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Abstract

STRUCTURAL BREAK DETECTION FOR GEOSTATISTICAL DATA
Weiyu Zhou, PhD

George Mason University, 2022

Dissertation Director: Dr. Pramita Bagchi

This thesis proposes a method for investigating structural breaks in a non-stationary
spatial random field and provide a piecewise stationary approximation that best describes
the process.

Suppose a random field is observed only once over a regular grid. We study the covari-
ance structure of this field in the frequency domain. In the first part the thesis, we define
a spectral difference statistic, a spatially varying quantity showing the difference between
local spatial spectral density integrated over a range of frequencies. This spectral difference
process is expected to be uniformly close to zero if and only if the underlying field is station-
ary. This intuitive behavior is justified by a rigorous derivation of the asymptotic behavior
of this process under an increasing domain asymptotic scheme. This result is then utilized
to construct a consistent and asymptotic level alpha test for the hypothesis of stationarity
using the maximum of the spectral difference process over locations and range of frequen-
cies. A field plot of this spectral difference process, called discrepancy map, further provides
insight to the nature of nonstationarity presents in the observed field. Next, we propose a
method to construct a piece-wise approximation of the observed random field, where the
pieces are spatial regions with linear boundaries by an iterative search. A hierarchical clus-

tering algorithm is used to appropriately merge the initial partition to produce the final



approximation. A computationally efficient implementation of this methodology has been
outlined. The accuracy and performance of the proposed methods are demonstrated via
extensive simulations and two case studies on real data. The later part of the thesis outlines
strategies of extending this methodology for a random field observed at irregularly spaced
locations. The efficiency of this extension is investigated by some numerical experiments.

rectangular regions is constructed by an iterative search. A hierarchical clustering algorithm
is then used to determine the optimal number of clusters and appropriately merge the initial
partition to produce the final approximation. A computationally efficient implementation
of this methodology has been outlined. The accuracy and performance of the proposed

methods are demonstrated via extensive simulations and two case studies on real data.



Chapter 1: Introduction

In this thesis, we propose a pipeline for investigating, understanding, and modeling the
nonstationarity of a spatial random field.

Geo-referenced or spatial data are prevalent in many fields, for example geology, ecology
and econometrics (see, e.g., Anselin, 2001; Magnussen, 1993; Mets et al., |2017; Rollinson
et al., [2021)). These data usually exhibit spatial correlation, prohibiting the use of many
traditional statistical methods as they assume independent observations. Understanding
the spatial correlation in the data is necessary to develop statistical models, inference, and
prediction methods for spatial data. In this thesis, we focus on the geostatistical process,
a spatial process defined on a continuous geographical region and usually modeled as a
random field. In most practical situations, our data constitute one partial observation of a
single random field instead of multiple copies of the underlying object of interest.

Modeling dependence in spatial data is often challenging and differs significantly from
other classical dependence models, such as clustered observations or time-series data. Mod-
eling the dependence between the observed spatial data using a general covariance matrix
is practically impossible due to the curse of dimension and difficulty of implementation due
to high memory and computational cost. However, a geostatistical process often exhibits a
more systematic correlation structure, with observations close-by exhibiting higher depen-
dence than observations further apart. Although this dependence structure is similar to
time series data, the time has a clear definition of direction, which spatial data lacks. Due
to this, it is often tricky to mathematically define a valid and realistic covariance structure
for such data.

The most common strategy to deal with such inconvenience is to impose simplifying
assumptions on the second-order structure. Stationarity is one of the most popular simpli-

fying assumptions for modeling spatial data, which assumes the joint second-order behavior
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only depends on the relative position of two locations. The assumption of stationarity al-
lows us to define an auto-covariance function, a function of the spatial lag, instead of a full
covariance between every pair of locations. However, stationarity is not a realistic assump-
tion in many practical situations, and there has been a growing recognition of the need
for nonstationary spatial covariance functions in various disciplines. The atmospheric and
environmental sciences are two prominent areas of application; for example, Holland et al.
(2003) reviews the use of nonstationary spatial covariance functions for the statistical anal-
ysis of air quality data. C. Paciorek and Schervish (2003]) discusses the use of nonstationary
models for Gaussian process regression in machine learning applications.

In practice, validation of stationarity is essential in choosing the appropriate model for
spatial data. If the underlying model is, in fact, stationary, models and inference methods
designed explicitly for a stationary process are computationally efficient and often more
powerful. On the other hand, a misspecified stationarity assumption can lead to loss of
power and wrong inference. There are two effective ways to check stationarity: visualization
and statistical testing. Early tests for spatial stationarity are developed in the context of
linear array data, such as Bose and Steinhardt (1996)) and Ephraty et al. (1996). For data
observed on a regular grid, Fuentes, 2005 proposes a test that partitions the space into
multiple separate regions and compares the spectral density in each region. For irregular
spaced data, two special tests are Jun and Genton, 2012, and Bandyopadhyay and Rao,
2017. The former compares the estimated covariance of two separate regions at various
lags, while the latter works in the frequency domain.

In Chapter [3| of this thesis, we propose a statistical test for stationarity of a spatial
random field. We use a frequency domain approach and define statistics that can be regarded
as the gradient of the spectral density. We use the maximum of these statistics over space
and frequency range as our test statistic. We derive a rigorous asymptotic distribution
of this proposed statistic under an increasing domain set-up. We used that distribution
to propose a consistent test that asymptotically preserves the specified level and develop a

computationally efficient algorithm to implement this test. The performance of the proposed



test has been investigated with extensive numerical simulations and two case studies with
actual data.

When the assumption of stationarity is likely violated, one could fit the data with non-
stationary models, and there is a need for interpretability and computationally tractabil-
ity. C. Paciorek and Schervish (2003) describes a method for producing explicit expres-
sions for mathematically valid spatial covariance functions with locally varying geometric
anisotropies. However, this approach does not allow the other aspects of the covariance to
vary spatially. Higdon (1998) and Fuentes (2002 described methods for generating nonsta-
tionary covariance functions as integrals. Nychka et al. (2002) proposed a wavelet approach
for producing nonstationary spatial covariance functions. Sampson and Guttorp (1992) pro-
posed explicit covariance functions with locally varying geometric anisotropies using spatial
deformations. Stein (1995)) extended this idea to produce covariance functions that allow
both the local geometric anisotropy and the degree of differentiability to vary spatially.

The nature of nonstationarity guides the choice of the nonstationary covariance model
and inference method in the data. It is thus essential to investigate the dynamic nature
of the second-order structure. We propose a visualization of the gradient of spectral den-
sity statistic over the space, called a disparity map. The disparity map shows the spatial
dynamics of the spectral density of the process and provides insight into the nature of non-
stationarity in the data. This visualization can be an essential tool in guiding the choice of
covariance model and subsequent spatial data analysis.

Further, we develop an algorithm to partition a spatial random field into rectangular
regions. This partitioning algorithm provides the best piecewise stationary approximation
for the given random field. The work in Fuglstad et al., 2015/ can justify the usefulness
of our partition method, which shows that a piecewise stationary model consisting of two
stationary regions may perform as well as nonstationary models while being less computa-
tionally demanding. Although piecewise stationary approximation has been studied in time
series, such as Adak, [1998], it is still an open problem under active research for the spatial

random field. Moreover, while a field can be roughly stationary over some regions, it may



contain some more suitable regions to be modeled as nonstationary.

Existing partition methods include those based on trees (e.g., Gramacy and Lee, 2008]),
Voronoi tessellation (e.g., Kim et al., 2005), clustering (e.g., Morris, 2021)), or closed curves
(e.g., Masotti et al., 2021)). All the existing methods use a parametric and Bayesian ap-
proach, which is sensitive to the choice of model and prior distribution. Among the existing
methods, the tree-based methods usually generate partition boundaries parallel to coordi-
nate axes, which can be too restrictive sometimes but are computationally efficient. Voronoi
tessellation is more flexible by partitioning a field into convex polygons, but it may over-
partition if some underlying regions are non-convex. To this end, Pope et al., [2021| suggests
merging the regions from the initial partition so that the final partition can include non-
convex stationary regions, therefore this is more flexible than the Voronoi tessellation. In
Chapter [d] we introduce the spatial partition procedure, which makes use of the spectral
difference statistics defined in in Chapter [3] to create the initial partition. After the field is
partitioned, we then check if there are any connected sub-fields that are similar in spectral
density and can be merged together. To decide the number of partitions to retain, we define
the dendrogram, the scree plot, and the gap statistics for our case. We then try to expand
our methods to irregular spaced data in Chapter [5 Finally, we present two case studies in

Chapter [0] to show how to apply our methods in practice.



Chapter 2: Spectral Analyses of Spatial Random Fields

A spatial random field is a stochastic process Z(s) indexed by s € S, where S C R? is a
continuous spatial region. In this thesis we focus on the case where d = 2, but the discussion
and the methodology described can be extended to d > 2 in a straightforward manner.

A spatial random field is usually characterized using the mean

and the covariance function
C(s1,s2) = Cov(Z(s1), Z(s2)), S1,89 € S.
where the covariance function satisfies

1. Non-negative definiteness: Vm > 1,a € R™ and {s,...,sp,} C S,
m m
Z Z aiajC(si, Sj) > 0.
i=1 j=1

2. Symmetry: C(s1,s2) = C(s2,81), V81,82 € S.

The usual statistical problems related to spatial random fields involve estimating these
infinite dimensional quantities based on a single sample of partial observation of the random
field. Therefore it is important to impose additional structure to the underlying process in

order to do any meaningful inference.



2.1 Stationarity

Stationarity is the most popular simplifying structural assumption for stochastic processes.
Stationarity is a property of self-replication of a stochastic process. It implies the lack of

importance of absolute coordinates. There are three types of stationarity:

e Strong stationarity: A random field is strict stationary if the spatial distribution
only depends on the relative position of the locations, i.e., it is invariant under arbi-

trary translations of the locations by a vector h, that is,
P(Z(s1) < 21,0+, Z(sk) < 26) =P(Z(s1+h) <z, , Z(sp + h) < z)
for all integers k and all s1,...,8, € 5.

e Weak stationarity: 7 is a second-order or weak stationary random field on S if
it has constant mean and covariance between two sites C(s1,s2) depends on their

relative position s; — s9. Mathematically, we can write
m(s) =m and C(s1,s2) = C(sy —s3) = C(h), Vsi,s9 €85

where C' : S — R is the stationary auto-covariance function of Z. The autocorrelation

function p(h) = C(h)/C(0) of Z is a function of h.

Note that the assumption m(s) = m is too strong, but it can be weakened relatively
easily. For example, we can model the mean as a function of the location and consider

a weak stationary covariance structure of the demeaned spatial process.

If Z is strictly stationary and if Z € L2, i.e., the random functions Z(s)’s are square-
integrable (this means that the variance and covariance function exist as finite quan-
tities) then Z is second-order stationary. The converse is generally not true but both

notions represent the same thing if Z is a Gaussian process.

e Intrinsic stationary: Z is an intrinsically stationary process (or intrinsic process)
if the increments of the process are weak stationary, i.e., for each h € S, the process

6



AZ® = (AZM)(s) = Z(s+h) — Z(s) : s € S} is weak stationary. It is charecterized
by its linear drift
m(sy —s2) = E[Z(s1) — Z(s2)]

and its variogram

27v(s1 —s2) = Var(Z(s1) — Z(s2)).

The function v : S — R is called the semivariogram. In fact one can show, for such a

process m(h) is linear in h, i.e., m(h) = a”h for some vector a € R%.

For weak stationary process, v(h) = C(0) — C(h).

2.2 Spectral Density of Stationary Spatial Random Fields

Harmonic analysis of a spatial process is a decomposition of the process into sinusoidal
components (sines and cosines waves). The coefficients of these sinusoidal components are
the Fourier transform of the process.

Consider a weak stationary random field Z(s),s € S with zero mean and autocovariance
function Cj. Following Fuentes (2002)), the spectral density of a stationary random field is

defined as:

fo(\) = (271)2 /RQ Co(h) exp(—ihTA\)dh, X € R% (2.1)

The spectral density {fo(\), A\ € R?} provides a complete characterization of the second-
order structure of the spatial random field and gives the decomposition of the total variation
of the process across different frequencies.

We additionally assume that the random field satisfies the following weak-dependence

J.

Under the weak dependence assumption ([2.2)), the integral in (2.1)) can be shown to be

assumption,

Co(h) ’ dh < co. (2.2)

absolutely convergent and hence the quantity fo(A) is well defined. Moreover the spectral

7



density fo(N\) = fo(A1, A2), where A1, Ay € R, is uniformly continuous with respect to both

A1 and Ay (Fuentes (2002)). Furthermore the following inversion formula holds:

/ fo\) exp(ihTA)dA = Co(h),  Vh € R2, (2.3)
R2

2.3 Random Field Observed on Regular Grid

The decomposition of the autocovariance function into harmonic oscillations cannot be
uniquely determined if the random field is partially observed. For example suppose we
observe the random field over a regular grid with spacing A, it is not possible to distinguish
an oscillation with a spatial frequency A from all the oscillations with frequencies A+27wz/A,
where z € Z2?. The impossibility of distinguishing the harmonic components with frequencies
differing by an integer multiple of 27 /A by observations in the 2-dimensional integer lattice
with spacing A is called the aliasing effect.

Then, if observation of a continuous process Z is carried out only at uniformly spaced
spatial locations A units apart, the spectrum is concentrated within the finite frequency 2-
dimensional interval [—7 /Ay, /A1) X [=7/Ag, w/As], where A = (A1, Ag) with A; and A,
being the horizontal and vertical distance of the grid points respectively. Every frequency
not in this interval has an alias in the interval, which is termed its principal alias. Then,
the power distribution within each of the intervals distinct from the principal interval is
superimposed on the power distribution within the principal interval. Thus, if we wish that
the spectral characteristics of the process Z to be determined accurately enough from the
observed sample, then the Nyquist frequency (w/A1,7/As) must necessarily be so high that
still higher frequencies make only a negligible contribution to the total power of the process.
This means that we need to observe a dense sample of Z (small A). Thus when a second-
order stationary random field Z is observed on a regular grid such that the observations

are A units apart, the spectral density fa of the discrete process can be written in terms



of the spectral density fy of the continuous process as:

fa(A1, A2) ZZfO <)\1 +—— 27Tp s A2 + 2A7T2q> (2.4)

PEZL qEZ

for (/\1,)\2 [ 7T/A1,7T/A1] [ F/AQ,?T/AQ].

2.4 Random Field Observed at Irregularly Spaced Locations

When a random field is observed over irregularly spaced locations, the inference becomes
much more challenging. One major obstacle is the increasing computational cost in this
setting. Although Matsuda and Yajima (2009) argues that using a spectral domain approach
can reduce computational cost for analysis of irregularly spaced spatial data, even the
spectral analysis is computationally costly as we cannot use fast Fourier transformation.
Foundational work for studying spectral density for such random field has been developed
by Matsuda and Yajima (2009) and Rao (2018]). Both these works assume that the irregular
locations are independent, identically distributed random variables which allows it to be

extremely irregular.

2.5 Estimation of Spectral Density

The basic estimator of spatial spectral density is the periodogram, a nonparametric estimate
of the spectral density. Use and properties of spatial periodograms for stationary processes
have been investigated by Whittle (1954), Ripley (2005), Guyon (1982, 1995), Rosenblatt

(2012), Stein (1995, |2015) and Fuentes (2002, 2005, 2007)), among others.

2.5.1 Regular Grid

Consider a spatial weak stationary process Z with an auto-covariance function C. We
observe the process at m x n equally spaced locations in a two-dimensional regular grid

G. For notational convenience, without loss of generality, assume that the vector distance



between neighboring observations is (A, A), i.e., the horizontal and vertical distance are
the same. In addition, we assume the origin of the grid is (0,0). The periodogram is
a nonparametric estimate of the spectral density, which is the Fourier transform of the

covariance function. We define the discrete Fourier transformation of the data is defined as:

~ A m—1n—1
ZmmA(A1, A2) = Z(Ap, A —iA(pA A 2.
nA(AL A2) N (Ap, Ag) exp(—iA(pA1 + qA2)) (2.5)
p=0 q=0
The periodogram is then defined as:
2

I A (A1, A2) :' Zmma(M, A2)

AQ m—1n—1 ‘ 9
= G | 2 2 Z(Ap A exp(—iApA +aX2)) | (2.6)
p=0 ¢=0

where (A1, X2) € Apna. Appa = {(2&{;, 2&?)} is the set of frequencies we choose to

examine, where:

(o) = { 1= m = B {2 - 5] @)

Theoretical Properties of Periodogram

The expected value of the periodogram at frequency A = (A1, A2) is given by (see Fuentes
(2002))

1

E(Ipna(N) = () /[—W/A,W/A]Z fAa(W)Wa(w — N)dw,

where

sin? (mw1/2)  sin? (nwy/2)
sin?(wy/2) sin?(ws/2)

Wa(w) = Wa(wr,ws) =

Due to the nature of the function Wa periodogram can have substantial bias in small sample,

however for Gaussian random field, the bias is asymptotically negligible. In fact, Brillinger
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(1981)) showed that under increasing domain asymptotics, the periodogram is an asymp-
totically unbiased but inconsistent estimator of fa process. Fuentes (2002)) established the

following similar but stronger result under a mixed asymptotic set-up.

Theorem 2.5.1. Fuentes (2002) Consider a Gaussian stationary process Z with spectral
density f(X) on a lattice G. We assume Z is observed at m x n equally spaced locations in G
and the spacing between observations is A. We define the periodogram function, Ly, n a(N),

as in (2.6). Assume that
(a) The rate of decay of f(\) at high frequencies is proportional to ||A||~7 for T > 2.
(b) The autocovariance function satisfies [ ||h|c(h)dh < cc.

(c) A — 0, m,n— oo,m/n — ¢, for a constant ¢ >0, Am — oo and An — .

Then, we have
(1) The expected value of the periodogram, Iy n A(N), is asymptotically f(\)
(2) The asymptotic variance of the periodogram, I, a(N), is f2(N).
(8) The periodogram values Ly, n A(A1) and Ly, a(A2), for A # Ao, are asymptotically
independent.
2.5.2 Irregular Grid

When the random field Z in Section is observed at J irregular-spaced locations s; =

(8]1, s?) € [0, L1] x [0, Lo}, following Rao (2018) we define the Fourier transform of the data

as:

Z111.,(A1, A2) =

VI < ,
27:J2 22(8}78‘?) eXp(_Z(S})\l + 8?)\2)). (2.8)
j=1
The periodogram is then defined as:

2
I10,,0,(A1, A2) :‘ 251411y (A1, A2)

11



2

LWL
12 ZZ sk, s2) exp(—i(siht + s2h)) | (2.9)

(27 2J2

where (A1, A2) € A, 1, AL, L, = {(%, %)} , [ € Z is the set of frequencies we choose

to examine. As argued in Rao (2018]) the choice of these frequencies are optimal, and
under suitable regularity condition the periodograms at these frequencies are asymptotically
unbiased and uncorrelated among themselves. In fact their joint asymptotic behavior is very

similar to the regular grid case given in Theorem

2.6 Non-stationary Spatial Random Field

If the random field is non-stationary, we can no longer define an auto-covariance function,
and the second-order structure is described by a covariance kernel C(s1,s2) for s1,s2 € S. In
this situation we cannot define a spectral density that does not depend on the location, and
summarizes the second-order dynamics over the whole space. Second-order non-stationarity
of random field is difficult to theoretically characterize and causes significant increase in com-
putational complexity for inference purposes. Fuentes (2002) define the spectral density over
R* of a general non-stationary random field as the Fourier transformation of the covariance
kernel. However a more interpretable quantity is a spatially varying spectral density, which
provides a decomposition of the local variability across different spatial frequencies at each
location. The spatially varying spectral density depends on the nature of non-stationarity
in the underlying random field. There are two popular ways of characterizing covariance

non-stationarity in spatial random field.

e Piecewise Stationary: The process can be partitioned into K stationary pieces.

EZ(s) = pu;, VarZ(s) < oo,

Cov(Z(s), Z(s + h)) = Cy(h), ifs€ Qs +he Qi j=1,....K,  (2.10)

where {Q1,Q9,...,Qx} is a disjoint partition of S, the spatial region under study.
12



Sometimes uncorrelatedness across the different regions is imposed, i.e., Cj;(h) =
Ci(h)1;;.

Under this piecewise stationary set-up it is meaningful to talk about spectral density
within each region, and cross-spectral density for each pair of regions. These quantities

can be individually defined and estimated similar to the stationary speactral density.

Locally Stationary: Following Kurisu (2022), the process {Zg, (s1,s2) : (s1,52) €
R?} is locally stationary if for each rescaled space point (ug,u2) € [0, 1]? there exists an

associated random field {Zy, u, (51, 82) : (1, s2) € R?} with the following properties:

(1) {Zuy s (51,82) ¢ (51,52) € R?} is strictly stationary for each (u1,ug) € [0, 1]2.

(ii) It holds that

1
+ koo
2 |5l

(s1,52)
|5l

75, (51582) = Z(uy up) (51, 82) |< k1 — (u1,u2)

for some positive constants k1 and ko. This is appropriate for modelling random field

continuously evolving over the space.

Under this set-up the spatially varying spectral density can be defined in terms of the

spectral density of the approximating process Z( In particular, let f,, ., be

uy,u2)*

the spectral density of the stationary process Z(,, .,), then the spectral density of the

original spatial random field is defined as

F(s1,52) (A15 A2) = F(s1,0) /15, (A15 A2)-
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Chapter 3: Test for Stationarity

In this chapter we consider a spatial random field Z observed over a M x N grid G originated
at (0,0), where the horizontal and the vertical spacing between the adjacent observations
is A. We want to test if the underlying random field Z is stationary, in particular we are

interested in testing the following hypothesis:

Hy: The random field Z is second-order stationary; vs.

H;: The random field Z is not second-order stationary.

Note that in this case, the nonstationarity in mean and covariance are not separable.
We assume the random field has a zero mean, so the field is not stationary if the covariance
structure of Z varies in space. This assumption is appropriate, for example, when we are
dealing with the residual field from a spatial regression model. We will construct a test
based on the maximal variation in spectral density, when comparing all adjacent half open
half closed rectangular region of size mA x nA in different directions.

In the sequel, we introduce the notation Zy, as the random field Z restricted in the
region W and fz, as the spectral density of the random field Zy,. Moreover we expand
the notations introduced in Section 2.5.1. Let W NG be a m x n grid with origin (o1, 02)

and spacing A. We write the periodogram ([2.6)) calculated using the observations from W

as Impg,m,n,A()\h )\2):

AQ m—1n—1
>N Z(o1 + Ap, 0y + Ag)exp(—iA(pAr + ¢A2))

101702’m’n»A()\17 >\2) — (
p=0 ¢g=0

27)2mn

(3.1)
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Let Ay n A wiwo to be the set of frequencies <2A7rf;1, 23{;2), where

n—1

Lo Lwa(n = (5D}

m—1

(Fus£2) = {lear = "= 1) Leonm = L2} x (-

Then the periodogram I,,,, A defined in (2.6) can be written as Ipgmna and the set
of frequencies A, , A in Section 2.5.1 can be written as A, A 11 under this expanded

notations.

3.1 The Spectral Difference Statistics

Let the function DY (s1,52) : R? 5 R be the integrated difference between the

m7n7A7w17w2

spectral density of the two adjacent regions W(C?l 52) A and W

(51,52),mm, A where d denotes

the direction of the comparison, (s1,s2) denotes the location of the comparison, A denotes

the spacing so that mA and nA are the side length of the regions:

d
Dm,n,A,wl w2 (517 ‘92)
w1 T woT
= 1z u (A A2) = f2 (A A2) | dAg de. (3.2)
—wW1T J —w2T (s1,82),m,n,A (s1,82),m,n,A

The frequency window for the integration is [—wim, w17 X [—wem, wor|,wi,we € [0,1]. If
wi,ws =1, Dfn A 11 can be used to study the spatial variation within the variance struc-

d

ture. To study the spatial variation of the covariance structure, we calculate Dy n Ao o
based on the comparisons along two orthogonal directions. For convenience, we let the two
orthogonal directions to be parallel to the two axes of the grid G, and call them horizontal
direction and vertical direction. Then, the regions for the horizontal comparison are defined

as:

hi _
(s1,82),m,n,A —

[s1 — mA, s1) X [s2,82 + nA)

ha _
(31352)7m7n7A -

[s1,81 +mA) X [s2, 52 + nA), (3.3)
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for (s1,s2) € [mA, (M —m)A] x [0, (N —n)A]. The windows for the vertical comparison

are defined as

Wt = [s1,81 + MmA) X [s2 — nA, s2)

(s1,52),m,m,A

w2 = [s1,81 + mA) X [s2, 82 + nA), (3.4)

(s1,82),m,n,A —

for (s1,s2) € [0,(M —m)A] x [nA, (N — n)A]. Therefore, the spectral difference statistics

can be defined as:

DmnAwl w2(81782)

/wUr /Luz7r (fZ hq (>\1a)\2) fZ whe ()\1,)\2)) d>\1d>\2 (3.5)

w1 wo T (51 s9),m,n,A (51 s2),m,n,A

fn,n,A,wl,wg (817 52)

/w17r /w27l' <fZ vy ()\17)\2) fZ W2 ()\1,)\2)) dAl dAg (36)

W1 J —waT Wis1.59),mon, Wis1,89)mom,A

Note that if the spatial process is stationary, then these differences should be zero as a func-

tion of (s1,s2) for any choice of (wy,ws) € [0,1]2. Therefore we will use these Dm N

for d € {h,v} to understand the spatial differences in covariance structure.

In practice we consider a sample version D where the spectral densities in

m,n,Awi,w2’
(3.2) are replaced by the periodograms calculated with the observations from the corre-
sponding regions, and the integration is replaced by appropriate averages. We define the

horizontal spectral difference statistic to be:

DmnAwl wg(sl’SQ)
DmnAwl,wg(ghg?)

1
:m Z [Ig1 mA,gg,mnA()\lv)Q) g1,g2,mnA()\17)\2)] (37)

(>\17A2)6Am,n,A,wl,w2
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where (g1,92) = ([s1], [s2]), therefore (g1, g2) € {mA, ..., (M —m)A} x{0,...,(N—n)A}.
Similarly the vertical spectral difference statistic is defined as:

Z%,n,A,wl,wg (817 52)

:Dzm,n,A,wl,wg (gla 92)

= Y a0 )~ LgaGi )], 39
(A1,A2)EAm Ay wy
with (g1,92) = ([s1],[s2]) € {0,..., (M —m)A} x {nA,..., (N —n)A}.
If the underlying random field is second-order stationary we should expect these statistics
to be small across the grid for all choices of direction d and frequency ranges determined
by w1 and wo, and should capture the spatial dynamics of the second-order structure if the

stationarity assumption is violated.

3.2 Asymptotic Properties of The Spectral Difference Statis-
tics

To develop statistical inference based on this spectral differences, we investigate the asymp-

totic properties of this process in this section.

Theorem 3.2.1. Let Z(s) be a Gaussian random field indexed by s € S where S is a

compact subset of R? and we observe Z on a a reqular M x N grid G with neighboring grid
points separated by A wunits in both horizontal and vertical directions. Assume that Z is

weak stationary with zero mean and auto-covariance function C'. Under the assumptions
(i) The auto-covariance function satisfies [ ||h|||c(h)| dh < co.

(ii) The fourth moment of the random field is uniformly bounded by an integrable function,

i.e., B(Z4(s1,s2)) < K(s1,82) for all (s1,s2) € G such that [ [ K(s1,s2)dsidsy < 0o

(iii) m,n — oo, and §; — c1, § — c2 for c1,c2 > 0.
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we have

A A d
{ vmnA |:D7}’Ln,n,A7w1,wg (s1,52), D;}n,n,A,wl,wg (s1, 32)} } - {Dil,m (s1,52), Dil,wg (s1, 52)} )

uniformly over (wy,ws, s1,52) € [0,1]2 x S, where {D&,lm(sl,32),]]])317“)2(51,32)}@17“}2781’82)

is a bivariate centered Gaussian process defined on [0,1]? x S with covariance kernel given

by equations[A.7]

Proof: To prove this result it is sufficient to show the following two claims (see Theorem

1.5.4 and 1.5.7 in Vaart and Wellner (1996))):

1. For every k € N, and any w§1),w§1)’ . ,w%’ﬂ}wék) € [0,1] and sy,s2,...,8; € 5,
Hh 1 1 1
DmynyAngl)ywél) (S( )) Du_)%l),w;l) (S( ))
. . 3 X
D:nvnyAWJ%l)#’ng) (S( )) Dw§1)7wél> (S( ))
vVmnA _d, (3.9)
- i X )
. i ; .
D;}m,n,A,wi’“),wg’“)(S( ) Dwgwwgk) (s™)

2. For every €, > 0, there exists § > 0 such that for large m,n, M, N the probability

h 1 h 2
Dm n,Aw D wl (S( )) - DnL n,Aw? w? (S( ))
P sup vmnA S R >n| <e
1 1 2 2 v 1 v 2
dg ((Wi L wsh 1), (w8 w§ )752))<5 Dm7n7A7w§1),wél)(s( )) - Dm,nvAngz),wgm (S( ))

(3.10)

where the norm dg is defined as in Theorem 1.5.4 in Vaart and Wellner (1996)).

To show (3.9)) it is enough to show that all cumulants of the random vector in the

left hand side of (3.9) converge to the corresponding cumulants of the vector in the right

hand side of the equation. Thus we have to show that for any wy, ws, ng ),wéj ) ¢ [0,1] and
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s,s) e §forj=1,2,...,1

E (f);fm A,wm(s)) = o(1), ford=h,u. (3.11)
d d d
cor (D5 @00 2O = Cliy o o o605, (312

where C’d(l) (1) (2 (2 1 as defined in equation [A.7, and
Wy Wy Wy T,Wa

cum (ﬁd (1) (1) (S(l)), “ e 7ﬁd i”wjél) (S(l))) - 0(1) (313)

m,n,Aw; 7w, m,n,A,w

for [ > 3. A detailed derivation of (3.11)),(3.12)) and (3.13)) are presented in the Appendix
ATl

To show ([3.10)) we note that it is sufficient to show the stochastic equicontinuity of each

component \/mnA]_A)h and \/mnAJjU separately. Moreover, we can write

~ 1
d
WADm,n,A,wl,wg (S> :WA Z Is1—mA,sg,m,n,A<)\lu A2)
()‘17)‘2)€Am,n,A,w1,w2

1
- /mnA Z Iy 50,mm,a (A1, A2)

()\1 7>\2)€Am,n,A,w1 ,wo

:Am,n,A(wlv w2, 51, 52) - Bm,n,A(wla w2, 81, 52)' (314)

Therefore it is sufficient to show the stochastic equicontinuity of the processes
{Amna(wi,ws, s1,52)} and {Bp, A (w1, w2, 51,52)}. We only present the proof for the first

summand in (3.14)). The proof for the second term can be shown analogously. Let

1 1 1 1
={0,—,..., 1 — — —ee, L ——
P {Oumu ) m}x{ovn) 9 TL}X

{mA,;2mA, ..., (M —m)A} x {nA,2nA, ..., (N —n)A}.
Note that with the choice of our frequency grid A, n A w, W, and spatial grid, it is again
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sufficient to show that
P ( Sup ’Am n, A wg)awél)a Sgl)a (1)) - Am n A(w?)? wé )7 8(12)1 Ség)) ‘) (315)

is small for large M, N where
Ba(5) = — () @) () (j) Pi—=1.21d 5
B( ) {xj = (wy,wy, 87,85 ) €P, ,2 | 5(xl,x2) < 0}

For this purpose let C'(u,dg, P) denote the covering number of P with respect to the semi-

metric dg and define the corresponding covering integral of P by

Jun (k) = /0’i [log (W)}Qdu

In lsubsection A.1.4l we show that

lim lim Jyn(k)=0 (3.16)

k—0 M,N—o0
k
E <mk/2nk/2Ak (A A(Q}%l),wé )7 Sg )78§1)) Am,n,A(W:EQ)awé ),832), g ))) )
k
< (@R [y ((@f s, s), @, s s8] (3.17)

for a constant C' > 0 and even integers k. It then follows by similar arguments as given
in Dahlhaus (1988) that the probability in (3.15) can be made smaller than every e >
0 by choosing 6 > 0 sufficiently small and M, N large enough, which proves stochastic

equicontinuity.

Remark 3.2.1. Note that the assumption of Gaussianity is strong, but wide used in mod-

elling geostatistical data. Our proofs and proposed methodology are also valid under a weaker
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assumption that for alll € N and all s1,89,...,81 € S,

> leum(Z(s1), ..., Z(s)))| < oo

S1,--,8]

3.3 Test Statistic

To test the second-order stationarity of the observed random field we consider this spectral
difference process. The main idea behind our proposed test is that this process is uniformly
small if and only if the covariance structure is stationary. If there is non-stationarity present,

then this process should be high at some spatial region and over some frequency range.

To this end we define the directional maximal difference statistics Tj\hj NomnA and
v .
Thg N, A 8BS

h _ Ah
TM,N,m,n,A - Sup ’Dm,n,A,wl,wg (817 82)‘ ) (318>
(s1,52),w1,w2

v —
TM,N,m,n,A - Sup
(81,82),w1,w2

f)}r}n,n,A,wl,wg (81, 82)‘ . (319)

In practice, M, N, A are usually given by the data, and we need to choose the window
size mA x nA. If we select m << M, n << N, then we are searching for the structural
breaks in a high resolution. While a smaller window can capture more local variation, there
will be less observations in a window and the estimation bias could be large. In addition, a
smaller window size leads to more comparisons, which could be computationally expensive.
To balance the estimation accuracy, computational cost and the detection sensitivity, we

define an overall maximal difference test statistics as:

T = max {\/mNAT]’\},N’m’N, s VMRATY vt A} . (3.20)

The motivation of this definition is to reject the null hypothesis when there exists a

break in covariance along any one of the comparison direction. When searching for breaks
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in the horizontal (vertical) direction, we set n = N (m = M) to include more observations,
averaging the dynamics across the orthogonal direction of our search direction. Therefore,
when conducting the horizontal (vertical) comparison, we only need to choose the value of

m(n), which depends on the actual covariance structure of the underlying field.

More insight about these choices are revealed observing a plot of lA?ff%n’ Awr ws (91,92)

with different m,n. This plot is termed disparity map, where higher values correspond to
more abrupt change in the local spectral density estimated by m x n observations. When
setting a small value for m,n, we can have some comparison results close to the boarders
of the field. If there exist clear hot spots or hot band, we can have some ideas about the

locations of potential boundaries and choose m,n accordingly.

3.4 Ciritical Value

To construct a statistical test based on the statistic (3.20)) we state the following Corollary

of Theorem [B.2.1]

Corollary 3.4.1. Under the assumptions of Theorem we have

T = max { VN AT} .. VMRATS g }

Dy, s (5)

1w ,max sup

S wiwa

D2, () \} ,

d
— D : = max ¢ max sup
S wiwz

where D! and D? are as defined in Theorem .

w1,w2 wi,w2

Proof. First note that the assumptions of Theorem [3.2.1] remains valid with the choice of
m = M or n = N. Thus arguments similar to the proof of Theorem and argmax

continuous mapping Theorem then guarantees the stated convergence. O

Remark 3.4.1. A closed form expression for the covariance kernel of (]D)L}JLM,D2 ) is

w1 w2
derived in the Appendiz[A.1.9
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Corollary and Remark provides us a way to construct an asymptotic level
« test for stationarity. The following result ensures the consistency of a test based on our

proposed statistic.

Theorem 3.4.1. Suppose the underlying random field is Gaussian and piece-wise stationary
with zero mean and covariance structure as in (2.10). Additionally assume (ii) and (iii)

from Theorem and

/ IBl|Cy(h)dh < 0, i,j=1,2,... K. (3.21)
0o 2

)

. Then we have T % oo.
Proof. The proof follows directly from Lemma O

To obtain the rejection region of the test of stationarity we simulate the quantiles
of D by simulating zero mean Gaussian processes D' and D? repeatedly. The steps of

implementation of our method are described in Algorithm 1.

Algorithm 1: Obtain the reject region
Result: Reject region [Up, x|, [Uy, 0], [Unaz, ]

Simulate D, (g1, g2) for
g1 € {o1+mA,...;00+ (M —m)A}, g2 = 02,w1,ws € {0.1,...,1} 10,000 times;
Compute the 95% percentile Uj, of maxy, g, maxy, w, ‘]D)ihwz (91,92)| based on the
simulated data;
Simulate D2, (g1, 92) for
g1 =01,92 € {oa +nA,...,00+ (N —n)A},wi,we € {0.1,...,1} 10,000 times;

Compute the 95% percentile U, of maxgy, g, maxy, w, ‘]D)ilm (g1, gg)’ based on the

simulated data;

Let Upaz = max{Uy, U, };
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We then reject the null hypothesis if the test statistics T is above the simulate crit-

ical value Uz, and accept it otherwise. Additionally if vmNT ]}\Z/[Nm na > Up ( or

VMnTy nyna > Uy), that indicates there exists breaks in the horizontal (or vertical)

direction.

3.5 Simulation

We evaluate the performance of the proposed test under different settings. Let Exp(o?,1)

\/h2+h3

stands for the exponential covariance: C(hy, hy) = o2 exp(—Y——2), and Gauss(c?,1)

A visualization of the

2 2
stands for the Gauss covariance: C(hy,hs) = o2 exp(—hﬁ%).

stationary covariance models used in the simulation can be found in Figure 3.1

Covariance

0 5 10 15 20
Distance

Model — Exp(1,1) — Exp(1,1/3) — Exp(1,3) — Exp(3,1) — Gauss(1,1)

Figure 3.1: Stationary covariance models for the simulation.
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For evaluating type I error, we generate equi-spaced data with A = 1 from a sta-
tionary zero-mean Gaussian random field with covariance Exp(o?,l) with M = N =
20, 40, 80, 160, 320. For each scenario, m and n, the side lengths of the windows are 1/10,
1/5, 2/5 of the corresponding M and N.

We consider two types of nonstationarity in the power evaluation: (1) piecewise sta-
tionary with abrupt change and (2) gradual change in covariance structure. For (1), we
assume the simulated random field consists of two stationary sub-fields that are mutually
exclusive and independent. For (2), we consider the covariance function developed in C. J.
Paciorek and Schervish (2006)), and the exact form we use is the same as the model NS1 in

the Bandyopadhyay et al. (2016]), which is:

s 1/4 S 1/4) 4 s S —-1/2
Crstors) =| 5D | |52 || S+ 22| el yfators. (22
where | - | denotes the determinant of a matrix, s = (s1, s2) € R?,
p(s1) = 2051 = 22) 19C) + 5] (51— s2), (3.23)
5y (8 S\t
() =TCArC)", (3.24)
F(E) _ Y1(s/p) —2(s/p) (3.25)
P\ als/p)  m(s/p)
10
A= : (3.26)
0 1/2
71(s/p) = log(s1/p +0.75), (3.27)
n2(s/p) = (s1/p)* + (s2/p)*. (3.28)
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Figure 3.2: Visualizations of 71 and 7, in the definition of Cpg, which result in a covariance
structure that vary smoothly in the horizontal and anti-diagonal direction

The data are generated from the models below with M, N = 20, 40, 80, 160 on a regular

grid:

e (NS1) The two sub-fields are separated by a horizontal boundary in the middle. Both

sub-fields are zero-mean Gaussian random fields, with different covariance Cy and Cs.

e (NS2) The two sub-fields are separated by a diagonal boundary. Both sub-fields are

zero-mean Gaussian random fields, with different covariance C7 and Cs.

e (NS3) The field is a zero-mean Gaussian random field with the nonstationary covari-
ance Cpg, with p = M = N. The covariance structure has a gradual change in the

horizontal and anti-diagonal directions.

The simulation settings and the results are summarized in Table B.I] - B.3] where Re-
jection Rate (RR) H, Rejection Rate (RR) V, and Rejection Rate (RR) Max stand for
the frequency of rejecting the null hypothesis based on the horizontal comparison, vertical

comparison, and the test statistics T in each scenario. We set the critical value to be the
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maximum of the Uy and U, as defined in Algorithm

In Table the rejection rate reflects the type I error of the test. The model S1, S2
and S3 differ in the range parameter, and they are visualized in Figure[3.1} For fixed values
of M and N, the rejection rates from the horizontal comparison and vertical comparison
get closer to 0.05 , and the rejection rates for 1" get closer to 0.0975 as m and n increase.

In Table and Table the rejection rate reflects the power of the test. For fixed
values of M and N, all the rejection rates increase to 1 as m and n increase, though the
power is quite low in scenario 37-48. The reason for the low power may be that Fxp(1,1)
and Gauss(1,1) are similar in shape, as can be seen in Figure The fields generated in
scenario 25-36 are the same as those in scenario 37-48, except the covariance of the subfields
are changed. Fxp(3,1) and Fxp(1, 1) are quite different in shape, and the rejection rates are
much higher that those in scenario 37-48. In scenario 1-24, the two sub-fields are separated
by a vertical boundary, therefore the rejection rate based on the horizontal comparison is
much higher than the rate based on the vertical comparison. When the covariance changes
smoothly in space rather than having breaks as in Table the power is lower, but still

goes to 1 as the window size increases.
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Table 3.1: Stationary scenarios for type I error evaluation

Scenario Model Covariance Model M, N m,n RRH RR V RR Max

1 S1 Exp(1,1) 20 2 006 006 0.11
2 s1 Exp(1,1) 20 4 004 004 007
3 S1 Exp(1,1) 20 8 006 006 0.10
4 s1 Exp(1,1) 40 4 004 004 007
5 s1 Exp(1,1) 40 8 007 007 011
6 S1 Exp(1,1) 40 16 0.07 0.07 0.2
7 S1 Exp(1,1) 80 8 006 006 0.11
8 s1 Exp(1,1) 80 16 0.07 0.06 0.3
9 S1 Exp(1,1) 80 32 008 006 0.13
10 S1 Exp(1,1) 160 16 0.07 006 0.12
11 s1 Exp(1,1) 160 32 006 008 0.13
12 S1 Exp(1,1) 160 64 007 007 0.14
13 S1 Exp(1,1) 320 32 008 007 0.14
14 s1 Exp(1,1) 320 64 0.07 006 0.3
15 S1 Exp(1,1) 320 128 0.07 007 0.13
16 S2 Exp(1,3) 20 2 013 014 022
17 S2 Exp(1,3) 20 4 011 012 0.18
18 S2 Exp(1,3) 20 8 009 009 0.14
19 S2 Exp(1,3) 40 4 013 013 022
20 S2 Exp(1,3) 40 8 011 011 0.8
21 S2 Exp(1,3) 40 16 009 008 0.14
22 SP) Exp(1,3) 8 8 011 011 0.8
23 S2 Exp(1,3) 80 16 0.09 009 0.5
24 S2 Exp(1,3) 80 32 008 008 0.4
25 S2 Exp(1,3) 160 16  0.09 0.09 0.17
26 S2 Exp(1,3) 160 32 008 007 0.14
27 S2 Exp(1,3) 160 64 0.07 0.07 0.13
28 S2 Exp(1,3) 320 32 008 008 0.15
29 S2 Exp(1,3) 320 64 007 007 0.13
30 S2 Exp(1,3) 320 128 0.06 0.06 0.12
31 S3 Exp(1,1/3) 20 2 0.00 000 001
32 S3 Exp(1,1/3) 20 4 000 000 0.00
33 S3 Exp(1,1/3) 20 8 001 001 003
34 S3 Exp(1,1/3) 40 4 000 000 0.00
35 S3 Exp(1,1/3) 40 8 001 001 0.02
36 S3 Exp(1,1/3) 40 16 0.03 004 0.06
37 S3 Exp(1,1/3) 80 8 000 001 001
38 S3 Exp(1,1/3) 80 16 0.03 0.03 0.5
39 S3 Exp(1,1/3) 80 32 0.05 005 0.09
40 S3 Exp(1,1/3) 160 16  0.03 0.02 0.5
41 S3 Exp(1,1/3) 160 32 004 0.04 0.09
42 S3 Exp(1,1/3) 160 64 0.06 0.05 0.10
43 S3 Exp(1,1/3) 320 32 004 004 007
44 S3 Exp(1,1/3) 320 64 0.05 0.05 0.09
45 S3 Exp(1,1/3) 320 128 0.06 0.06 0.11
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Table 3.2: Nonstationary scenarios: sharp change in covariance

Scenario Model Covariance Model M;,N m,n RRH RRV RR Max
1 NS1 €y = Eap(1,1),C = Ezp(3,1) 20 2 051 002 051
2 NSI Oy = Eap(1,1),Co = Exp(3,1) 20 4 0.63 005 0.64
3 NS1 Oy = Ezp(1,1),Co = Ezp(3,1) 20 8  1.00 017 1.00
4 NS1 Cy = Ezp(1,1),Cy = Ezp(3,1) 40 4 0.94 0.11 0.94
5 NSl Oy = Exp(1,1),C> = Ezp(3,1) 40 8  1.00 024 1.00
6 NS1 Oy = Exp(1,1),C> = Ezp(3,1) 40 16  1.00 027 1.00
7 NSL Oy = Eap(1,1),Co = Exp(3,1) 80 8 100 0.4 1.00
8 NS1 Oy = Ezp(1,1),C2 = Ezp(3,1) 80 16 1.00 018 1.00
9 NS1 Oy = Exp(1,1),C> = Ezp(3,1) 80 32 1.00 0.8 1.00
10 NS1 Oy = Ezp(1,1),C2 = Ezp(3,1) 160 16 099 0.02  0.99
11 NS1 Oy = Exp(1,1),C> = Ezp(3,1) 160 32  1.00 0.02 1.00
12 NS1 Oy = Exp(1,1),C> = Ezp(3,1) 160 64  1.00 0.03 1.00
13 NS1  Cy1 = Ezp(1,1),C2 = Gauss(1,1) 20 2 0.12 0.03 0.15
14 NS1 Oy = Ezp(1,1),0s = Gauss(1,1) 20 4 008 0.02  0.09
15 NS1 Cy = Ezp(1,1),C2 = Gauss(1,1) 20 8 0.34 0.09 0.39
16 NS1 €y = Eap(1,1),C2 = Gauss(1,1) 40 4 011 001 0.11
17 NS1 Oy = Ezp(1,1),0s = Gauss(1,1) 40 8 054 011  0.58
18 NS1 Cy = Ezp(1,1),Cy = Gauss(1,1) 40 16 0.98 0.15 0.98
19 NS1 ) = Exp(1,1),Cs = Gauss(1,1) 80 8 055 005 0.55
20 NS1 C1 = Ezp(1,1),C2 = Gauss(1,1) 80 16 1.00 0.08 1.00
21 NS1 Cy = Ezp(1,1),C> = Gauss(1,1) 80 32 1.00 0.10 1.00
22 NS1 ) = Exp(1,1),Cs = Gauss(1,1) 160 16  0.99  0.02  0.99
23 NS1 Oy = Exp(1,1),Cs = Gauss(1,1) 160 32 1.00 0.02 1.00
24 NS1 Cy = Ezp(1,1),C3 = Gauss(1,1) 160 64 1.00 0.04 1.00
25 NS2 Oy = Exp(1,1),C2 = Ezp(3,1) 20 2 031 008 0.36
26 NS2 Oy = Eap(1,1),C = Ezp(3,1) 20 4 025 005 0.28
27 NS2 €y = Exp(1,1),C = Ezp(3,1) 20 8  0.67 054 0.84
28 NS2 Oy = Ezp(1,1),C> = Ezp(3,1) 40 4 037 006 0.39
29 NS2 Oy = Exp(1,1),C = Ezp(3,1) 40 8 080 057 0.90
30 NS2 Oy = Ezp(1,1),C2 = Ezp(3,1) 40 16 099 096 1.00
31 NS2 Oy = Exp(1,1),C2 = Ezp(3,1) 80 8 058 028 0.68
32 NS2 Oy = Exp(1,1),C, = Ezp(3,1) 80 16  1.00 099 1.00
33 NS2 C1 = Ezp(1,1),C2 = Exp(3,1) 80 32 1.00 1.00 1.00
34 NS2 Oy = Exp(1,1),0s = Ezp(3,1) 160 16 056 040  0.71
35 NS2 Oy = Exp(1,1),C> = Ezp(3,1) 160 32  1.00 1.00 1.00
36 NS2 Oy = Exp(1,1),C2 = Ezp(3,1) 160 64 1.00 1.00 1.00
37 NS2 €y = Eap(1,1),Co = Gauss(1,1) 20 2 012 003 0.13
38 NS2 Cy = Ezp(1,1),C> = Gauss(1,1) 20 4 0.08 0.01 0.08
39 NS2  Cy = Ezp(1,1),Cy = Gauss(1,1) 20 8 0.14 0.06 0.19
40 NS2 Oy = Exp(1,1),Cs = Gauss(1,1) 40 4 009 001 0.0
41 NS2 €y = Eap(1,1),Cs = Gauss(1,1) 40 8 016 006 021
42 NS2 €y = Eap(1,1),Co = Gauss(1,1) 40 16 0.9 0.12  0.28
43 NS2 Oy = Eap(1,1),Cy = Gauss(1,1) 80 8  0.10 0.02 0.1
44 NS2 Cy = Ezp(1,1),C> = Gauss(1,1) 80 16 0.11  0.05 0.15
45 NS2 Oy = Exp(1,1),0s = Gauss(1,1) 80 32 0.15 0.09 022
46 NS2 Oy = Exp(1,1),Cs = Gauss(1,1) 160 16  0.02 0.0l  0.03
A7 NS2 Oy = Exp(1,1),Cs = Gauss(1,1) 160 32 003 0.02  0.04
48 NS2 €y = Eap(1,1),Cy = Gauss(1,1) 160 64 0.0 0.04  0.12
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Table 3.3: Nonstationary scenarios: graduate change in covariance

Scenario Model Covariance Model M; N m,n RRH RR V RR Max

1 NS3 Cps 20 2 0.04 005 0.11
2 NS3 Cps 20 4 0.056 0.05 0.09
3 NS3 Cps 20 8 0.14 012 0.23
4 NS3 Cps 40 4 0.05 0.05 0.09
5 NS3 Cps 40 8 0.14 012 0.24
6 NS3 Cps 40 16 0.50 035 0.65
7 NS3 Cps 80 8 0.07 0.07 0.13
8 NS3 Cps 80 16 0.31 021 0.44
9 NS3 Cps 80 32 097 084 1.00
10 NS3 Cps 160 16 0.07 0.05 0.10
11 NS3 Cps 160 32 0.57 037 0.68
12 NS3 Cps 160 64 1.00 1.00 1.00
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Chapter 4: Spatial Partition

When the test in Chapter [3] suggests the data are from a nonstationary random field, the
spectral difference statistics defined in Section [3.I]may be used to locate the potential breaks
and partition the nonstationary random field into several stationary sub-fields.

Suppose there is a piecewise stationary zero-mean random field Zg consists of K
non-overlapping second-order stationary sub-fields Zg,, ..., Zg,. The boundaries between
S1,...,SK defines the partition and the covariance structure is given by . We assume
that K is minimal in this representation in the sense that Zg cannot be partitioned into
fewer stationary sub-fields. In this chapter, we still assume the field Zg is observed over a
regular grid G with spacing A. We also assume that Si, So, ..., Sk have linear boundaries.

The partition procedure consists of two steps. In the first step, we create an initial
partition by an iterative search. In the second step, we reduce the number of regions in the
initial partition by combining the connected regions with similar spectral densities. This
two steps procedure is motivated by Pope et al. (2021) and image segmentation algorithms
based on clustering the super-pixels (see a review in Cong et al. (2018)). The proposed

spatial partition procedures are summarised in Algorithm [2] and Algorithm

4.1 Initial Partition

The first step of the algorithm is to find all possible boundaries within the random fields,
creating an initial partition of Ky non-overlapping rectangular sub-fields, such that each the
sub-field is second-order stationary. The boundaries between the sub-fields are selected by
the spectral difference statistics in Section We use a tree-like iterative search procedure
where we conduct the horizontal comparison and vertical comparisons alternatively in each
of the sub-regions created in the previous iteration, and declare new potential boundaries at
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coordinates where the value of spectral difference statistics exceeds a data-driven threshold.
In order to pick up a single boundary we use a max-suppression procedure commonly used
in time-series change point detection literature such as Preuss et al. (2015). This picks
up a boundary where the spectral difference statistics is largest first, and set value of the
statistics at near-by locations to be 0 in order to prevent over-identifying boundaries. In
each iteration, we create a finer partition, and we will stop when we cannot further partition
the field based on the rules defined in Algorithm

In algorithm [2] given a rectangular region S let M}, and Ny, respectively be the numbers
of horizontal and vertical coordinates in S, NG , O = (oi,02) be the origin (bottom-left
corner) of Si, m (n) be the parameter that controls the horizontal (vertical) side length of
the windows for comparison as in equation (3.2

During an iteration in Algorithm [2| adding .J; elements in B} = {b%, .. .,b"}k} means

partitioning Sj into Jip+1 sub-rectangles separated by the vertical boundaries defined by Bg.
Similarly, when Jj, elements are added to By = {b},... ,bf}k} it corresponds to partitioning

Sk into Ji, + 1 sub-regions separated by the horizontal boundaries defined by Bj.

The consistency of this partitioning algorithm has been investigated in
In particular, Theorem guarantees that for appropriate choice of the threshold, the
probability of picking all the coordinates along which there is a boundary converges to 1,
and picking any wrong partition converges to 0. Although in practice it will in fact give us
the coordinates of the partition along each direction, rather than the actual partition lines.
So we are expected to do a over-partitioning using this algorithm, which is later rectified

by the merging algorithm.
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Algorithm 2: Create the initial partition

Result: P={S;},k=1,..., Ky
Set the initial partition to be P = {S1}, where S1 = S, Ko =0 and K, = 1;
while ming M} >= m, ming N, >=n, K; > Ky do
Set Ko = K}, and Bl = B} = {);
fork=1...,K, do
for g1 = o}, + mA, ..., 0. + (M, —m)A do
Let g1 € Bl if (mN,A2)Y SUD,,; o ﬁTI}%NmA’M’wQ (g91,0%) > EZ,Nk,A(glvoz)Q
end

while B} # () do

Include b = arg Max, ¢ gh SUPy, w, DZMVMAM’W2 (91,0%) into BY and
eliminate {b" —m + 1,b" +m — 1} from B;

end

end

Set K, = 1 (Jp + 1) and BY = By = 0# current P = {Sy,..., Sk, };

for k=1,..., K, do

for g» = 02 + nA,...,0r + (Mg — n)A do

‘ Let g2 € B} if (MpnA?)Y SUD,,; s IA)X/[MMAMIMQ(O}C,QQ) > EIMk,n7A(O,1€,gz);
end

while B} # () do

v o v 1 : v
Include b = arg maxy,c gv SUP,, wy, Dl 0. A w1 ws (O 92) Into B3 and

eliminate {b* —n + 1,0 + n — 1} from BY

end

end

Set K}, = ZkKil(Jk + 1)# current P = {S1,..., 5k, };

end

33



4.1.1 Choice of parameters

e The algorithm requires choosing a tuning parameter v € (0,0.5], which controls de-
tection sensitivity. A smaller value of v suppresses partitioning, while a larger value
promotes partitioning. v = 0.4 is recommended in Preuss et al. (2015)) in a time series
context. We use v = 0.5 in all simulations to be a little more aggressive when picking
up potential boundaries, and we rely on the additional merging step to guard against
over-partition. In practice, this parameter can be set on a case by case basis based

on the data.

e The algorithm also requires specification of the comparison window size, namely m
and n. A large value of m,n prevents the generation of small sub-fields, but may
miss the breaks that are close to the boarders. We can use the proposed test and the
disparity map to help selecting these values. If the test rejects the null hypothesis
when m = mg,n = ng, that not only indicates the second-order characteristics of the
field may vary across space, but also tell us the potential boundaries may be picked up
when m = mg,n = ng, hence we could use them as the parameters for partition. We
can also plot the disparity map with m = mg,n = ng to see if the partition generated

by Algorithm [2] makes sense.

e We use a data driven threshold for comparing the spectral difference statistic to pick
potential partition location. The horizontal comparison threshold e’ﬁnn Alg1,92) is

defined as:

M,
(01, 02) = ¢ Wi s log (). (@)

— _1 At 2
Where %17927m7n7A = 9mn (271')47’?’7,2712 Z)\17>\2 [IWghll,gz,nL,n,AUWghf,gQ,'m,n,A ()\1, )\2)} . FOI‘ the

vertical comparison threshold €, Al(g1,92) we define:

Ny
va,n,A(glaQQ) = \/2Vg1,gz,m,n,A log <n)’ (4.2)
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_ 1 At 2
where Vo, g.mn.8 = gum @myimzn? 2wy owez - (An A9)]". The form

of the thresholds is motivated by Preuss et al. (2015) and Fan (1996).

4.2 Merging Regions with Similar Spectral Density

The initial partition gives us rectangular region, some of which may still have same co-
variance structure. Now these K sub-regions created in the initial partition can be
treated as the data for clustering, where each cluster contains some connected sub-
regions and the procedure can be thought of as merging the sub-regions one by one in
Ky — 1 steps as in an agglomerative hierarchical clustering. In Algorithm [3] the input
at step r is P" = {P[,k = 1,...,Ko}, where each element P is a set of some sub-
regions from Si,k € 1,...,Ky. In particular, at step 1, the set of elements to cluster

is PL={P! = {S¢},k=1,..., Ko}, where Sy, € P is defined in Algorithm
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Algorithm 3: Hierarchical clustering

Result: The cluster assignment at step r: P" ={P}}, k=1,..., Ko,
r=1,...,Kg—1
Calculate the set of largest pairwise integrated periodogram difference
PD = {6;}, where

sup S Ig;(M ) — I, (A1, Ae)

w1,w2€(0,1] AM N, A wy wy

5o 1
Ik T MINA2

for j,k=1,..., Ko, where M = max M;, N = max N, for j =1,..., Ko;

Create a set £ = {ejr,j,k=1,...,Ko}. ej is 1 if S; and Sj, are connected, and is
0 if not;

Create a set d = ();

forr=1,...,Kgp—1do
Find a pair of j, k such that e;; = 1, and J;; is the smallest value in PD, let

Pitt = prtt = PrU P, BT = Py for L # g k;
Eliminate d; and d ; from PD;
Add d, = 0, to d;

For all P/ containing regions connected to some regions in P; or Py, set ey jr,

ejiir, €t jr, €pr v to be 1 for all ¢, j', k' such that Sy € P!, Sy € Pr, Sw € P[;
end

Create a dendrogram to visualize the clustering results, where each leaf node is a
region in the initial partition, and the merge at step r» happens when the height

axis takes the value d;;

Create a scree plot by plotting d,. against r;
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In this algorithm, the connected regions are merged based on a similarity measure-
ment determined by the average difference in spectral density. This merging can be
visualized by a dendogram. The appropriate number of cluster is chosen using the knee of
a scree plot.

Another more objective way of choosing the number of clusters is using the gap statistic
as defined in Tibshirani et al. (2001). However we need to modify the original definition
proposed by Tibshirani et al. (2001) where we treat the sub-regions from the initial
partition as observations. Other forms of the gap statistics such as Mohajer et al. (2010))
can also be used. Once we have the cluster dendogram we use the following algorithm to
choose the number of clusters. The dendogram is then cut accordingly to produce the final

partition.
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Algorithm 4: Gap statistics

Result: K clusters to retain

Let U" = {U/,l =1,...,r} be the set of unique elements in PKo=7+1;
forr=1,..., Ky do

Calculate W, = >, ﬁf\Dl’ where D; = Zj’k. st. ;.SkEUT 5 ks
Calculate the gap statistics:

1

=5 log(W7,) — log(1V:),
b

=1,..,B

Gap(r) = Ej; (10g(W}) ) ~ log(W;)

where E}, (log(W?)) is the average of B copies log(W}), each of which is
computed from a Monte Carlo sample I, ..., Ik, drawn from the reference
distribution;

1/2
Calculate sd, = [% szlw,B[log(W;’) — E (log(Wrb))]Q} and define

ST:de/l—k%;

end
Choose the number of clusters K to be

K = smallest r s.t. GD(r) = Gap(r) — Gap(r + 1) + sp41 > 0;

To generate Iy,...,Ix,, we follow the following steps. Let X to be a Ky x J ma-

trix, where J = M N. The entries X}, ; has the value Ig, (\;), where A; is the jth element
in Ay N,Awr we- Let Y be the normalized X by subtracting the column mean X from each

column. Then we compute the singular value decomposition Y = UDVT. Let Y/ = YV,

and then draw I’ uniformly over the ranges of the columns of Y’. Finally, we compute

I=IVT + X, and the sample I;,,k=1,..., Ky in Algorithmis the kth row of I.
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4.3 Simulation

We investigate the performance of spatial partitioin algorithms in Section 5 in the above

nonstationary scenarios NS1, NS2, NS3, and also

e (NS4) The two sub-fields are separated by a square-shaped boundary in the middle,
and the side length of the boundary is the half of the side length of the whole field.
Both sub-fields are zero-mean Gaussian random fields, with different covariance C4

and Cs.

We set M = N = 150, m = n = 32 in all the scenarios.

4.3.1 Rand Index

We generate 100 sets of observations from the non-stationary models NS1, NS2 and NS4
to see how well our method performs on average. We assume we know the correct number
of sub-regions and cut the dendrogram accordingly. To evaluate the performance, we use
the Rand index, which is a measure of the similarity between two cluster assignments. It
takes value in [0, 1], and a value greater than 0.65 means moderate agreement and a value
of 1 means perfect agreement. In each repetition, we compute the rand index between the
true cluster assignment and the cluster assignment given by our algorithm. The averaged
rand index in each scenario is presented in Table f.I We can see that when the linear
boundaries are orthogonal to the searching directions, the method picks up the correct
boundaries most of the time. However, in NS2, where the boundary is not orthogonal to

the searching directions, the method can only approximate the true boundary.
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Table 4.1: Rand Index

Scenario M,N m,n Averaged Rand Index

NS1 150 8 0.50
NS2 150 8 0.51
NS4 150 8 0.79
NS1 150 16 0.88
NS2 150 16  0.54
NS4 150 16  0.83
NS1 150 32 1.00
NS2 150 32 0.66
NS4 150 32 0.96

4.3.2 Visualization of Results with One Repitition

In this subsection, we generate one set of observations from each scenarios and visualize
the partition results in Figure The number of sub-regions in the final partitions are
picked manually based on checking the dendrograms. We can see that in the case of abrupt
change, the boundary selected by the proposed method is closed to the correct one. While
in the case of graduate change, our method provides a piecewise stationary approximation
to the original field and the location of the boundaries seems to have the clearest change in

covariance.
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Figure 4.1: S1: Stationary random field with Exp(1,1) covariance. M = N = 150, m =
n = 32. Critical value U = 0.28. Test statistics 7 = 0.24. The proposed test fails to reject
Hy.
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Exp(1,1), Co = Exp(3,1), M = N = 150, m = n = 32. Critical value U = 0.55. Test
statistics 7 = 3.55. The proposed test rejects Hyp.
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Figure 4.3: NS2: Nonstationary random field with a boundary in the anti-diagonal direction.
Cy = Exp(1,1), Co = Exp(3,1), M = N = 150, m = n = 32. Critical value U = 0.61. Test
statistics 7 = 1.28. The proposed test rejects Hyp.
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Figure 4.4: NS3: Nonstationary random field with a gradually changing covariance Cpg.
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Figure 4.5: NS4: Nonstationary random field with a squared shape boundary. C7 =
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Chapter 5: Irregular Spaced Data

In the previous chapters, we assume the field Z is observed on a grid. However, regular

spaced data are not always available. Following Section [2.5.2] we assume Z is observed at
7= {s; = (s} S j) [0,L1] x [0, La],7 = 1,2,...,J}. In this chapter we extend the methods

developed in the previous chapters to handle such irregular spaced data.

5.1 Test for Stationarity

Recall that for observations on a regular grid, our proposed test in Chapter [3| requires

comparing of spectral densities using a moving window method, such that the regions in
comparison (I/V(C?1 s2)mm,A and W(51 s2)mm A) are the regions covered by a moving mA xnA
window placed at one step away from (si,s2) and just at (s1,s2). The window moves A

along direction d each time and it always has an observation at its origin.

For a random field observed over a general set of locations, we analogously define A as

Lo]

the step size of the moving window. Let M = (LAH ,N = , and we still use a half open

half close window of size mA x nA as defined in (3.3) and (3.4). A general version of the
periodogram as defined in Section is given by:

2

m”A Zz 51, 52) exp(—i(sihr + 52M2)) | (5.1)

ISl,SQ,m,n,A()\l, )\2) 2J2

where J is the number of observations in the region covered by the window. Notice that
when the observations are indeed on a regular grid with spacing A, (5.1)) is exactly same
as (2.6). With this extended notation, the quantities needed in the rest of the testing

procedures can be written in the same form as in Chapter
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In particular, the horizontal spectral difference statistics for irregular spaced data is

defined as:

~

~h h
Dm,n7A7W1,w2 (s1,52) :Dm,n7A7W1,w2 (91, 92)

1
:m Z [Ig1fmA,92,m,n,A()\1, )\2) - Ig1,927m7”’A()‘1’ )\2)] ’
(A1,)\2)€Am,n,A,w1,w2

(5.2)

where (g1,92) = ([s1], [s2]) € {mA, ..., (M —m)A} x {0,...,(N —n)A}. The vertical
spectral difference statistic is similarly defined as:

v

m,n,A,w1,w2 (317 52) :D%,mA,wl,wg (917 92)

1
:m Z [Ighggan,m,n,A()\lv )\2) - Igl,gg,m,n,A()\lv )\2)] ;

(>\1 7)\2)€Am,n,A,w1 ;w9

(5.3)

where (g1,92) = ([s1], [s2]) € {0,..., (M —m)A} x {nA,...,(N —n)A}. The directional

maximal difference statistics Tj\fjf Nmna and Ty o A are:

h Nh
T vomma = S0 | D sy en(s152)] (5.4)
(s1,82),w1,w2
Tirvomms = S0 | D syan(s152)]. (5.5)

(s1,52),w1,w2

And the overall maximal difference test statistics is:

T = max {\/mNATJQ Nanv.as VMRATY o A} . (5.6)

To conduct the test, we also need the distribution of 7. However the asymptotic distri-
bution of this quantity is dependent on the distribution of the points on which the random
field is observed.

In practice, the number of observations J is known, and we need to choose A and m, n.
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The choice of A is difficult, because it controls the window size and the step size. A smaller
value of A leads to a smaller window, so less observations will be available for estimating the
local spectral density and there may exist empty cells. There will also be more comparisons,
which may be computationally expensive. A bigger window, however, may miss the local
variation and the variation around the boarders. The choice of m, n faces a similar trade-off.
In addition, the computation is much slower in this case, because we cannot make use of
the fast Fourier transformation to calculate the periodogram.

We investigate the performance of the test by two simulations. In both scenarios, the
locations are i.i.d from a two dimensional uniform distribution Uniform[0, 20) x [0,20). The
step size A is chosen to be 1. The testing procedure follows Algorithm [1} Since we have
not derived the asymptotic distribution yet, we generate the critical values Uy, U,, Uz by
assuming the observations are on a regular grid with spacing A.

In S1 (see Table , the underlying field is stationary, so the rejection rates reflect the
size of the test. We observe that as observations get denser (increasing .J), or the window
gets larger (increasing m,n), the rejection rates reduce. However, comparing the results
with the regular spaced data case (S1 in Table, the type I error seems to be much higher
in this case. This is not surprising due to the wrong specification of the null distribution.

The scenario NS1 here is similar to NS1 in Chapter [3| The power of the test is reflected
by the rejection rate in Table which indicates the test has a high power in this case
as the null hypothesis is rejected in all the 1,000 repetitions using level & = 0.05. The
decreasing type I error and high power indicates a similar rate of convergence as the regular
grid case, however the results suggest the asymptotic distribution is probably different than

the one derived in Theorem [B.2.1]
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Table 5.1: Stationary scenarios

Scenario Model Covariance Model M, N J m,n RRH RRYV RR Max

1 S1 Exp(1,1) 20 400 2 0.97 097 0.99

2 S1 Exp(1,1) 20 1600 2 0.44 0.42 0.64

3 S1 Exp(1,1) 20 6400 2 0.16 0.15 0.28

4 S1 Exp(1,1) 20 400 4 0.93 093 0.98

5 S1 Exp(1,1) 20 1600 4 034 038 0.54

6 S1 Exp(1,1) 20 6400 4 0.13 0.14 0.24

7 S1 Ezxp(1,1) 20 400 8 0.82 080 0.95

8 S1 Exp(1,1) 20 1600 8 0.29 0.29 0.44

9 S1 Exp(1,1) 20 6400 8 0.11 0.12 0.20

Table 5.2: Nonstationary scenarios

Scenario Model Covariance Model M,N J m,n RRH RRYV RR Max
1 NSl  Cy = Exp(1,1),Cs = Ezp(3,1) 20 400 2 .00 1.00 1.00
2 NSl  Cy = Ezp(1,1),Co = Exp(3,1) 20 1600 2  1.00 1.00 1.00
3 NS1 Cy = Ezp(1,1),Ce = Exp(3,1) 20 6400 2 1.00 1.00  1.00
4 NSl  Cy = Exp(1,1),Cy = Ezp(3,1) 20 400 4 .00 1.00 1.00
5 NS1 C1 = Ezp(1,1),C2 = Exzp(3,1) 20 1600 4 1.00 1.00 1.00
6 NS1 Cy = Ezp(1,1),C> = Exp(3,1) 20 6400 4 1.00 1.00  1.00
7 NS1 C1 = Ezp(1,1),C2 = Ezp(3,1) 20 400 8 1.00 1.00  1.00
8 NS1 C1 = Ezp(1,1),C2 = Exzp(3,1) 20 1600 8 1.00 1.00 1.00
9 NS1 Cy = Ezp(1,1),C> = Exp(3,1) 20 6400 8 1.00 1.00  1.00
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Chapter 6: Applications

To illustrate our methods, we apply them to two datasets. Both datasets consist of regular-

spaced data, and are publicly available online.

6.1 ERA5 Wind Data

The first dataset is from the ERAS climate dataset (Hersbach et al. (2018))). In specific, we
consider the hourly data of the V-component of the wind (horizontal speed of air moving
towards the north, in metres per second) at the pressure level 300 hPa in December 2019
from the geographical region over 150°W-180°W in longitude, 60°N-30°S in latitude. The V-
component of the wind, also known as the meridional flow is associated with more amplified
troughs and ridges than the zonal flow (air moving towards east), and is indicative of the
pole-ward transport of heat and the equator-ward transport of cold air. The more amplified
the troughs and ridges are (i.e., the more meridional the flow is), the more extreme the
associated weather tends to be. For example, heat waves and droughts typically occur under
amplified upper-tropospheric ridges, while cold air outbreaks, clouds, and precipitation are
frequently associated with various sectors of strong troughs. Understanding the meridional
wind on this region help predict the occurrence and strength of El-Nino over Pacific coast.

In this analysis we retain the observations on each day at 12:00 PM and take the average,
so at each location we only have up to one averaged value. There are 121 x 361 observations,
and the adjacent observations are 0.25 degree away in longitude or latitude. We estimate
the mean of the data using two linear models. Model 1 only has an intercept term, so
the residuals are the demeaned averaged hourly wind data. In model 2, the longitude and
latitude are included as independent variables. The residuals from the models are visualized
in Figure [6.1
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The mean structure of the field for the demeaned data seems to be nonstationary. The
value is higher in the region close to Alaska, and there is a region around Hawaii where
the value is lower. The inclusion of longitude and latitude in model 2 does not remove the
trend. The covariance structure also seems to be nonstationary, as the values appear to be
more homogeneous in the regions close to Alaska and Hawaii. We use our proposed method
to test for stationarity over the entire region, with m = n = 16 and m = 16, n = 32. The
null hypothesis is rejected in both cases. When m = n = 16, 7 = 10.51, Upe, = 7.01,
p-value is 0.00. When m = 16, n = 32, T = 25.97, U,naz = 7.15, p-value is 0.00.

We then plot the disparity map of the residual process from the model 1, using
m =n =8 and m = n = 16. The disparity map indicates a difference between the land
and ocean regions. The disparity maps and the initial partition using m = n = 16 and

m = 16, n = 32 are presented in Figure [6.2

lat

0 '
-180 -170 -160 -150

-180 -170 -160 -150
lon lon

(a) Residuals from model 1 (b) Residuals from model 2

Figure 6.1: ERA5 Wind Data
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The final partition results are presented in Figure[6.3|and Figure The gap statistics
and the scree plot suggest there are 8 sub-fields when m = n = 16 and 4 sub-fields when
m = 16,n = 32. In the 4 region partition, two of these regions correspond to areas around
Alaska (partition 4) and Hawaii (partition 2). The other two regions (1 and 3) are over the
Pacific ocean. While region 1 covers the largest ares, region 3 corresponds to the middle-left

of the region showing a distinct behavior in our disparity map.

6.2 UCAR US Precipitation Data

As another example, we use the precipitation data from https://www.image.ucar.edu/Data/
US.monthly.met/ as in Fuglstad et al. (2015)). More specifically, we use the annual precip-
itation data measured in millimeters over a regular grid, such that adjacent observations
are 0.25 degree away in longitude or latitude. The region we study is defined over 91.75°W-
120°W in longitude, and 35°N-48°N in latitude. This area stretches across the mid-west
to west part of the USA. The data contains 113 x 53 observations in total. Fuglstad et al.
(2015) showed that a piecewise stationary field (STAT2 in the paper) such that the two
stationary sub-fields are separated by a boundary at 100°W could be a good alternative to
more flexible but complicated nonstationary models. This boundary is selected because it
is roughly the boundary between the mountainous area in the west and the plain area in
the east. We are interested in whether our method supports this partition.

We estimate the mean using two linear models. Model 1 only has an intercept term, so
the residuals are the demeaned annual precipitation data. Model 2 includes elevation as an
independent variable. The original data and the residuals from the models are visualized
in Figure

A visual inspection of the plot of the residual process indicates a smooth variation of the
random field across the eastern region, and a more abrupt variation over the mountainous
area in the west. This strongly suggests the need of a non-stationary covariance. We
test the hypothesis of stationarity for both the residual fields using m = n = 16 and the

null hypothesis is rejected in both cases. For the residuals from model 1, 7 = 145.51,
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Unaz = 19.76, p-value is 0.00. For the residuals from model 2, T = 106.57, U,q: = 17.43,
p-value is 0.00. These results support our observation from the field plot of the residual
processes.

Next we plot the disparity map for the residuals from model 1. We use m = n = 8
and m = n = 16 to construct these plots. These plots show a possible break in the north-
west and another in south-east region. The disparity maps and the initial partition of the
residual fields from both models are presented in Figure

The final partition of the two residual fields when m = n = 16 are presented in Figure[6.7]
and The numbers of sub-regions are chosen to be 4 as suggested by the gap statistics
or the scree plot. We note that the our method not only suggests a boundary around
96°W, which supports the choice for STAT2 in Fuglstad et al. (2015), but also suggests two

additional stationary sub-fields in the residual fields.
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Figure 6.2: Disparity maps and the initial partitions
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Chapter 7: Conclusion and Future Work

In this work, we have proposed a method for testing stationarity and understanding the
nature of non-stationarity present in spatial data observed over a grid. We further provide a
method to find a piece-wise stationary approximation using linear boundaries. Our proposed
partition methodology is the first in the literature that does not require a prior selection.
We adopt some structural break ideas from time series literature, but adopt it in a 2-
dimensional spatial field, and provide a computationally efficient implementation of the
proposed methodology.

As an extension of this work, we plan to use this disparity map and spectral difference
process to construct more general partition using Voronoi tessellation method. This requires
deciding the number of centers and a distance measure within every location. We can use
the disparity map to choose the center locations and use a modified version of this spectral
difference measure to assess the distance. This will provide us with a non-linear boundary
for the homogeneous regions.

We also explored the same questions from spatial data observed on a general set of
irregularly spaced point. Our simulations indicate the usefulness of the spectral difference
statistic and a strong possibility of extending this methodology in this set-up possibly with a
different asymptotic distribution. We plan to derive rigorous characterization of the spectral

density process to properly extend the test for stationarity and partitioning methodology.
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Appendix A: Appendix

A.1 Properties of The Spectral Difference Statistics

A.1.1 Expectation

Under Hy, the expectation of the spectral difference statistics at location (g1, ¢g2) is
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Similarly we have
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A.1.2 Asymptotic Covariance
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Using the expression of the spatially varying periodogram in (3.1) and using linearity of

covariance, along with the formula
Cov(AB,CD) = Cov(A,C)Cou(B, D) + Cov(A, D)Couv(B,C)

from Theorem 2.3.2 from Brillinger, 1981 we have
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Thus this term does not have any contribution. Similarly, the terms where only one of

p+p #£r+r" and s+ s # ¢+ ¢ holds will also be zero.

All other terms can be simplified similarly. Further using our weak dependence condition
we can argue that the last 4 terms will be asymptotically negligible as m,n — co. Thus we

get the final covariance expression

hoh . )
Cw1,w2,w{,w§ ((917 92), (giv 9/2)) =8 min(wi, wi)7 min(ws, W/Q)

X/ / C*(g1 — g5 + h1, g2 — gy + ho)dhidhs  (A.4)
0 0

Similarly we have,

v v ’ol
Cov (Dm,n,A,w1,w2 (glv 92), Dm,TL,A,wi,wé (gla 92))

A4
- (2m)4mAnt Z [

(A1,A2)€A

m,n,A,min(wq ,w’l),min(uQ ,w/2)

2

2| Y Clor—gi+ A=) 92— 9o+ Alg — ¢ )eap(—idl(p+ )\ + (g + )Aa])|
g’ q

/ / / / . / / 2

2| 3 Clo—gh+ B —1)g2 — g5+ Ala — )eap(=iA[(p = P)As + (g = )ha])

¢, ,q’

— Y. Cla—di+ A=) 92— g2+ Alg — ¢ — n))exp(=iA[(p+ )\ + (g + ¢) o))
.40 ¢’

— Y Cla—di+Ap—1) 92— g2+ Alg — ¢ — n))exp(—iA[(p — P )M + (g — ¢') o))

2,00 ,q’

—1 Y. Cla—di+ A=) 92— g5+ Alg — ¢ +n))exp(—iA[(p+ )\ + (¢ + ¢) o))
p,q,0',q
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2
—’ Y. Clo—di+Ap—p),92— gy + Ala — ¢ +n))exp(—iA[(p — P)Ai + (g - q’)/\2])‘ }
.40 ¢

(A.5)

and

“h N
Cov (Dm,n,A,w1,w2 (gh 92)7 D:n,n,A,wi,wg (g/17 gé))

4
= Gyt > [

(A1,A2)€A

m,n,A,min(wq ,wll),min(wQ ,w/2)

2

2‘ > Clo —9’1+A(p—p'),gz—9’2+A(q—Q’))ewp(—iA[(p+p’)/\1+(q+q’)/\2])’
.40 q

/ / / / - / / 2

+2| 3 Clor—gi + A —1).02 — g5 + Alg — ¢ )eap(=id](p — )M + (g — 4)Aa])|

0,0 ,q’

—| > Clor—gi +Alp—p +m), g2 — gh+ Alg — ¢ — n))exp(—iA[(p+ p)M + (¢ + ) A2])
,q,p",q’

— Y. Cla—gi+Alp—p —m), g2 — g5+ Alg — ¢ —n))exp(—iA[(p— P )1 + (¢ — ¢)A2))
p,a:p"q’

—| > Clo—gi+Alp—1), 92— gh + Alg — ¢ + n))exp(—iA[(p+ P — m)A1 + (¢ + ) A2)

p,0,0,q’

2
—| > Clor—gi +Alp—p +m), g2 — gh+ Alg — ¢ + n))exp(—iA[(p — P)M + (¢ — ¢)A2]) }
,a,p",q

(A.6)
Thus we have for hy, hy € {h,v}, wi,w],ws,wh € [0,1] and (s1, $2), (s}, 85) € S, we have

d1,d2

o ((51,52), (s}, 8/2)) =8 min(w1, w]), min(ws, wh)

X / / 02(51 — 8/2 + h1, 89 — 5/2 + hg)dhlth (A7)
0 0
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Remark A.1.1. We note that

In finite sample the two difference components are positively correlated, and as m,n —

oo this correlation converges to 1. This is only valid, when the underlying random field

1s stationary.

The correlation structure is separable in wy,weand (s1,s2).

The correlation between the statistics at different locations decreases as the locations

gets further apart, i.e., as g1 — gi or go — gé mcreases.

The correlation has a marginal Brownian Motion like structure in both w1 and ws.
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A.1.3 Higher Order Cumulants

First note that

N A m—1n—1 .
Zg1,g2mma (AL, A2) = o Vi 2 2 Z(g1 + Ap, g2 + Aq) exp(—iA(pA1 + gA2)).
Then the joint cumulant is
5 1 42 5 1 4,2
Cum<Zg1,gz,mm,A()\17 AT)s s Zg1,92,m,n,A(/\l S AL))

1 m—1 n—1
> cum Z Z Z( gl + AP1,91 + Aqy) exp(— ZA()\ D1+ )\1‘11))
p1=0q1=0

~(swvm

m—1n—1
YD Zgl + Api i + Aq) exp(—iAN p+ N ar)
=0¢,=0

m—1n—1

A I m—1 n—1 .
= (W) Z Z z:: Z cum(Z (g1 + Ap1, g7 + Aqi) exp(—iA(Ap1 + Aq1)), - .,

p1=0¢g1=0 p1=0 q;=0
Z(gi + Apy, g7 + Aqr) exp(—i AN p + A q)))

Im—1n m—1n—1
(%F) > Z > Z_jcum(zwl+Ap1,gz+Aql>,...,Z(gl+Apl,gg+Aql>)x

p1=0q1=0 p1=0 ;=0

exp(—iAMpL 4+ A+ Mg+ -+ Mgl

let pm =P+ Um,@m = @+ vy for m=1,...,01—1

SE N SHED SEED SR DI 3 »

ur=—n+1lvi=—n+1 u_1=—mn+lv_1=—n+1 pi q

cum(Z(g1 + A(pr + u1), g2 + Alg + v1)), - . -,

Z(g1 + Alpr +w—1), 92 + A(g +vi—1)), Z(g1 + Ap, g2 + Aqp)) X
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l l
Y Amtay A,

m=1 m=1

exp(—iAMug + -+ N _qu_1 + MNvg -+ A v ]) exp <—z’A

n—1 n—1 n—1 n—1
o) ¥ X - X %
-\ 2mymn
\/7 ui=—n+1lvi=—n+1 u_1=—n+1lv_1=—n-+1

cum(Z(g1 + A(pr +u1), 92 + Alg +v1)), .-, Z(g1 + Alpr + wi—1), 92 + Alg + vi—1)),

Z(g1 + Apy, g2 + Aqp)) exp(—iAMuy + -+ + A ju_1 4+ Afor + -+ + Afvg]) %

>3 exp (—m

Pt a

plZ)\ +qu)\ D

27_‘_\/7]691,92()‘ )‘%7""/\}—17/\% ZZeXP <_ZA plz)\ +QZZ)\2]>

Pt oa

The last expression can be simplified as

l l
AL AL A A AL A A2 A.
27_‘_\/7]091792( 1 y N —1» l—l) (mz::l m mzz:l m ( 8)

where A(w) = > _, exp(—iwAk). Note that A(w) is 0 unless w = 0 mod 2. If w is of
the form 27k then A(w) = n.

We then want to show for dy,...,d; € {h,v}

cum <\/mnAl§d1 o @) vm nAD o wm(gl) = o(1).
Wa

m,n,Aw, " Wy m,n,A,w;

Without loss of generality assume d; = dy = --- = d; = h. We write

cum <V nAD" AW (8 Y, ..., VmnAD" Aw(ww(l)(gl))

1 2

1L \U2 1) (1) 1) (1)
=(sonnz) ol > Lo g s A0 = L A7),
()\1 ’)\2 )EAm,n,A,w:(ll),wél)
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UBNO; (UBNO
. ILay o (A7 A) =1 oD o0 m (A7)
g, —mA,g5’ mn,A sy, A
aPaPer o
m,n,Awy’ wy

L \U2
- (mnA2> Z o Z
(A Aea M (Agl)’)\g”)eAm,n,A,wY),wél)

mnAw1 Wy

A M) — L g0

cum
( »go M, nvA

NG I
L0 Aot mnal (A§),Aé)),.--,Ig@,gg)(Aﬁ),Aé’)—Iw ,

1 1/2 2! A .
:(mnA?> Z Z Zcum(Bi,...,BZ)

(1 1) DENO i=1
(>‘1 )7)\é )eAm,n,A,wgl),wél) ()\g))? )GAm,n,A,wgl)vwél) '

( gj)a)‘;j)) or —I (7) )

o ,mn,A( (4) )\(j)).

7: . .
where Bj is either Iggj)_A () 17579

m,go m7n’A

Since 2 is a finite number, we only need to show

(m,nlN)l/Z > 3 cum(B, ..., B) = o(1),

(1) (D (QIPNO/
AAS )eAm,n,A,wS),wg” (ATADEN OO

( §j),A§”) or —1 o g

o _ (7) ()
where Bj is either Iggj)iA O o, n,A()\l s A ).

Without loss of generality, we will show

<m;A2> v 3 . >y

M AM)ea A LM AP aD)ea JNRCIRG)
m,n,Awi Wy m,n,A,wy Wy
(1) (@) ORNON.
Cum(fggl)_Amggl)(/\l s A2 )wnvIgil)_Am’gél)(/\l ;Ay7)) = o(1).

Recall that

(1) @)y _ ~ (1) U~
L _pmg® AT A8 ) = Z 0 p ) 0 AT AT DZ (0 p ) A

Using Theorem 2.3.2 in Brillinger (1981)), we have

1 1 l l
cum(Iw_y, oA Loy 0O A)
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:Zcum(Yag caf evy)--cum(Yop : aff € vp),
v

O A), Yoz = Zggj)_Am’g(j)

where Y, = Zgij)_Am’g(j) 5 m,n,A

2 7mzn7A

sum is over all indecomposable partitions v = vy Uvg U --- U, of

(1,1) (1,2)
(2,1) (2,2)

(1,1 (1,2)

Then

L\
(w) > - >
(Agl)’)\él))eA (1>,w§1) (A(ll)’Agl))EAm (l),wél)

m,n,A,wl ,n,A,wl

cum( O A, L0 P Ay

1
gy —Am, g5 g5

_ (@)W 5 3 Z

(1) (1) [OENO)
(A1 7525 7)EA () L0 (A7 )EAm,nyA,wgz),wéz)

cum(Yog : af € v1)---cum(Yos : aff € vp)

As the underlying random field is Gaussian, all the cumulants of order 3 or higher is zero.
So the only term that have a positive contribution is where all v, v,...,1, contains two
elements, which are mutual conjugate (i.e., (A1, A2) has to appear with (—A1, —XA2). Given

we are only considering indecomposable partition, this can only happen if )\gl) = )\§2) =

s = )\gl) and )\gl) = )\éz) = ... = )\gl), thus we can ignore the later | — 1 summations

over AtF)s. Using (A.g]), each such partition will contribute fg, 4, ()\gl), )\gl))(mn). Thus last

J
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expression boils down to

@0)!(mn) 2 gL (A D),
This gives us

Cum(‘* nAD™ (1) <1>( h,. FADmnAwmw(z)(gl> = (20)12! (mn) V2,

m,n,Aw; W

(A.9)
for some constant C' and this proves our assertion.

A.1.4 Proof of (3.10)

To show ([3.10)), it is enough to show (3.16)) and (3.17)). The proof of (3.16) is elementary.
To show ([3.17)) note that by Theorem 2.4 in Dahlhaus, |1988 it is enough to show that

’cuml (\/%A < mnA(w% ),wél),sgl),sgl)),Am,n7A(w§ ),wf),sg?),sg))))’

< @Iy ((wr” wg” s 5, (@ g s, 557))

Arguments similar to the cumulant calculations can be reproduced to show that
’cuml (\/mnA < mnA(wgl),wé ),sg ),Sgl)) AmnA(wgz),W§2)78§ )73g2))>>’
< (2D)12!CY(log(mn)) =t (mn) 1 —1/2

< (2l)!2lcl(mn)—l(1/2—1/3—e

for any ¢ > 0. Choose € = 1/6 — 3/2. Now the proof is done observing that % <

n

Ol (w! (1) (), (1) (1))_( (2) (2) (2 @ @) ) (j))

2 .
517,85 Wi wy 817, 85 )| as long as (wy,wy'’, 7,85 for j = 1,2 are

distict points in P.
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A.2 Behavior of the Spectral Difference Process under Non-
stationarity

When the underlying field is not-stationary we assume a piece-wise stationary structure as

in (2.10) with

/[ IBlCy(hydh < o0, ij=1.2... K. (A.10)
,00

Under this assumption a calculation similar to [subsection A.1.1| gives us

h _ h
E <Dm7n7A»w1,w2) - Dm,n,A,wl,wz

E (DY =D
m,n,Awi w2 m,n,A,wi,w2

To this end we state the following result showing consistency of the spectral difference

process.

Lemma A.2.1. Under the assumptions of Theorem [3.4.1] we have

Dh A — D"\
Sup \/W%A m,n,Q,wi,w2 m,n,A,wi,w2 — Op(]_)
0,1]2,s€5 Hv _ v
(wrw2)el0.1] s Dm7n7A,w1,w2 Dm7n7A,w1,w2

The proof of this result is similar to the proof of Theorem with some additional

notation.
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A.3 Consistency of the Partition Selection

Let G be the grid on which we observe the field, i.e., G = {0, A, ..., MA} x{0,A,..., NA}.
Furthermore define X, := {x1,z2,...,2g} be the set of all X-coordinates of horizontal

boundaries and Y, := {y1,y2,...,yv} be the set of all Y-coordinates of vertical boundaries.

Theorem A.3.1. Assume that the assumptions of Theorem holds. Furthermore, for
all wi,wp € (0,1) and v € (0,0.5] let €m nw w, be @ sequence such that €m p o, w, = 0(N7)
and liminf,, o0 infy,) 4oef0,1] €mmnwwa = C > 0 for some constant C. Then the detection

rule describes in Algorithm[g is accurate in the following sense:

(i) Let I = G — X, x {0,A,...,NA}. Then the probability

P U (mn)7 sup |D£Ln,n,A,w1,w2 (S)| > €m,n,wi w2 =0
Sejh (w1,w2)

as m,n, M, N — oco.

(i) Let I, = G —{0,A,...,MA} x Y,. Then the probability

P U (mn)"/ sSup |ﬁ%,n,A,w1,w2 (S)| > 6m7n7W17W2 —0

sel, (w1,w2)

as m,n, M, N — oo

(iii) The probability that the procedure detects all coordinates breaks converges to one, that

18,
P m (mn)7 sup |D?n,n,A,w1,w2 (S)| > Emnwiws | 7 1
X x{0,A,..,NA} (w1,w2)
and
F N 0) sup [Dhn (8] > emmn o | =1
{0,A,....MA}XY, (w1,w2)
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as m,n, M, N — oco.

Proof. For proof of (i) note that sup, .,)e(0,12 |D£Ln,n,A,w1,w2(S)| = 0 on Iy, where

h

Ay w15 @8 defined in (3.5). By consistency of the estimator we have

sup sup(mn)7|f)h (s)— D (s)| = o(1).

m,n,Awi,w m,n,A w1 w2
(wi,ws2) SES

Thus we have

P U (mn)? sup |D7}vlq,n,A,w1,w2(S)| > €m,n,wi,wo

SGih (WI ’W2)

SP ((mn)’y sup sup |Dgz,n,A,w1,w2 (S) - Dﬁrz,n,A,wl,wg (S)| > C/2> — 0.
(w1 ,wz) seS

The proof of (ii) is analogous. Part (iii) follows from
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