.28, The variation in relative-damping
ratio with bandwiﬂgh is indicated in Figure 6.29 for two nominal
settings of the potentiometer in loop 11I. The variation in midband
gain with control wvoltaze is shown in Fizure 6.30,

A number of figures showing the essential features of the
performance have just been presented. It is now desirable to survey
the results of the teamts and determine what has been aceomplished
and established in the teste. It is also desirable to consider

posaible improvements, based on the lmowledgze of established

{ P
performance. These considerations are taken up in the next section.
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6.6, Discussion of System Performence in Terms of I'est Results

Frem the standpoint of overall performancs, the system behoves
gs expected from the theory. Comparison of the theoreﬁisal and
experimental amplitude-va-frequency characteristics justifiea the
statement just made, These characteristies, given in Figures 6.17
and 6.27 for § = 0.6 and Figures 6.19, 6.20 and 6.26 for §= 0.3,
ghow that the test performance comparas favorably with the predicted
performance.

It may be observed from Fizure £.28 that the variation of
bandwidth with control voltaze deviates from linearity at larze
nezative values of control voltaze. It may also be observed from
Figure 6£.29 that the dampinz ratio correspondingz to a settinz at
a nominal value of 0.3 falls off sharply at low wvaluea of bias
voltaze, The latter effsct occurs outeide the desired frequency
band, while the former occurs at the lower wvalues of bandwidth.
Ascordinzly, both effects mey be larzely eliminated by employing
reaiators in the cathode circuits of the wariable-gzain pentodes
to reduce the available main in the inner loops. The effect of
the zain reduction is to shift the desired frequency range mors
nearly into the rezion of linsar variation of overall bandwidth
with eontrol voltags.

The variation in midband zain with bias voltage, jindicated in
Figure 6.30, ie in general accord with the theoretical results.

It is seen that at a nominal value of § = 0.6, the decrease in
midband zain over the useful range is about two decibels. With a

nominal valus of §= 0.3, the debrease over the same range of bandwidth
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ia lasa than one decibel.

Az to operation under overlcad, it was found that the syatem
would become unstable at low walues of dampins ratio if the overload
were of the order of twenty-five hundred percent of the nominal
test input of twenty millivolts. The oseillations under the overload
condition were low=~fraguency oscillations. Upon removal of the
sverload the system returmed rapidly to the atable condition,

To summarize the performance, it may be said that the behavior
is ma expacted from the theory. The bandwidth can be varisd dynamically
over more than a decade in the nominal range of frequencies extend ing
from 10,000 eps to 1,000 cps. The relative-damping ratioc may be
pregat betwsen limits of 0.7 and 1.0 by a sinzle potenticometer
ad justment to eontrol the rate of cutoff of the system. Stable
operation may be axpected within the stated limite, provided extrems
overloads do not ocour. Reasonably linear variation of bandwidth
with control voltaze mey be obtained, Slizht waristions in midband

-u

Zain and rata of cutoff as the bandwidth chanzes are a result of
the scheme used to vrovide intezrastion in the inner loops. The lowar
cutoff frequency is in. the vicinity of 10 eps, but can be lowered

to sbout 3 apa if sharp cutoff is not required at the hizh-fregquency

end of the amplitude-vas=frejuency characteristic.

5.7 Summary snd Conelusicns

In thia chapter an illustrative desizn has peen presanted for
the purpose of demcnstratinz the utility of the syntheais procedurs
in a practical settinz. %While the example is lonz and detailed, it

is felt that a complete deseription is more likely to ssrve the
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purpose of many readers than a brief and incomplete discussion.
Proceeding from the specifications, the transmisaion function was
ohosen, The transmission form was selected and a preliminary block
diagzram ?f the aystem was dxrawn. The physical realization of the
system was carried out in detail and illustrated problems likely to
be emeountered in the realization of other slowly-variable systems,
as well as procedures for dealing with the problems. In order to
substantiate the theory, the system was built end tested. It was
shown that the svetem performed substantiselly es expected on the
baaia of the theory. Although not emphasized in the previous dis-
cussion, it is felt that the system devised may be of practical
utility, A more refined model of the system gould, for example,

be employed to study experimentally filtering problems of a statis-

tical nature of the type described in Appendix I.
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VII, RESULTS AND CONCLUS IS

1, The Davelopment and Application of the Synthesis Frocedure

| =

This thesis presents a discussion of the synthesis of slowlye

yariable systems. Zarly in the discusaion it 418 soneludsd that if

a slowly-variable aystem is to perform effectively in a #1ltering
application, the liatertion removed by wvirtue of the variation mist
axcasd that whiech mizht be introduced by virtue 3-:: the variation;
henca it is logzical to oroceed with the aynthesis on 8 quasi-
stationary basis, employinz the familier pomplax=-Irequency wvariabls 3
with its full connotations cerried over from the syntheaia of

fixed aystoms.

Methods for obtaininz a rational function whieca incorporates

the specifications are considered. It is coneluded that while fthe

el

Wiener o-i-s theory is, in zeneral, ansatisfactory from the atandpoint

of rroviding (directly) a suitable funetion for

the specifications, the theol'y 13 maful in svaluating the performance

i . ] - yipn = vy ] mato al
f funct w8 ghiogen f1ram Familiar 96&6%T8 of

of systems with tranafer 1Tunetl

nolg=zero confizurations or obtained by ApproXim tinn methods;, ainzse

o

the performence of a ziven aystam can be comrarsd

5 e T : - e
system on the basis of the rean-s JUAT'E =210 CrlLerlon, It is further

concluded thet the Wiener o-mea theory 1s useful in establishing the

kiah ugad Lo control the

nature of the vhysieel parametars which may be

variation in & slowly=-variable syatem,

The requirement that tha naramaters of & slowly-variable system

ke choloe of setive gystems

be varied dynemically leads naturally to

. : ; rable gyatel e =L
as the basis for the synthesis of alowly-variable systems. acau
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no sulitable procedure for the synthesis of active linear systems in
available in 2 form readily adaptable to meet the needa of the
discussion, a procedure for the syniheals of active systems is developed,
stressinz the use of eigznal-flow zravphs,

The employment of active systems as the basis for the syntheais
of slowly-wariable systerma suzgzests e consideration of practical
faotors masooiated with the realization of active aystems. In parti-
pular, the guestion of sensitivity la considered in some detall.

It is concluded that by apvropriate cholece of a system from the

available syetems, a system with comparatively low values of sensi-

tivity cen be obtained, althouzh if it is desired that the aystem trensmiasion
yary with some particular element, it will be necessary, in general,

to meeent a moderately high wvalue of sensitivity to changes in that

element &s & natural consequance of the specifications.

It is eonecluded thet, while a pentode may be setisfactory for
many applications as & veriable-gain device, if the reqguired
varistion in & parameter with 2 control wvoltagze is other than linear

£ owill He diffieult to obtain the variation with any gubstantial
dexree of seccuracy over a wide range of variation of the paramatar.

An illustretion of the application of the princirles of ths
synthesis procedurs to the realization of a sariable-bandwidth filter
is presented. It is shown that by employing foedback around integrators
and making use of itwo wvariable elements in & multiloop arrangement,

a system can be developed to provide & pass bend extending frc

riabl

10 eps to an upper cutoff frequency which is dynamically-varils

1]



grer a decade of fraquencies extending upward from 1,000 cue.

shown that the rate of cutoff
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It 18

in the wisinity of culoff for this

aystem can be preaet to inelude a wlle ranre of walues, g2 determined

by the relative dampinz ratioc
which show thet the system var
theoretical conaiderations.
I'wo units of the type rea
pbtain a variable-pandwidth T'i

gutoff of the Butterworth type

while tha ather should zive a

Buzsestions for Further
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foria substantially as
lized ey be nplaced in
ltar,
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with n = L. For

TUrpoae

lamping ratic of 0,382,

Invasti~ation

It is believed that the

variable aystems should be inv
te rate of wiriation is throu
As a bezinningz to the investil

variation in very simnple

with this inveatization is the

need for a means of distinzuis

variable filter. In mractice

both applications.

As the body of networs theory grows the

approach to analysis

giznal-flow zraphs are an effective means of providingz

trestment of linear spystems.

theals of passive systems bg ¢

I
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of signal-flow grapna. A detailed treatment of allowed transformations
and node-identificetion procsdures would do much to add to the
practical application of the active-network synthesis procedurss

given in this thesis.

As another problem for study, it is sugzgested thet the synthesis
of fixed asctive networks for prescribed subsidiary partial sensitivitiss
be conasidersd. It 1s possible to synthesize active networks with
a preseribed relstion between the parameter(s) of the system and
the elements of the system. The most familiar practical applicetion
of this procedure is the basic fsedback amplifier desizn where a
laval fector im realized by d hizh-zain amplifler with & amall emount
of feadback. The extsnsion of the fundamental notion suzzested in
this application to the realization of poles and zeros ahould be
quite valuable in the aynthesis of fixed active systems.

Further study should be directed to the problem of obtaining
B preacribed ralati&h between a parameter-control siznal and the
parameter whish it controls. If such a study is fruitful it will
add zreatly to the practical wvalue of the techniques gziven in thils

thesis for the synthesis of alowly-variable syatems.
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AFPENDIX I
SOVE CONSIDERATIONS OF OFTIMUM-MEAN ~3QUARE FILTERING

WHEN STATISTICAL PARAMETERS VARY SLOWLY

A. Preliminary Comments

In discussing the process of statistical filtering (i.e., filtering
where the specifications on the filter have baen set through kmowledgze
of the statistics of the signal and noise) a number of newly expostu-
lated ideas are involved. The essence of these ideas is a new approach
to an old problem. The extent to which these ideas are applicable
to apecific physical problems is not eclaar but the philosophy of the
approach is undoubtedly sound. The purpose in presenting this appendix
is to oconasider how this approach might be used to specify & slowly-
variable system and illustrate eertain diffisultiss which arise in

the realization of a aystem from the specifications.

B, The Optimum-Mean-Sguare (0-M-3) Linsar System

The term "o-m=8 linear system" implles that a system is doing

somethingz in the best way possible by linear means., What is the

gystem doing? The mathematical answer, as formulated by Wiener! is
that it ias givj._ng at the output the best possible reproduction on a
linear least-squarse basis of a messagze m(t) when confronted with an
input consisting of a linear combination of the messagze of t) and a
disturbance n(t) which may broadly be callsd noise. The system is
specified in terms of csrtal.in statistical parameters which may be

approximated from & sufficient number of samples of tne quantities

involved, The specification may take the form of the required

1. Wiemar, N., The Extrapolation, latercolation, and Smoothinz ol
Stationary Time Seriss, The Technology Preas and Wiley, 1949
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transisnt response h(t) or the complex-frequency response H(a).

C. Functions Performed by an 0-M-5S System

The remarks of Section B need to be generalized by introducing
the terms "lead" and "lag" as applied to the ocutput of the system,
If the input is considered to be a sequence of short pulsss, it is
avident from the asuperposition prinsciple that in any realizable linsar
device the output will always laz the input. B5till it may be possible,
by performing just the right ape:;atinn on the input, to cause the
system to prediect the input, elthough error mst be expected.
The o-m-a system is the system which zives the least mean-square
error obtaimable by linear means when the output is required to
lead or lag the messaze portion of the input by a specified time.
If the network has time to "digest" the information received it can
do a better job of reproducing the desired function at the output.
In other words, if a lag can be allowsd the arror in filterinz is reducsd.
If an infinite amount of time is allowed for the "digestion® process,
the system can do the best possible job of raproducing the desired
function by & linear process. The unavoidable :urror will be the
least posaible error associsted with the ziven input. Iofinite laz,
in practice, seems to be just a short time'. This is fortunate,
since the emount of lag is substantially determined by the delay
characteristic of the system, and large delays with linear electrical
systems are not very practical, A great deal of attention is being

dirscted to increasing the scope of time delay equipment at present.

1. Stutt, C. 4., Experimentel Study of Optimum Fllters.
Tech. Report No, 182, M. I. T. Research Laboratory of Electronics,

May 15, 1951, pp 102 and 113.
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To summarize, the syatem l1s required to produce the least
error on a mean-square basis when a gziven lead or laz is specified.
The amount of lead or laz 1is determined by the amount of time
(positive or nezative) after the message appears at the input
befors the output is used. If the device which receives the cutput
is patiant, a lag may be allowed, whereas if the device must anticipate

the recaived messaze, then a lead must be specified.

D. Some Bagic Agsgumptions

In the material to follow, it is essumed that the cross-correlation
batween messagze and disturbance is zero. It is further aasumed that
the necessary statistical information is awailable. The entire

treatment is on a quasi-stationary basis.

E. Mean-Square Error jn O-M-S Filterinz

The mean-square error in filtering may conveniently be broken down

into four quantities by writing
E=E1+ Ezf Eﬂ“Eh {I-]-]

whera E iz the total mean sgquare 8rror
El is the input message power
EE is the portion of the output power sontributed by the message
33 is the portion of the output power contributed by the noise

Eh is the cross-power between message and system impulse responss

and all powers are averagze powers based om a one-ohm load, Obwviously

E; is independent of the choice of a filter. It is also clear from

the descriptions of the gquantities that E, and E3 are influenced only

by the amplitude-va-frequency characteristic of the filter.




The portion Eh of the error depends on both the gzain ani phase

characteristies of the symtem, as well as ths lead or lagz specified,
If the o-m-s system is considered, it cam be shown that B, is twice

L
the sum of E; and Eq; hence the error for optimum filterinz is

Eﬁ a El - {E2+ Ej} | {I-EJ

= input message power - total output power.

F. An Dlustrative Example

The best way to discuss o-m-s filtering is probably through
continuous association with an example. The example selected for
illustrative purpoges is not necessarily representative of any
partioular envisioned application. The example is a standard sxampls
in the litarutural. It has not been inveatizeted from the standpoint
of variation in the atationary property of the input message and nolse.
It will now be investigated in that regard.

Consider the problem of separatinz a mespage with & power density

spectrum gziven by

¢ 2 2 (1.3)
from a disturbance consistinz of white noise with
oy z e*, (L.4)

the separation to be effected by a linear system.
The goal is to arrive at & system to satisfy the following

requirements: (1) the mean-square errar in filtering shall be

1. Btust, C. A., Op, ¢it.. P 35



near the optimum value for any de messaze-to-noisse power ratiol at

wiiich effective filtering can be achieved, and for the particular
value of leed or lag specified, and (2) the ayetem shall ba realizable
without unreasonable complexity.

Since the varisble perameter in the Bigznsl statistieca i3 aasumed

to be the dc message-to-nolse power ratio denoted by the symbol W<,
this ratio mist vary slowly if the spectra are to retain the aiznifi-
gancge attached to thnem in the sxampla.

The requirement that the error be near & minimum for e ranze
of vnlues of W demmnds that this quantity or some quantity
closely related to thils auantity be suscentible to measuremant.
In zeneral the type of messurement made will be determined by the
marticular sonditions of the physical situastion, In this exsnple
if the mespage and nolse can be isolatsd from each other the measure-
ments cen be made, but this separation is just what the system is
trying to aceomnlish, so the posaibility is a ridleulous ons.
On the other hand, i% may well be true that a partial separation
can be made by sherp filters operating in different portions of the
frequency spectrum. TFhe first mejor problam to be resolved ia evidently
he problem of rmessurinz a suitable parameter of the input. If this
paraneter cannot be measured, it is evident that the filter cannot
dynamically controlled to maintain the optimum state.

Tha second requirement on the systeém will usually necessitate

Bl apnrox ¢ - i : X i P
&) i 1 im l',- =] i L = =8 1ars i 2] ginie he transierl
I F. C Q1N 1071 | 1.':“ 4 C'! b LT N=-ME AT =81 uare I l‘L -f. 31508 el an

4 " e ol a 5 4 .4 slements
funetion of the o-m-g aystem may not be reslizable EWlE“ lumped el )

s = = . & e io aof
1. The de messazs-to-nolse power ratio is ;nLerhwétfl g3 the F?E1é"3a
messaze power to noise power aversped over a long interval passed by
lat low-rass filter of infinitesimal bandwidth.
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and is uweuelly a complicated funection of the dec messagze-to=nolss

power ratic w?

The firat step in the attack on the problem ia to establish

the transfer function (or the impulse response) of the optimum

system and the correspondinz mean-square error. It may then be
determined whether it is feasible to proceed by examining the
magnitude of the error. The possibility of realizing the optimam
transfer function directly seems remote in the cazse of slowly-variable
systems since the transfer function is =& complicated function af

the varisble parameter. Stuttl

has ziven & time-domain symthesis
technique for experimentally synthesizing the optimum impulas response
on an oscilloscope screen throuzh manipulation of a network. To amploy
this technique for realizing & slowly-variable system would be

quite diffieult or impossible, except 1in gimnle cases. The system
realized mccordingz to this technique might be quite complex and

tend to violate the recuirement on aimplicity.

The discussion has led to the next major problem. How can the
optimum syatem function be approximated by a system of reasonable
aimpl ieity? This problem is a very adifficult cne to solve for fized
systomg (except in special cases) and is consequently of enormous
complexity for the general situation involving gseveral variable
parameters, However, if an approximetingz funetion ia obtained by any
means it can be compared with the optimum system throuzh examination
of the incremental error 8Es added in filterinz by virtus of the

approximation. This incremental error may be obtained by use of

olther of the formilas given in (I.5) in terme of the tims domain

1, Stutt, 0. A,, Op, elt,, PP F2=l4Bs
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or the fregquency-domein gquantities. The ineremental error is
o
§Bp = j.[hf{t) - ho(t)] as S-Eaf(u-} - no(@)] [Aa(t-7) + 4 (t-)| 4o
0 o

3 éﬁh‘gx Efz = lﬂz]dw * j‘:ﬂ ["fe ¥ *02 o HGE-jBQl
o s -mfs“jﬁf':[ du}

(1.5)
where the subscript "f" refers to the approximating filter

the subseript "o" refers to the optimum filter

the subacript "m® refers to the measage

the subscript "n* refers to the noise

the symbol h refers to the impulse reaponse

the symbol ¢ refers to the autocorrelation function
the symbol @ refers to the power demnsity spectrum

the symbol © refers to the specified lead (epd is negative for a lag)

the aymbol A refers to the amplitude-ve-frequency function

the symbol B refers to the phase-vs-frequency fumetion
and the symbol B = B - aw, i

If a suitable approximation to the transfer function is eatablished,
the approximatinz system may be analyzed and the required dynamic
variation in the system established. Alternately, if the required
dynamie variation can be incorporated in the approximetion the
analysis is circumvented to some extent. One method of attack on the
problem of approximation is to plot the pole, zZero and level variation
in the o-m-s function and attempt to approximate the variation by a
somewhat simpler scheme of pole, zero and level variation. If a delay

of the form E'-}MT is present in the transfer funetion of the

o-m-s system, delay lines mey be employed or rational approximations




may be used.
Te illustrate the problems discussed in the precsding para-

grapha, a solution of the illustrative problem 1s presented.

Coase I. Zero Lagz 3pecified

Optimum Tranafer Function and Optimum Error, The optimum

tranafer function can be found from the Wiener Lhenryl to be:

: _ple - (b Dl[jw « B+ b +2)/2
h{jﬁj} = 2 f B -
(jw+ @ X/2)%+ (p/4)[%° - 2(1 + b2)] (1.6)

/i 2 1/2
x = 26/2 (1 +#2) [.5+ ‘=""°.Jl,,,]
Ub(1 + we)l/e

1/2 s
W = (dc messaze to noise ratio) = Mfape :

The optimum error is ziven by an expression which s too unwieldy
for inelusion, in the zenmeral case. For the particular cases conaidered
the optimum error will be axpressed sither in the form of a zraph, or
in some cases by an eguation.

The Approximatipnz Trapsfer Punction. The transfer funetion
choasen to anprcxinﬂt; that of (I.6) on the basis of simplicity and

i
a knowledge of the shaps of the messaze end noise power-density spectra 18

(1.7

where 8 = o + jw, and the numeric k, as yot undetermined, may be
allowed to vary as the dc message-to-noise power ratio chanzes slowly.

Error for the Approximating Filter

The mean-square error is found for the approximating filter

in order that it may be comparsd with that of the opbimun £itar

Wieper, N., Cp, cit:. PP B1=92.




and also considered in its own right. The error for the approximating

filter ia

e ditey [t - DlBebe 1) A(be)
%S [ (e D(Leb) BWE

£ o b 4 Nlbel) (1.8)
fdo (fLe 1) {L+b) b wW?

whera JfL = kfp end is the normalized bandwidth of the mpproximating
filter, For a gziven set of spsctral values b and W, the error of
the approximatinz filter can be minimized by appropriate choice of
the bandwidth {l . In gzeneral the minimization process requires that
a fourth order algebraic equation be solved. However, for the special

case b = 1, the value of fL which minimizes the expression for error

is

. = WEIE e T (1.9)

Bquation (I.9) zives only limited information in regard to the
minimization. It ia desirable to know whether the minimum is sharply
defined or relatively flat. This is of importance in the approximation

of the expression for fL, ziven in (I.9) by a simpler function of W,

It is therefore desirable to plot the error for various yvalues of W.

This is done in Figure I.1 for the case b = l. Figure I.1 shows
that the minimum is relatively flat for reasonably large valuea of
the -msﬂa,_ze—to-naiaa level, but aa ths level approaches low valuee
the bandwidth for minimum error becomes rather sharply defined.

On the other hand, it is in the region of relatively low level that
the error tends to be greatest, and therse is some question whether
patiafactory filtaring.cﬁn ba achieved, even with the moat suitable

bandwidth.
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On the whole, Filgure I.l zives some promising information about
the final outcoms of the synthesis process. This figure indieantes
that amall deviations from the optimum bandwidth would net resulg
in larze inereases in error, and indicates that such phenomena as
glow variation in supply woltazes or tube charscteristica need not
bs deletorious. To complete the plecture it is desirable to compare
the error obtained with the approximating filter with that of the
gem=a filter. The comparison is made in Figure 1.2 where the o-m-a
performence is compared with that of the approximating filter when
the bandwidth of the approximating filter varies with W according
to (1.9). For comparison the performance of & fixed approximating
filter with a bandwidth of 2 is ineluded. The figure shows that for
values of W zreater than 5 the variable filter achieves resulis
very similar to results obtained with the o-m-s f'ilter, and is ciaarly
superior to the fixed filter. It may be shown that e similar result
obtains for b = 2, for which the same trends are apparent, although
they are not as pronounced.

In order to more elosely examine the required bandwidth variation
with messaze-to-noise level for least error the curve aompated from
(1.9) is given in Figure 1.3, and if a tolerance of 5% from the
minimim error at any given W is permitted, any sinzle-valued
eharactaristic drewn between the indicated boundaries would aserve,
sgsuming the varistion is not so rapid that the quasi-gtationery
assumption is wviolated., This is a fortuitous gitustion sinece it

obviates the rroblem of obtaining a precise variation of the variable

parameter of the slowly-variable system with the control signal.
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Case II.
Optimum Transfer Functi

Filtering with Lag
ion
transfer function is found from Wiener's

and Optimam Error.
(for infinite lag)

e optimam
tnEﬂryl

to be

bYW+ B+ MDD /a”
filter and ims

-

FI.10)
(ot —»o0a)
The irremovabls error ia that obteined with the

—

= ﬁmf._ 0)

2b(b + 1)
Xice
Whara X has tho same meaninz as i

infinite=lelay

= (140
Since the infinite-delay

-
o=m=3 theory can provide i

-

*ilter is the beat
A

filter which t

is used to provida the

characteristic as a zoal for the approximetinz fllter performence.
The Approximetinz Transfer Function.

tha

iltimate error

delay filterx

Aa with the zerc=lag

case, the transfer functiom echosen to approximate the cpbimum infil
is the funetiocn

inita=-
He(s) = =

k
+

Decrsase in Srror Resulting from Allowed Laz,

o It i
to study the errcr when a message laz is perm ttad i
with the error which is obtained in the zero-lagz sit iation
aame filter is used in both
l. NWiener, N., Op. git.,

ajituation

-

g
=4

n econjunetlion

Tha decrease
{ - |Il

wnhan

the
T

error éuﬂ_




obtained by holdinz all fzctors constant except the laz, which is

allowed to wary, is ziven by

©
EER = Eém{cl Lh(:] [émiﬂ-t. j dmit}] dc

(1.13)
Applying (I.13) to the case b = 1, it may be shown that

206 T(N-2+70 -1)+ 20(2 -0)e T
(f=1)°

dBylp=y ®

% 2nin + 2le FL o 20N + 2)
(fL+ 1)° (1.14)

where JfL= x,fp , 88 before, and T =& is a normalized time lag
hereafter referrad to as the lag associated with the message at the
outtut of the filter, If the bandwidth of the approximeting filter
is taken as unity, (I.ll) reduces to
5%]bn= y dm{-u}[e"ri'r2+ 2T + 3/2) - jfz] . i
) i b
In order to find the best value of lag T associated with &
ziven bandwidth of the approximating f#ilter, it is necessary to
minimize (I.14) with respect to T. The best laz T, (in the senae
thet the mean-square error is least) is related to the bandwidth

by & tranacendental equation

E-—(.n. - lJTD = (v + 1}2{'T¢+ 1 -fLTp) 1 (1.16)
Ly

It follows from (I1.16) and (I.14) that if the optimum lag T, is

specified the error in filtering (with b = 1) is given by the

error when no lag iz allowed minus the decrease in error




§5h o1 22670014 2, - 280+ 2)
2
(fL+ 1)

(I.17)
It should be noted that in (I.17) the lag T  and the bandwidth

are not independent because of the relation (I.14),

FPerformance of Approximetinz Filter, Equation (I1.16) has heen

golved to glwve the optimum value of message lag inherent in the
performance of the approximating filter as a function of the bandwidth
of the filter. The solution is ziwven in Figure I.4. Using this fizure
in eonjunction with (I.17) and Fizure I.2 it is posaible to graph
the total mean-squars error for a filter of bandwidth equal %o 2,
and this is done in Figure I1.5. Figure I.5 also gives the variaticn
in error with messsge-to-noise level for the infinite-delay filter,
which is obtained usingz (I.11). Figure I.5 shows that for a
level W of 5 or more the fixed filter is virtually as zood as the
ootimum filter. In this situation it is probably undesirable to
vary the bandwidth of the filtear.

It is of interest to examine the decrease in error (relative
to the zero-laz performance) as & function of the message laz by
The zraph of the decrease is plotted in Figure I.6 based on [ T
The best laz in this instance ia shown to bhe 0.707. Examination
of the phase characteristiec of the approximeting filter with a unit
bandwidth reveals that the geometric mean of the filter delay eomputed
st zero freguency and at a frecuency corresponding to the value of the
bandwidth is precisely 0.707, illustrating the close ralationahilp

batween ths best laz inherent in the filter gnd the filter delay.
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While the gecmetric mean relationship is not a general one, it

{1lustrates the notion that as lonz as the phese eharssteristie
doas not deviate substantially from linearity in the pass band
the best messeze lag and the filter delay will be of the zame
order of magnituds. This point is significant in the approximation
of the optimum linear operator by & realizable transfer fumetiom.
Improvement in Porformance of the Approximating Filter,
Thus far only & sinzle variable has been mllowed in the approxi-
matinz filter characteristic, namely, the bandwidth. That this
is aufficient for the ceses disciissed has been established for wvaluea
of level W rouzhly of the order of five or above. However, for
lower waluesa of the level it may atill be possible to achieve some
measure of satisfactory filterinz, although this will hings largzely
on what is meant by "satiafactory®. It 1s noticeabls from Figure I.5
that the performance of the approximating filter in the vieinity of
low values of level is not very satisfactory from the standpoint of
gomparative error.
Speakinz with the zero-lag case in mind, 1t may be shown that
as the level decreases the optimum-filter amplitude-characteristic
is compressed horizontally, lowered on the vartical scale, and suffers
a chanze in shape, l.e., the £ilter has two maxima in its amplitude
characteristic for high values of W, but only one at low levels
(when plotted alonz the entire axis of real frequency). It is
nrecisely this complicated variation which led to the choice of a
simple approximating function, since it is desired to avoid the

eomplexity in wvariation, if possible.




The curve of de¢ gain as a function of level for the optimum
filtar ia ziven in Figure I.7, where it is seen that as the level
diminishea from 5, the zain falls off rather repidly. This illustrates
the faet that when the guality of Filteringz beccmes poor because of
the low meassaze-to-noise level the o-m=3 system tends toward a complete
eutoff, The bandwidth variation with lewvel is not shown, but it
glso diminishes as the lavel diminishes and as a consequence the
delay increases thereby causinz poorer zero-laz performance.

Gain variation, although not investizated for the aprroximating
filter, migzht lead to better perforumnce in the rezion of low
messaze-to-noise level, but continued reducti-m of bandwidth is
not deairables, because of the increaseé in delay which regulta.

Delay Egqualization. It is of interest to determine the effect
of phase distortion in the laz filter. This effect may be atudied
throuzh the contribution Eh to the total error which, as mreviously
stated, is the only contribution to the error affected by the
phase characteristic of the filter. When the approximeting filter
ig endowed with a linear phase characteristic over the entire frequency
axis (admittedly an impractical situation) the contribution of the

arTor EL to the totel arror is

Le T Trind-1)

i i

(RS = 1)

o R Ed-(ﬂ'? -2) thll-l{ﬂ :

while, with no equalization, the contribution ia
30 _T : 5 -fir
o = 82— -2 (L= YJT + (2 -f4e }
ne (A - 1) {E [‘n' )

sneTn +2)
A IJI3

+
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In Fizure I[.8 the difference between the error with egualization and
the error without equalization is ziven. This figure illustrates azsin
that except at small bandwidths where the delay in the filter is
large, and the phese characteristic deviates substantially from

linearity, little can bs zained by equalization in this example.

G. Coneclusions

In approsching the problem of synthesis of a slowly=-variasble
system on an o-m-8 Dasis problems tend to arise in a loglcal sequence,
Whila liberties mey be taken at sach step il necessary, fevorable
aolutions te these problems must be found if a satisfuctory solution
to the overall problem is to bs reachad. The ssquence of problems
is indiecated in gquestion form.

1. Are the necessary correlation functions {or power denaity
apectra) available?

2, Gan the veriable statistical parameter be measured?

3, How much lead or laz is specified?

li. What is the transfer funection of the o-m=-3 gyatem?

5. How does the optimum error very, and what do the numarical
values of error mean in terms of sultable performance?

t. How ecan the optimum transfer function be approximated to
satisfy the requirements of physical realizibillty and ins rumentation
of the aystem on a slowly-variable besia?

7. How can the approximating transfer funetion be realized?

8. Are the errors inhsrent in the approximating system of sueh

magnitude that the purpose of the system isg defeated?

T T
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9., How does the rate of variation enter the picture?
(An alternate way of phrasing this question is: how rapidly may
the parameters vary before the system fails to perform adequately?)
10. Can the performance be improved by the addition of none

linear devices, or should a non-linear device be chosen initially?

It is hoped that some progress toward the answer to question 7

of this sequence has been made in the main body of this thesis.

The location of the question regarding non-linear devices at the

last of the sequence may be condemed in some instances, It is felt,
however, that in many cases the performance of a linear gystem may

be investigated initially, and if a linear system proves unsatisfactory
resort to a non-linear system will be made.

It is felt that the example presented in this appendix reveals
the close connection between specifications based on conventional
techniques (i.e., specification of bandwidth, delay, and zain) and
specifications based on performnce of the system in the time domain.
It is the author's opinion, based on the knowledge zained from an

examination of this example, that (trite as it may sound) if a

conventional filter is indicated by the conditions of the oproplem,

design based on conventional methods is quite satisfactory; while if

the nature of the problem is complicated to the extent that insight

attained from a knowledze of conventional tecaniques fails, the

Wiener theory assumes its rightful place as a set of tools for

system design. Perhaps the eagiest way for the reader to bring

himself to agreement with this viewpoint is to consider the problem

1ter specifications.

of prediction in the light of conventional fi




137

APPENDIX II. SOME PROPERTIES (F THE DIFFERENTIAL AMPLIF IER

Figure II.1l. The Differential Amplifier

The circuit shown in Figure II.l is usually referred to as the
differential amplifier. A partial analysis of the differential
amplifier is found in the literaturel. A brief discussion of this

eircuit is given here as a supplement to Chapter VI of this thesis.

A, Use as an Adder.

The circuit of Figure II.1 may be used as an adding circuit atig

the output is taken from the cathode resistor. The zain in this

application is small. If the output voltage is evaluated with the

plate load resistors set equal to zero, for simplicity, the gzain

is gziven by

r‘-
2(L+p )+ 4rp/Rk

based on the usual linear approximation.

The output impedance is gmall in the application as an adder,

and is of the order of (1/2zm).
I. Seely, S., Electron-Tube Circuils,

McGRAaW-Hite Boox Co.,

New York,N.Y., 1950, PP- (3-117.
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B. Use as a Subtractor.

When the differential amplifier is used as a subtracting device

as shown in Figure II.2, where the notation for this section is glven,

a reasonable amount of zain may be obtained. The expression for

Figure II.2. The Differential Amplifier
Used as a Subtracting Device

the gain A, may be written in the form

i

=
S ’p

1 Ip
M T MRy e M + 1R i p(p+ LR Ry

It may be seen from (II.1) that the factors which operate to produce
high zain are high values of @, Ry, and Rk, accompanied by a low
of T
value D
The voltage weighting factor & which must be considereq in
the application because of asymmetry in ‘the action of the differential

amplifier on its two inputs is given by

~
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. (Ir.2)
(rA + 1)Rk

For large values of amplification factor (compared to unity) the ¥
expression for & reduces to
d:.._..l_...__

1+ _...]:.—
g'mRk

. (119)

It can be shown that the output impedance of the circuit of
Figure II.2 will not exceed 2rp, and will usually be about half
that amount.

Table II.1 is presented for use in the application of the

circuit of Fizure II.2 to the simple feedback system indicated in 4

the block diagram of Figure 1I1.3, where the differential amplifier ;
| |
e, 0—— Differential | o | Gain 9oc, ¢

Amplifier G

Figure I1.3. A Feedback Confizuration

’ ijs followed by a positive or nezative gain G.




Table II.1. Application of Differential Amplifier

in a Simple Feedback System

Sizn of G Type of Feedback e) ep

Sign of AO

+ negative ey eo
+ positive
nezative

positive

+

)

T




~ D. Van Nostrand Company, New Yorle: N, Y., 1945,

10.

11.

12.
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