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Abstract

ON EXTREMAL COIN GRAPHS, FLOWERS, AND THEIR RATIONAL REPRESEN-
TATIONS

Jill Bigley Dunham, PhD
George Mason University, 2009

Dissertation Director: Dr. Geir Agnarsson

We study extremal coin graphs in the Euclidean plane on n vertices with the maximum
number of edges. This is related to the unit coin graph problem first posed by Erdds in 1946,
and considers coin graphs that satisfy certain conditions relating to the ratios of the possible
radii of the coins in the graph. A motivating problem is a special case of a coin graph with
multiple radii.

We explore the algebraic equations describing a flower, the coin graph presentation of
a wheel graph, and present a class of irreducible symmetric polynomials that describe the
relation of the radii of each flower. These polynomials are then used to fully characterize
flowers on four coins, also known as Soddy circles, with rational radii. This yields a free
parametrization of all flowers on four coins with rational radii. A similar method is used
to characterize all flowers on five coins with rational radii and to describe a large class of

solutions for flowers on n coins.



Chapter 1: Introduction

1.1 Background and History

In this chapter, we begin our investigation of coin graphs. We will revisit a known result
of Harborth’s and use an explicit construction to prove the lower bound on the maximum
number of edges of a special coin graph on two radii. We will also discuss background
and history of the problem and introduce terminology that will be used throughout this
dissertation.

We start by defining our fundamental object:

Definition 1.1.1. A coin graph G is a graph whose vertices can be represented as closed,
non-overlapping disks in the Euclidean plane such that two vertices are adjacent if and only
if their corresponding disks intersect at their boundaries, i.e. they touch.

Further, a unit coin graph is a coin graph represented by disks of the same radius.

The problem of determining the maximum number of edges of a unit coin graph on n
vertices in the Euclidean plane was posed by Erdgs [10] in 1946 and again in its current
form by Reutter [11] in 1972. This problem was completely solved by Harborth [6] in 1974,
who showed that the maximum number of edges is given by T'(n) := L?m — mj The
configuration which achieves this maximum is a "hexagonal spiral" or honeycomb. Figure
1.1 shows an example of such a maximal configuration for n = 7.

Harborth’s proof shows that the expression T'(n) is both an upper and a lower bound.
The lower bound is proved constructively using the hexagonal spiral configuration shown in
Figure 1.1. The main idea of the proof of the upper bound is to take such a maximal coin

graph, remove the vertices bounding the infinite face, and use induction on n.



Figure 1.1: A unit coin graph with the maximum number of edges for n = 7.

This problem can be generalized in many ways, as suggested in [3] starting on page
222: (i) it can be generalized to graphs embedded in other surfaces such as the sphere
or g-torus or to graphs embedded in n-dimensional Euclidean space for n > 3, where the
definition of a coin graph is modified appropriately to an n-dimensional sphere graph [3].
(ii) The additional constraint that no three vertices of the graph can be collinear forces
the maximum degree of any vertex to be 5, leading to a different upper bound [3|. (iii) A
similar class of graphs can be defined by connecting two vertices if and only if their distance
d satisfies 1 < d < 1+ € for some given small € > 0. This structure can be pictured as a unit
coin graph using elastic disks that can stretch some small amount. It is conjectured that
for small € (less than 0.15 times the defined unit distance) the maximum number of edges
is still T'(n) as in the case of the unit coin graph [3]. (iv) A related problem, also posed by
Paul Erdés, asks for the minimum independence number for smallest-distance graphs [3].

For a finite set of points in the plane, there is a smallest distance among all pairs of
points. The smallest-distance graph is obtained by connecting two points as vertices of the
graph if and only if their distance is equal to this smallest distance. This is the original
formulation of the coin graph problem as posed by Erdés [10]. For a unit coin graph G with
radius r = 1, the smallest distance is d = 2, and the number of occurrences of this smallest

distance is precisely the number of edges of G. In this case of unit coin graphs, the minimum



independence number problem asks: what is the largest number of vertices one can select
such that none of their corresponding disks touch? (v) Swanepoel recently conjectured that
the largest number of edges in a coin graph with no triangular faces is given by [2n — 2/n |
[15].

Another natural generalization of the unit coin graph problem is to allow coins of more
than one possible radius. Brightwell and Scheinerman [4] explored integral representations
of coin graphs, where the radii of the coins can take arbitrary positive integer values. Specif-
ically, they hoped to use coin graphs to answer a conjecture of Harborth’s, namely whether
all planar graphs admit a straight-line embedding where each edge has integer length.
Brightwell and Scheinerman instead proved that there exist planar graphs which cannot
be constructed as coin graphs with edge lengths among the constructible algebraic numbers
[7]. This leaves Harborth’s conjecture unanswered.

This research will explore and attempt to characterize certain types of coin graphs that
can be represented by disks of integral radius. To the best of our knowledge, this has not

been considered in the discrete geometry literature.
Theorem 1.1.2 (W. Thurston [16]). A graph G is a coin graph if and only if it is planar.

That a coin graph is planar is fairly clear. In fact, by connecting the centers of touching
disks, we see that each coin graph is a plane graph where each edge is a straight line segment.
The converse involves some nontrivial results from the theory of orbifolds (a generalization
of manifolds) and will not be presented here. Given this result, we see that any planar graph
can be embedded in the plane as a coin graph.

This theorem can also be attributed to Koebe [8] and Andreev [1]. Koebe’s original proof
covered only the case of fully-triangulated planar graphs. Thurston reduced the proof to
the previous theorem of Andreev. Thurston’s proof is of the more general case of all planar
graphs.

The present research has three parts. In the first part we will explore upper and lower
bounds on the maximum number of edges of coin graphs using mostly combinatorial argu-

ments. In the second part we will explore the algebraic equations describing wheel graphs,
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a fundamental substructure of certain coin graphs. Finally, we will characterize all rational
solutions to the coin graph problem for flowers (coin graph representations of wheel graphs)
with n = 3 and n = 4 petals. The parametrization for n = 4 petals generalizes, giving large

classes of solutions for coin graphs with higher numbers of petals, for all n > 4.

1.2 The Unit Coin Graph Problem

The original proof of the unit coin graph problem is due to Harborth [6], where it is shown
that the maximum number of edges in a unit coin graph on n vertices is E(n) = T(n).
As his published proof of the lower bound is somewhat brief, we will give here a detailed
verification that this is the case for all n.

What is remarkable here is that the upper bound, relatively easily obtained by induction,

matches the lower bound and is expressible in such simple terms.

Proposition 1.2.1. The lower bound on the mazimum number of edges E(n) of a unit coin

graph G on n coins is given by T(n) = L3n —/12n — SJ.

Definition 1.2.2. For any k € N, the centered hexzagonal number ch(k) := 3k% — 3k + 1
is the number of vertices in the hexagonal-configuration coin graph with k layers. The
corresponding number of edges in this graph is then given by ech(k) := 3(k—1)(3(k—1)+1) =
3(k —1)(3k — 2).

Proof. Lower bound for centered hexagonal numbers:
Arranging hexagonally, we obtain a coin graph on n = ch(k+1) vertices and m = ech(k+1) =

3k(3k + 1) edges (see Figure 1.2.) Solving for k, we get:

Substituting this expression of k into the expression for m yields the number m of edges of



Figure 1.2: When k=2, n=171.

this graph, as a function of n:

4n—1 4n—1
-1 -1
3 3
= 3| — 3 1
m 5 5 +
= 3n—+v12n — 3.

Thus for centered hexagonal numbers, we have that the maximum number of edges E(n)
satisfies E(n) > T'(n).
Lower bound for ch(k) < n < ch(k + 1):
First note that ch(k+ 1) —ch(k) = 6k and hence n = ch(k)+1 where l € {1,...,6k—1}.
Here the task is to show that for some configuration of coins, the lower bound holds for
n in the stated interval. The configuration we use starts with the hexagonal configuration
that is optimal for n = ch(k), then adds each additional vertex around the outside in a spiral
fashion. See figure 1.3 for an example where k = 3 and ch(3) < n < ch(4). We see that the
pattern of edges for each vertex added around the hexagon in the k + 1% layer is as follows:
1 vertex with 2 edges, k — 2 vertices with 3 additional edges, 1 vertex with 2 edges, k — 1
vertices with 3 edges, 1 vertex with 2 edges, k — 1 vertices with 3 edges, 1 vertex with 2

edges, k —1 vertices with 3 edges, 1 vertex with 2 edges, k — 1 vertices with 3 edges, 1 vertex



Figure 1.3: Adding additional vertices around the edges of the hexagonal configuration.

with 2 edges, then k vertices with 3 edges each, for a total of 6k vertices and an additional
18k — 6 edges, as calculated above. This pattern is illustrated in Figure 1.4.

Hence, for n = ch(k) +1 where [ € {1,...,6k — 1} the number of edges obtained in this
spiral configuration is as follows:

For 1 <1<k —1 we have a total of ech(k) + 2+ 3(l — 1) edges.

For ik <1< (i+ 1)k —1 where ¢ € {1,2,3,4,5} we have a total of

ech(k) +2+3(k—2)+3G—1)(k—1)+3(—ik) = ech(k)+3l—i—1

edges.
We now compare the numbers above with T'(n) = L3n —12n — SJ =3n— [\/12n -3

in each of the two cases:



k=2

k—1 k—1

k—1

Figure 1.4: The pattern of 3-edge vertices around the hexagon.

For 1 <1<k —1 we have for n = ch(k) + [ that

(6k —3)2+1 < 36k* — 36k + 21

= 12(ch(k)+1) -3

< 12n -3
< 12(ch(k) +k—1)—3
= 36k% — 24k — 3

< (6k —2)2

Applying the increasing function  — [1/z] throughout the above inequality we obtain

[V12n — 3] =6k — 2

in this case, and hence

3n—[V12n—3] = 3(ch(k)+1) — (6k —2)
= 9k* — 15k +5+ 31

= ech(k)+2+3(—-1),



which agrees with the number of edges in the hexagonal spiral coin configuration.
For ik <1< (i+1)k—1 wherei € {1,2,3,4,5}, we similarly compare the above number

of constructed edges with T'(n). Here n = ch(k) + [ and hence

(6k+i—3)*+1 = 36k*+12(i —3)k+ (i —3)* +1

< 36k24+12(i —3)k+9

since i € {1,2,3,4,5} and hence |i — 3| < 2. Also, this last expression

36k% +12(i —3)k+9 = 12(ch(k) +ik) — 3

< 12n-3
< 12(ch(k)+ (i+1)k—1)—3
< (6k+i—2)%

Again, applying x — [y/z] we obtain

[V12n —3] =6k +i—2

and hence

3n—[V12n—3] = 3(ch(k) +1) — (6k+i—2)
= 9k* — 15k +5+31—i

= ech(k)+3l—i—1,

which agrees with the constructed number of edges in this case. This completes the proof

of Proposition 1.2.1. O

We now present a proof of the upper bound, a variant of Harborth’s proof [6]. This proof
uses fewer variables and includes more exposition on the procedure.

8



Proposition 1.2.3. The upper bound on the maximum possible number of edges E(n) is

given by E(n) < 3n —+/12n — 3.

Proof. First, we can assume that the coin graph is a single connected component. If the coin
graph were made up of disconnected components, a coin graph could always be created with
more edges by moving the components in the plane until they are touching. In addition,
by suitable rotation we may also assume that the coin graph has no cut-points. This will
ensure that the infinite face is bounded by a simple cycle.

For a general unit coin graph, consider the edges bounding the infinite face. We will
be removing the m coins incident on these edges, where m € N, so the edges will form an
m~gon. We must determine how many edges are removed by this operation. Each of the
m outer coins has a corresponding interior angle, which we can call «; for i = 1...m. For
an m-gon, these angles sum to (m — 2)7. It is clear that the angle between two edges in a

T

unit coin graph must be at least 60°, or § radians. The maximum number of connections

3a;
T

to other coins is therefore given by L J + 1. The upper bound on the number €’ of edges

removed with the m exterior coins is given by:

= B (]

=1

IA
3| w
\'M
£

The remaining graph has its number of edges given by E(n — m), which by the inductive

hypothesis satisfies E(n —m) < 3(n —m) — y/12(n — m) — 3. So by definition, the original



graph has the upper bound of its number of edges given by

En) < 3m—64+EMn—m)<3m—6+3n—m)—+12(n—m)—3

= 3n—6—+/12(n—m) — 3.

We see that if m < v/12n — 3 — 3 then the right hand side of this expression is less than or
equal to 3n — v/12n — 3 and thus the proposition holds when m < /12n — 3 — 3.

Now assume m > v/12n — 3 — 3. This is the case when the number of boundary coins
m is "large". For this case, we will show that the claim holds by first adding an additional
vertex in the infinite face and connecting it to all m outer coins, and then we add more
edges to fully triangulate this plane graph on n + 1 vertices. (This resulting graph is no
longer a unit coin graph.) If the original graph had e edges, this new graph has e +m’ edges

for some m’ > m, so by Euler’s Formula, we have:

e+m’ = 3(n+1)—6=3n-3.

Solving for e and using the assumption that m’ > m > /12n — 3 — 3, we obtain:

e = 3n—3—m
< 3n—-3—-(V12n—-3-3)
= 3n—+v12n — 3.

By induction the claim holds for all values of m. Since F(n) is an integer we have the

upper bound for the maximum number of edges in a unit coin graph on n vertices satisfies

E(n) <T(n)= |3n—v12n - 3|. O

Before discussing further, we need to introduce some new terminology.

10



1.3 Terminology
In what follows, let N = {1,2,3,...} denote the natural numbers.

Definition 1.3.1. A multiset M = (1- M, «) is a generalization of a set where 1- M is the
underlying set and « : 1 - M — N is a map indicating multiplicity of each element of the

multiset.

A multiset S = (1-5, ) is a submultiset of M if and only if 1-5 C 1- M and ((s) < a(s)

forallsel-S.

By oo- M we mean the multiset obtained by taking infinitely many copies of each element

in M (or 1-M,if M is a multiset):

zel-M

The cardinality of a multiset M = (1- M, a) is given by

|1 - M| indicates the cardinality of the underlying set.

Definition 1.3.2. For n € N and a multiset of positive real numbers R, let G(R;n) be the
collection of coin graphs on n vertices whose radii are a submultiset of the multiset R. The

maximum number of edges of a graph in G(R;n) is denoted T'(R;n).

As a matter of convenience, when |1 - R| is small it will be written out. For example,
if the coin graph has only two radii 1 and 7 = 3 4 21/3, it is in the set G(1,7r;n), actually
meaning G(oco- R;n) where the underlying set is 1- R = {1, 3+2v/3}. The maximum number
of edges of a graph in this collection is denoted by T'(1,7;n).

We introduce some new terminology here, consistent with what can be found in [14].

11



Figure 1.5: Examples of a flower and a non-flower.

Definition 1.3.3. A vertex of a planar graph G is called a hub if all the faces it bounds are
triangular. If G is a coin graph, the coin representing the hub is called an eye.

A neighbor of a hub is always called a petal. The closed neighborhood of a hub is called a
wheel. A wheel with k petals is denoted by Wj. If G is a coin graph, the closed neighborhood
of an eye is called a flower. So a flower is a coin graph representation of a wheel. An edge
from a hub to a petal is called a spoke.

A vertex v is flowered if v is bounded by only triangular faces.

Definition 1.3.4. A coin graph with no eyes is called non-flowered. A coin graph in which

every flower is formed from 7 coins of equal radius is called unit-flowered.

Examples of a flower and a non-flower are shown in figure 1.5.

1.4 A Special Coin Graph on Two Radii

Ky, the complete graph on 4 vertices, is planar but cannot be represented as a unit coin
graph. In fact, it is the smallest complete graph K, that cannot be represented as a unit
coin graph, but the largest complete graph that is planar and thus representable as a coin
graph.

If we wish to use two radii to represent Ky, it is easy to show that the radii of the outer

three coins must all be equal. In fact, it can be shown that the radii have a ratio of 3+ 2v/3

12



Figure 1.6: The complete graph K4 represented as a coin graph with two possible radii.

to 1. Figure 1.6 shows K, represented as a coin graph as just described.

Observation 1.4.1. Up to scaling, there is only one way to represent K4 as a coin graph

with at most two radii.

For this case with two radii, the general method for finding a lower bound on the maxi-
mum number of edges of a coin graph on n vertices begins constructively, as with the unit
coin graph problem. The construction used for G(1,7;n) using radii 1 and 7 = 3 + 2/3
starts with the same hexagonal spiral configuration used for the unit coin graph. The
space between any 3 larger coins is then filled with a smaller coin (see Figure 1.7). Re-
calling the definition of centered hexagonal numbers (Definition 1.2.2,) the construction
with k layers in this case will have ng := ch(k) + 6k* = 9k% — 3k + 1 vertices and
my = ech(k) + 3(6k%) = 3(k — 1)(3k — 2) + 3(6k?) = 27k? — 15k + 6 edges. This yields the

following;:

Proposition 1.4.2. The mazimum number of edges T'(1,r;n) of a coin graph G on n

vertices of radii 11 = 3 + 2v/3 and ro = 1 satisfies T(1,7;n) > L3n 4+ 2 —4n — SJ.

Proof. First case: n = n; for some k > 1:
Arranging hexagonally as explained above, we obtain a coin graph on nj vertices and

my, edges. Solving ny for k, we have:

Vang —3+1

13



Figure 1.7: The modified hexagonal configuration for the case with 2 radii.

Substituting this expression for k into the expression for my yields the number of edges of

this graph as a function of n = ng:

e 3R ( (VI ) (Vi

= 3n+2—+4n — 3.

Thus for n = ng = 9k? — 3k + 1, we have that the maximum number of edges F(n) satisfies
T(1,7;n) > 3n+2—4n —3 = f(n).

Second case: ni_1 < n < ng:

Now the task is to show that for some configuration of coins, the lower bound holds
for all those mentioned n. The configuration we use starts with the modified hexagonal
configuration that is optimal for ni_; = 9k% — 21k + 13, then adds each additional vertex

in a layer around the outside, filling in small coins whenever possible. Since ni — ng_1 =

14



9k% — 3k + 1 — (9k% — 21k + 13) = 18k — 12, a total of 18k — 12 coins are added in each

layer: 6k coins of radius 3 + 21/3 as in the unit coin graph case, and 12(k — 1) smaller coins
of radius 1.

Let f(n) = [3n+ 2 — v/4n — 3] and C(n) be the number of edges in the construction.

Note that C(n) = C(ng_1 + 1) where [ is the number of coins added around the outside of
the previous configuration. As in the proof of Proposition 1.2.1, we consider two cases:

For n =ny_1+1 where l € {1,...,18k — 13} the number of edges obtained in this spiral
configuration is as follows:

For 1 <1 < 3(k — 1), the number of edges in the construction is

C(np_1 +1) = mp_1 + 31 — 1 = 27k* — 69k 4 47 + 31.

Similarly, for the remaining cases where i(3k —2) < 1 < (i + 1)(3k —2) — 1 for ¢ €

{1,2,3,4,5}, the number of edges in the construction is

C(np_1+1) =mp_1+31 — (i +1) = 27k* — 69k + 47 + 31 — .

We now compare the numbers above with f(n) = L3n+ 2 —+4n — 3J =3n+2 -

{\/471 — 3| in each of the two cases:

For 1 <1 < 3(k — 1) we have that

g1 +1) -3 > (6k—7)7%*+1

VA + ) =3| = 6k—6

[\/36k2 "84k + 49 + 41] > 6k —6,

15



so for n = ng_1 +1,

Frpr +10) = 3(mp_1 +1)+2— {\/4(7%_1 Y- 3}

— 97k2 — 63k + 41 + 31 — %/36%2 — 84k + 49 + 41]

< 27k? — 69k + 47 + 31

= C(nk_l + l)

For i(3k —2) <1< (i+1)(3k —2) — 1 where i € {1,2,3,4,5} we similarly compare the

above number of constructed edges with f(n). Here we have

4ngq+1)—3 > (6k—T7T+i)*+1

W4(nk,1 ) - 3] > 6k—6+i

{\/36/c2 —84k:+49+4z] > 6k —6+1,

so for n = ng_1 +1,

fle+1) = (g1 +1)+2- {\/4(7%—1 +1) - 3}

— 97k2 — 63k + 41+ 3] — {\/361@2 — R4k + 49 + 41]
< 27k®> — 69k + 47+ 31—

= C(ng_1+1).

Thus the number of edges in the construction is greater than or equal to the number of

edges given by the function f(n) for all cases, we have that for any n the maximum number

of edges T'(1,r;n) satisfies T(1,r;n) > f(n) = [3n+2 — V4n — 3|.

16



An asymptotic consequence of Proposition 1.4.2 can be stated in terms of the limsup:

Corollary 1.4.3. The maximum number of edges T(1,r;n) of a coin graph G € G(1,r;n)

on n vertices of radii 1 and r = 3 + 2v/3 satisfies

lim sup {

n—oo

3n—1:/(ﬁl,r;n)} _y

We do believe that asymptotically the limsup is tight:

Conjecture 1.4.4. The maximum number of edges T'(1,7;n) of a coin graph G € G(1,r;n)

on n vertices of radii 1 and r = 3 + 21/3 satisfies

fi 3T\
n— o0 \/ﬁ

However, obtaining an upper bound for T'(1,7;n) is not as straightforward as in the unit
coin graph problem. The direct inductive approach of Harborth’s proof [6] for determining
the maximum number of edges of a unit coin graph on n vertices cannot be used in this case
with two or more radii to determine 7'(1,7;n). The inductive step assumes that removing
the vertices bounding the infinite face will leave a configuration that is still maximal, which

is not guaranteed in the general case. More is needed.
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Chapter 2: On the Maximum Number of Edges of Certain
Plane Graphs

2.1 Motivation

In this chapter, we will prove a general result which gives the maximum number of edges in
a plane graph on n vertices, where each vertex bounds some I-gon for [ > k. The special case
where k = 4 gives rise to a conjecture about the maximum number of edges of a non-flowered
coin graph.

Recall Definitions 1.3.2 and 1.3.4.
Definition 2.1.1. A collection G(R;n) is non-flowerable if every coin graph in G(R;n) is

non-flowered. Denote by Gy(n) the collection of all non-flowered coin graphs on n vertices:

Go(n) = U d(&in).
R:G(R;n) is
non—flowerable

For n > 3, let To(n) = max{|E(G)| : G € Gy(n)}.

Go(n) is a collection of coins from which no flower can be formed. In particular, the multiset

R does not contain seven coins of the same size.

Definition 2.1.2. A collection G(R;n) is unit-flowerable if every coin graph in G(R;n) is

unit-flowered. Denote by Gj(n) the collection of all unit-flowered coin graphs on n vertices:

Gi(n) = U  d@mn).
R:G(R;n) is
unit—flowerable

For n > 3, let T1(n) = max{|E(G)| : G € G1(n)}.
18



Similarly if G(R;n) is unit-flowerable, this corresponds to having a given collection of coins

on the table such that the only way to form a flower is to pick seven coins of the same radius.

Conjecture 2.1.3. The maximum number of edges 77(n) of a unit-flowered coin graph

G € G on n vertices is given by T3 (n) = [3n — v/12n — 3|.

Observation 2.1.4. If a coin graph G is non-flowered, then every vertex must be bounded

by an [-gon for [ > 4.

Hence, a natural question is whether we can use this information about the structure of this

type of coin graph to answer the question of the maximum number of edges.

2.2 Plane graphs where each vertex bounds an [-gon

For a moment, let us step back from coin graphs and consider plane graphs in general.
The following theorem applies to all plane graphs, and therefore by Thurston’s Theorem
(Theorem 1.1.2) applies to all coin graphs. It generalizes the conditions in Observation

2.14.

Theorem 2.2.1. Let k > 4 be fized. The mazimum number of edges Ex(n) of a plane graph

on n vertices, where each vertex bounds some l-gon for | > k, is given by

(2k+3)n_6J_a

Ex(n) =Tk(n) := { k‘

where

0 ifn=k—1 (mod k)
o = L2—%J ifn=k—2 (mod k)
%] i#n=5 (modk) for0<B<k-3,

We will show that Tk (n) is both a lower bound and an upper bound for Ei(n). We first
19



prove T (n) is a lower bound by explicit construction. We consider each of the three cases,

n=k—1,k—2,0 (mod k) where 0 < § < k — 3, separately, since each case has a unique

construction.

Proof. The lower bound

First case: n =k —1 (mod k):

Let n = k(j +1) — 1 and form j — 1 disjoint copies of C} and one copy of Cyx_1 in the
plane, no cycle containing another cycle, consisting of n edges altogether. We need 3(j — 1)
edges to connect the cycles into one connected component such that (i) the infinite face is
bounded by a simple n-cycle and (ii) the internal faces of this n-cycle other than the Cys
and the Cy;_1 are triangular. Then we add n — 3 edges to fully triangulate the infinite face.
Now, note that two additional edges can be added to the interior of the cycle Cox_1 to create
3 regions, 2 bounded by k-gons and one by a triangle such that every vertex is bounded by
a k-gon. Add these additional edges between appropriate vertices of the cycle Cop_1. The

total number of edges is then given by

n+3(—-1)+n—-3)+2 = 2n+3j+2—-6

= 2043 +1)-6-1

1
- 2n+3<”;r >—6—1

e ()

_ {(2k:3)n _6J ‘

Second case: n =k — 2 (mod k):
Let n = k(j+1) — 2 and form j — 1 disjoint copies of Cj, and one copy of Coj_5 in the plane,
no cycle containing another cycle, consisting of n edges altogether. Again, 3(j — 1) edges

are needed to connect the cycles into one connected component such that (i) the infinite
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face is bounded by a simple n-cycle and (ii) the internal faces of this n-cycle other than the
Cis and the Cy_o are triangular. Then add n — 3 edges that fully triangulate the infinite
face. Now, note that one additional edge can be added to the interior of the cycle Co,_5 to
create 2 regions bounded by k-gons. Add this additional edge between appropriate vertices

of the cycle Cyx_o. The number of edges is given by

n+3(—-1)+n-3)+1 = 2n+3j+1—-6

= 20433 +1)—6—2

9
- 2n+3<n;: )—6—2

_ (2k+3)n_6_<2_6>.

k k

Since for any real numbers z,y with 2 — y a positive integer we have x —y = |x] — |y], then
this last expression equals {@ — GJ — L2 — %J

Third case: n = (mod k) for 0 < g <k —3:

Let n = kj + 8, where 8 < k — 3, and form j — 1 disjoint copies of C} and one copy of
C+p in the plane, no cycle containing another cycle, consisting of n edges altogether. Once
again, 3(j — 1) edges are needed to connect the cycles into one connected component such
that (i) the infinite face is bounded by a simple n-cycle and (ii) the internal faces of this

n-cycle other than the Cys and the Cj, g are triangular. Then add n — 3 edges that fully
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triangulate the infinite face. The number of edges is given by

n+3(—-1)+n—-3) = 2n+3j—6
n—p
= 2 +3<k )—6
n B
_ (2k+3)n 303
B k0 k
| 2k+3)n 6 33
- [F]

the last step just as in the previous case.

These three cases show that the mentioned bound Tj(n) can always be reached.

The upper bound
We will derive the upper bound using integer programming.

Assume we have a plane graph G on n vertices with the property mentioned in the
theorem. The number of edges is m and the number of faces is f. Form a new graph G’ by
adding a vertex inside each I-gon, where [ > k and connect that vertex with all the vertices
bounding the l-gon. Let n’, m/, and f’ be the number of vertices, edges, and faces of G’.
Note that G’ is planar and fully triangulated. For i € {3,...,k — 1}, let f; denote the
number of i-sided faces of G and fi be the number of all I-sided faces where [ > k. Then
f=fs+fas+ -+ fr1 + fi. By assumption we have n’ = n+ f4 +--- + fi_1 + fr and
m' = 3n’ — 6.

Let d be the sum of the degrees of all the vertices that were added above, so d also equals
the number of edges added to G to obtain G’. Hence m' =m+d =3(n+ fas+---+ fr) — 6,
som=3n—6—(d—3(fs+ -+ fre_1+ fr)). Note that d = dy+ds+-- -+ d_1 + dj, where

for each i € {4,...,k — 1}, d; is the sum of the degrees of the vertices of degree i added to
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G and di is the sum of degrees of vertices of degree greater than or equal to k£ added to G.
Therefore we have d; = if; foreachi € {4,...,k—1} andsod =4fs+-- -+ (k—1) fro—1 + di
and hence

m=3n—6—(f1+2fs+-+ (k—3)fr1+ds — 3f).

Note that m is maximized if fy +2f5 +-- -+ (k — 3) fx—1 + dx — 3 fx is minimized. Since the
conditions are (1) n < dg, (2) f; > 0fori € {4,...,k}, and (3) kfi < di, we can simplify
this optimization problem by setting f; = 0 for ¢ = 4,...,k — 1 and the problem reduces

to minimizing the value of dj, — 3 f, over nonnegative integers, given the constraints di > n

and kfk < dk.

Lemma 2.2.2. Let k>4 andn > k. If

p(n; k) = min{x — 3y : x,y e NU{0},z > n, ky < z}

then

n+’yJ

ulny k) = n+'y—3{ .

where

1 ifn=k—-1 (mod k)
Vo= 2 ifn=k—2 (mod k)

0 otherwise.

Proof. Using integer programming, we see that the integer point minimizing the function
z—3y = (1,-3) - (z,y) will either be z = n, y = |%| when n = i (mod k) where i =
0,1,....k =3, or x = k {%], Yy = [%1 = L%J otherwise. See Figures 2.1 and 2.2 for

examples, the pattern of which remains the same for all other values of n and k. Using the
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Figure 2.1: When k£ = 6 and n = 8, the function is minimized at x = 8, y = 1.

definition of v from the statement of the lemma, we can write z = n 4~ as the x-value that
will always minimize the function. Then we have y = L%J as the y-value that will always

minimize the function. O
We obtain by this lemma that dy — 3 f; is minimized when dr, = n + v and f = [”—?J,

hence:

m = 3n—06—(dp —3fk)

> 3n—6—n—w+3{n—]:7J
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If n=%k—1 (mod k), then v =1 and

If n=Fk—2 (mod k) then v =2 and

2
m > 2n—6+3{n;: J—2

- 2n—6+3<n+2>—2

k
ey,
_{@ﬁfm—4+P—ﬂ.
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—— -

Figure 2.2: When k = 4 and n = 7, the function is minimized at x = 8, y = 2.

If n = where 8 € {0,1,...,k — 3} then v = 0 and

m > 2n—6+3L%J

= 2n—6—|—<

all as stated in the theorem.

In the especially interesting case where k = 4, the discrepancy term « € {0, L2 — %J , L

for 0 < 8 < k — 3 will be 0 in all cases, and hence we obtain the following:
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Corollary 2.2.3. The mazimum number of edges Ey(n) of a plane graph on n wvertices,

where each vertex bounds some l-gon for | > 4, is given by

By Observation 2.1.4 we have in particular the following

Corollary 2.2.4. The mazimum number of edges To(n) of a non-flowered coin graph G €

Go(n) on n vertices satisfies

Whether or not the bound E4(n) can be reached for a graph G € Gy(n) is currently unknown.

Conjecture 2.2.5. The maximum number of edges Tp(n) of a non-flowered coin graph

G € Go(n) on n vertices is given by

We know FEy4(n) is a tight bound for general plane graphs, because the construction used
in the proof is a plane graph that achieves the bound, so by Thurston’s Theorem, there is
some embedding of this planar graph as a coin graph. However, we do not know if that coin
graph is in Gy(n), i.e. whether the coins in that coin graph are non-flowerable, or whether
there exists a graph in Gp(n) achieving this bound. We conjecture that there does exist
such a coin graph: a construction that achieves this bound, the radii of which belong to the
collection of non-flowerable coin graphs. We suspect that a proof of Conjecture 2.2.5 might

use some complex analysis together with appropriate inversion about the unit circle.
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Chapter 3: Algebraic Equations Describing the Wheel Graph

3.1 Deriving Algebraic Equations to Describe the Wheel Graph

In this chapter, we first investigate equations describing the cosines of the internal angles of
a flower in terms of what rational radii could satisfy them. We show that for each n-petaled
flower, there is one rational equation that must be satisfied. These equations correspond
to polynomial equations. We find the smallest such polynomial equations describing this
relationship. Using Galois theory, we then show that these polynomials are symmetric and
irreducible. We also establish a recursion that these minimal polynomials satisfy.

Every flower imposes a relation on the radii of its coins. Hence, a multiset R of radii is
non-flowerable if the radii do not satisfy any of the relations imposed by any flower. Ques-
tions like “Is a collection of coins with distinct integer radii non-flowerable?” are legitimate.
Hence it is worthwhile to study these relations on their own.

Assume we have n disks of radii r1,...,r,. We can view the radii r; as variables and
consider the equations that determine flowering conditions in terms of the r;. Each flower
with k& petals, & € {3,...,n — 1}, is determined by one equation. In order for the coin
graphs with any k of these n radii to be non-flowerable, we would like the 71, ..., 7, to avoid
satisfying all these equations. We can show there are finitely many equations by counting

them in the following way:

Proposition 3.1.1. The number of equations in ri,...,r, that determine some flowering

condition 1s

3

w615

28



Proof. For each k € {3,...,n — 1}, the radius of the eye can be chosen in n ways. The

k petals are then chosen from the remaining n — 1 radii: (";1) The petals are arranged

(k=1)
2

around the eye in : possible ways (arrangements which differ only by clockwise versus

counterclockwise orientation are considered identical and are not counted twice.) O

We will show that each of these fl(n) equations corresponds to an element F' of the
polynomial ring Q[z1, . .., z,]. For each pair of radii r; and r;+1 of consecutive petals around
an eye of radius r we obtain a triangle with sides of length r + r;, r + 7,41, and 7; + ;41

and the angle 0; at the eye is given by

0 — arceos ((T + 1)+ (r+ri)? — (ri + ri+1)2)
3 - .

2(T + Ti)(T' + Ti-i—l)

The equation that determines a flower with petals of radii r1, ...,y is

k
> 0 =o2m (3.1)
=1

For G C S, a polynomial f is G-symmetric if f(z1,...,7x) = f(Zo@1),- -+, Tor)) for all
o € G. We see that (3.1) is a Dg-symmetric function in terms of 1 /7, ..., rg/r, where Dy
is the dihedral group of symmetries on the regular polygon with & sides. In [13] it is shown
that for reflection groups like the dihedral group Dy, there is a basis of polynomials just like

the elementary symmetric functions for the symmetric group Sj.
Claim 3.1.2. Let k € {1,...,n} denote the number of petals.
1. Ifx; = cosb; for eachi € {1,...,k}, then (3.1) corresponds to a symmetric polynomial
feQlry,...,x.

2. If the eye has radius r = 1 so 6; = 6;(1,7;,7i+1), then (3.1) corresponds to a Dy-

symmetric polynomial g € Qry,...,rg]. In particular, for general radius r of the
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eye (replacing r; with r;/r), if d = deg(g), which we define as the sum degree, then

rig (%1, e %’“) € Q[r,71,...,7| is a homogeneous element and

r

d
1 Tk 2 : )
rig (77-..>7) T« Ogir’e(@[rl,...,rk][r],
=

where each g; € Q[r1,...,7k] is a Dy-symmetric polynomial.

Although intuitively clear, we will in what follows demonstrate this claim. To obtain a
symmetric function f = f(z1,...,zx) we will take the cosine of both sides of (3.1). For this,
we will need generalized addition formulae for cosines. In order to prove this, we will show

the generalized addition formulae for both sine and cosine in the following technical lemma:

Lemma 3.1.3. Forn > 1 we have the following generalized addition formulae for cos and

sin:

cos <Z 0i> = Z +cs(fr)cs(02) - - - cs(6y),
i=1

2n=1 terms

where the sum is taken over the 2! possible terms where (i) each cs-function represents
either sin or cos and (ii) each term has an even number 2e of sin-functions and the sign of
the term is given by (—1)°.

Similarly for sin we have

sin (Z 9i> = Z +es(01)es(b2) - - - cs(By),
i=1

2n=1 terms

where the sum is taken over the 2"~' possible terms where (i) each cs-function represents
either sin or cos and (ii) each term has an odd number 2e + 1 of sin-functions and the sign
of the term is given by (—1)°.
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Proof. For n = 1 the claim is trivial, and for n = 2 the addition rules for sine and cosine
are well-known and satisfy the claim.

Let n > 2 and assume the inductive hypothesis. Then we have

n n—1
cos (Z 9i> = cos ((Z 9@) + 9n>
i=1 i=1
n—1 n—1
= cos (Z 9i> cos 0, — sin (Z HZ') sin 6,
i=1 i=1

= ( Z :l:cs(&l)cs(Hg)---cs(@n_1)> cos Oy,

272 terms

_ ( Z +es(01)cs(0z) - - - Cs(gn_1)> sin 6,

2n=2 terms

where in the first summation, there are an even number 2e of sin-functions and the sign of

[

the term is given by (—1)¢, and in the second summation, there are an odd number 2e + 1

of sin-functions and the sign of the term is given by (—1)¢, by assumption. Then we have

cos (Z 91-) = Z +es(0y)ces(02) - - - es(by),
i=1

2n=1 terms

where the summation has the properties mentioned above, which gives the statement of the
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proposition for cosine. Similarly for sine we have

n n—1
sin (Z 0,-) = sin <<Z 92-) + 0n>
i=1 i=1
n—1 n—1
= cos <Z 0i> sin 6,, 4 sin (Z 0i> cos 0,
i=1 i=1

= ( Z :|:CS(91)CS(92) s CS(Hn—1)> sin 0,

2n=2 terms

+< > iCS(el)Cswz)“'CS(enl)) cos On,

2n=2 terms

where in the first summation, there are an even number 2e of sin-functions and the sign of
the term is given by (—1)¢, and in the second summation, there are an odd number 2e + 1

of sin-functions and the sign of the term is given by (—1)¢, by assumption. Then we have

sin <Z 91‘) = Z +es(01)cs(fz) - - - cs(6y),
i=1

2n=1 terms

where the summation has the properties mentioned above, which gives the statement of the
proposition for sine.

O

0

Alternately, we can use the relation e? = cosf +isin to obtain these addition formulae by

taking the real and imaginary parts of e!(01+-+0n) — ¢if1 ... ¢in

For example, the familiar sum rules for sin and cos follow this pattern:

cos(01 + 02) = cos by cosbo — sin by sin Oy

sin(fy + 62) = sinf; cos by + cos by sin by.
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The sum rules for 3 and 4 terms can then be obtained similarly from the formula:

cos(01 + 02 + 63) = cosby cos by cosbs — cos by sin by sin O3
— sin 6y cos 05 sin O3 — sin 0 sin O, cos O3
sin(01 + 62 4+ 63) = sinf; cos by cos b3 + cos by sin by cos b3

+ cos 67 cos 05 sin O3 — sin 04 sin 05 sin 03

cos(f1 + 62+ 03+ 04) = cosb; cosbycosbszcos by — cos by cos by sin b3 sin Oy
— ¢os 07 sin 05 sin 03 cos 04 — sin 0y sin O cos O3 cos O4
— cos 07 sin 05 cos 03 sin 84 — sin 61 cos O sin O3 cos O4

— sin 6y cos 0y cos O3 sin 6,4 + sin 61 sin 65 sin 63 sin 64

sin(fy + 02 + 03 +04) = sin6q cos by cos s cosby + cos by sinby cos b cos by
+  cos 07 cos 09 sin 03 cos 84 + cos 61 cos 05 cos 03 sin 0,4
— sin 64 sin 5 sin 03 cos 84 — sin 8 sin O, cos O3 sin 04

— sin 64 cos 0 sin 03 sin 64 — cos 0 sin 05 sin O3 sin 64.

Letting x; = cos#; for each i, then y; = sin6; satisfies the equation xf + y? = 1 and

hence y; = +4/1 — x? The geometric properties of the coin graph determine that for the

interior angles, #; < 7 and so sinf; > 0 and we can disregard the negative root, letting

Y = 1_%2-

Definition 3.1.4. We define the algebraic equations obtained by taking the sine or cosine
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of (3.1) by

n
EC,(z1,...,2,) = cos < 9i> ,
i=1
n
ES,(z1,...,2y) = sin( 9i> .
i=1
Each expression is in terms of the variables x1, ..., ;.
Example 3.1.5.
ECl(Qj‘l) = I
ESl(I‘l) = Y1 =/ 1-— .’E%
ECy(21,72) = @@ —y1y2 = 102 — /1 — 2 /1 — 23
ESo(z1,22) = wyima+21y2 = w2y/1 — 22 + 214/1 — 23

ECs(x1,29,23) =

ESs(z1 + 22+ 23) =

T1X2T3 — T1Y2Y3 — Y1X2Y3 — Y1Y223

xlxzfvg—x“/l—x% 1—1‘%
zo\/1— 22\ /1 — 2} — 234/1 — 22/1 — 23

Y1T2x3 + T1Y223 + T1T2Y3 — Y1Y2Y3

x2$3\/1 —l‘%+$1$3\/1 —I%
:cle\/l—xg—\/1—x%\/1—a:g\/1—:c§.
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Lemma 3.1.6. For each i€ {1,...,n} we have

ECh(z1,...,2n) = EC,_1(Z;) — yESp—1(z3)

Esn(xl, - ,.rn) = ylECn,l(@) =+ .CL‘@ESnfl(l/‘\l)

where y; = /1 — a:? and (2;) = (1, ..., Ti=1, Tig1, ..., &n). In particular for i = 1 we have

EC,(71,...,2n) = x1ECh_1(71) — y1ESn—1(77)

ESn($17 ceey xn) - ylECn—1<a) + -rlESn—l(ﬁ)-
Proof. Since cos(a + ) = cosacos f — sinasin 3, we get

EC, = EC,(z1,...,2zy)

n
= cos g 0;
j=1

= cos | 0; + Z 0;

je{l,..i—1,i+1,...,n}

= cosb; cos Z ; | — sin6;sin Z 0;

je{l,i—=1i+1,...,n} je{l,i—=1i+1,...n}

= EC, 1(7;) — yiES,—1(Z).
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Similarly for ES:

ESn == ESn(xl,
= sin Z 9]'
7=1

= sin | 6; +

7xn)

>, b

je{l,...i—1,i+1,..n}

= cosb;sin

Z 0; | +sin6; cos Z

je{l,...i—1i+1,..n} je{l,..i—1i+1,...n}

= yEC,_1(%;) + zES,—1(z;).

Note that the sum, and thus its cosine and sine, are symmetric in x1, ..

252 for more information on symmetric polynomials.

Each of these algebraic equations EC,, yields a polynomial equation C; = 0, which we

obtain by repeatedly squaring and rearranging terms in order to eliminate any y; terms. For

example,

C1(z1)
Co(z1,x2)
Cs(z1, x2, x3)

Cy(z1, 22, 23, 24)

1 —1

(1 — 22)°

(23 4+ 22 4 223 — 2z 12023 — 1)?

(z1 + 25 + 23 + o}

—2(v3 + 2525 + 2321 + 2iad + 2iad + wl)
+4(x3a3as 4+ a3a3a? + xlada? + afadad)

+dxixox324(2 — 37% - 37% - 33:% - 9@21))2-

36
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As mentioned above, we have the familiar Law of Cosines relationship

(T + Ti)2 + (T + T,'_H)Z — (Ti + Ti+1)2
2(T+7’i)(7’+7'i+1) '

Allowing the eye to have radius » = 1, which we can do by scaling appropriately, we have

for each z;

(1 + Ti)Q + (1 + Ti+1)2 — (’I”i + Ti+1)2
2(1+T¢)(1+7‘2‘+1) '

Substituting these expressions for the x; into the C), polynomial yields a rational expression
in r1,...,7,. This rational expression can then be transformed into a polynomial g €
Q[r1,...,7,]. That the polynomial will be Dg-symmetric is clear from geometry: it does
not matter which angle we label 6; (rotation) or whether we do our numbering clockwise or

counter-clockwise (reflection.)

Example 3.1.7. For n = 3 we have f = C3 = (2?2 + 23 + 22 — 2212923 — 1)? and we can

calculate

2

B (r4+71)2+ (r+r3)? — (r1 +12)? 2 (r4+mr)2+ (r+7r3)? — (ro +173)?
Gy = (( 2(r 4+ r)(r + 7o) > +< 2(r + 1) (r+13)

2(r 4+ r3)(r +r1) (r+r1)(r+re)

2

)

N <(T+T3)2+(T+r1)2 - (r3+T1)2>2 L ((T+T1)2+(r+r2) (r1+ 72 2)
2

)

((r+7“2)2+(7"+7“3)2—(r2+r3)2> ((r+r3)2+(r+7“1) —(r3+m1) )

2(r 4+ ro)(r +1r3) 2(r 4+ r3)(r+r1)

16
1 1 1 (—27“%7"27’37“2 + 7“%7"37“2 + 7“%7"%7“2 + 7“17"%7“2 — 27’17“27"37”2
(r+r)*(r +ro)*(r+rs)

2
— 27“17‘%7“37’2 — 27“%7“%7“37‘ — 27“17“%7“37“ — 27‘%7“27‘%7“ + r1r§r§)
= 0.
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Then we have as our polynomial

g = 16 (—27"%7"27“37"2 + T%T§T2 + r§r§r2 + rirdr? — 2r1r2r§r2

2
— 27“17'57“37"2 — 27‘%7’%7‘37" — 2r1r%r§r — 27’%7‘27"%7‘ + r%r%r%)

and we can write

r T2 T3
ri?g (f, =, 7) = 8¢5 +15g6 + 1191 — r2g2 + g0

€ Q[Tlv T2, T3] [TL

where
gs = 16(7‘%7@ + r%r% + Tilré + 47";’7'%7”% — 47"‘117’27"52’ + 47’%7"%7’3 — 47"11745’7”3 — 47‘{’7”37‘3
+ 67"%7’%7"% — 47’?7“27% — 47“17'§’r§ — 47"17’%7“;’ + 67“‘117"%71% + 67’%7“37’% + 47":137“%1"%),
g = 64(r?r%r§ — r%rﬂ% + 67”%7“%7"% + r%r%r% + r%r%r% + r%r%r% + r%r%r% + T%r%r% — rlrgrg‘
gy = 32(37’%7“%7“% + 21"1117“%1";’ + 27“:1)’7’37“51 + 37"%1"%7"% + 37“%7“%7‘% + 21"{’7“;11"5’),
g = Galrindrd — rirird —rirind)
go = 167’%7’%7@

and each of these g; € Q[r1,r2, 73] is a Ds-symmetric polynomial.

For the terms with the maximum degree d, r® will cancel out all the denominators and
we will be left with gg, a polynomial element of Q[ry, ..., 7). That go will be Dj-symmetric
follows from the Dg-symmetry of the polynomials and (3.1).

For the terms with degree 0 < § < d, r¢ will cancel out all the denominators and we will

be left with rd_‘sgd,(g, a polynomial element of Q[r1, ...,7]. That g4_s will be Dy-symmetric
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again follows from the Djg-symmetry of the polynomials and (3.1).

The sum of all these terms will give us the statement of the claim. In particular, we have

that for general radius r of the eye, we do not have a symmetric polynomial in Q[r1, ..., g, 7],
but we do have a way to write it as a polynomial in Q[ry,...,7x|[r] with coefficients that
are Dy-symmetric in Q[ry, ..., rgl.

3.2 Using Galois Theory to Describe the Polynomials

From now on we will use n in the role of £ in Equation (3.1) to denote the number of petals
of the flower, since we are considering the polynomials themselves.

We will show that for each n > 2, C,, = P2, where P, is an irreducible polynomial for
n > 2 and is in fact symmetric for n > 3. First, we will need some tools from Galois theory

to describe the polynomials C, and P,.

Definition 3.2.1. For n > 1, let G} be the Galois group (group of automorphisms) on
Q(x1y. ..y Tnyy1,---,Yyn) that fixes the field Q(z1,...,z,), and G, be the Galois group on

Q(x1,...,2n, ¥y, : 1 < j) that also fixes the field Q(z1,...,xy). They are denoted:

G; = Gal(Q(z1, 22, .-, Tny Y1y - -, Yn) /Q(21, .. oy 20)),

Gpn = Gal(Q(z1, 2, ..., Tn, vy 1 1 < J)/Qz1,...,2n)),

7

where the z; are algebraically independent indeterminates and y; = y/1 — 22, as discussed

above, i.e. y; satisfies X2 + 2?2 —1=0€ Q(x1,...,z,)[X].
Lemma 3.2.2. Forn > 1 we have G = 75 and G, = 75",

Proof. For G%, each y; is the root of an irreducible quadratic polynomial X? — (1 — 22) €

n’ 7

Q(z1,. .., Tn, Y1, - -, ¥i—1)[X], which is the minimum polynomial of y; over Q(x1, ..., Zpn, Y1, . ..

for each i. Hence we have G}, = Zjy.
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For G, each y;y; with i < j is also the root of an irreducible quadratic polynomial
X2—(1-23)(1- :BJQ) € Q(z1,...,z,)[X]. However, every element of Q(z1,x2,...,Tn, yiy;
i < j) can be written as a rational function in terms of only elements of the form y;y;+1 as

follows:

(Yivis1) Wiv1yiv2) - - (Yi-1y5)

Yiy; =

Vi1 '%2'—1
_ (YiYi+1) Wit1Yiv2) - - (Yj—1Y5)
(1—af,) <1 - 95?71)
So we have that
Qx1, 22, .. xn, yiy; 11 < J) = Q(x1, T2, ..., T, Yilit1 : 1 <0 < ). (3.2)

Each of the n — 1 terms y;9;11 is the root of an irreducible quadratic polynomial X? —
(1—2?)(1 - x?H) € Q(x1,...,Tn, 192, - - -, Yi—1Yi)[X], which is the minimum polynomial

of yiyir1 over Q(x1, ..., Tn,y1Y2,-..,Yi—1Y;) for each i € {1,...,n — 1}. Therefore we have

that G, = Z3~". O

Lemma 3.2.3. For n € N, the group G, = Zg_l can be presented as

2 _
G, = <01,...,0n_1 10; =e,0,0) = UjO’i>,

where each o; is an automorphism fixing Q(x1,...xy,) and

—Yiyj+1 fi=17]
oi(Yjyj+1) -
Yiyi+1  if i F£ .

2

Proof. Since (yiyit1)? = (1 — 2?)(1 — 27,4) and the Galois group G, is fixing the z;, the
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only possible automorphisms are o(y;yi+1) = —¥i¥i+1 and o(yi¥i+1) = yiYi+1. We can then

generate the group as in the statement of the theorem with n — 1 generators o;. O
Corollary 3.2.4. For every o € Gy, let so.; € {—1,1} be such that o(Y;yj+1) = So:jYjYj+1-

Then for every i < j we have

U(yﬂﬁ) = SoyiSoji+l " SoyiYilYj-

In particular, we have
1. If i <n then opn—1(YiYn) = —YiYn-
2. If i > 1 then o1(y1yi) = —1Yi-

As a simple example, Gy = Zs is generated by the single element o such that o(y1y2) =

—y1y2 and o2 =e. So we have

II (c®C)—1) = (@2 —yiyo — V(@12 — o(y132) — 1)
o€G2

= (21 — 29)* = Cy(x1,29).

For n = 3, we have G3 = (01, 092) where o1(y1y2) = —y1y2 and 02(y2y3) = —y2y3. Then
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we have
[[ (¢(ECs) —1) = (217223 — 219203 — y122y3 — y17223 — 1)
sE€Gs
(z12273 — T1Y2y3 — 01(Y172y3) — o1 (y1y223) — 1)
(217203 — 02(T1Y2y3) — 02(Y172Y3) — Y1y223 — 1)
(17223 — 0102(T1Y2y3) — 0102(Y172Y3) — 0102(Y1Y273) — 1)
= (z12223 — T1Y2Y3 — Y1%2Y3 — Y1Y2T3 — 1)
(v12273 — T1Y2y3 + Y1T2y3 + Y1y2xs — 1)
(17273 + T1Y2y3 + Y172y3 — Y1y273 — 1)
(217273 — T1Y2y3 + Y122Y3 — Y1y273 — 1)

= (.CE% + IL’% + $§ — 2117923 — 1)2 = C3(.731,332,l’3).

We can use this as a precise definition of C,, for each n € N:

Definition 3.2.5. The polynomial C,,, corresponding to a flower with n petals, can be

defined as:
Co(x1,...,2n) =[] (0(ECn) = 1) € Qlan, ..., zn).
O'EGn
From Definition 3.2.5 we see that (), is symmetric in x1,...,2z,. By Lemma 3.1.3,
each of the 2”2 terms of ES,,_; in terms of 1,...,Zn—1,Y1,...,Yn_1 contains positive odd
factors of y; for i < n — 1. Hence 0,1 € Gy, fixes Q(x1,...,Tn, Y142, Yn—2Yn—1) and

On—1(Yn—1Yn) = —Yn—1Yn. Then we have by Corollary 3.2.4:

Claim 3.2.6. For n > 2 we have

Gn=Gp1UGu_10p-1 = Gp_1Uop_1Gp_1
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and

Un—l(ynESn—l) = —ynESn_l.
Lemma 3.2.7. If 0,1 € Gy, fizes Q(z1,. .., Tn, Y1Y2, -« - s Yn—2Yn—1) and op—1(Yn—1Yn) =
—Yn—1Yn then

(EC,, — 1) (051 (BECp) —1) = (2, — ECp_1)*.

In particular, EC,, = 1 implies x, = EC,,_1.

Proof. By Claim 3.2.6, 0,1 (ynES;—1) — —y»ES,—1 and hence

(EC,, — )(0p—1(EC,) = 1) = (2,ECh—1 — ynES,—1 — 1)(0p—1(2,ECr—1 — ynES;—1) — 1)
= (2,ECp—1 —ynESn—1 — 1)(2,ECp—1 + ynES;,—1 — 1)
= (2nEC,1 —1)° —ypES) 4
= (2,BEC,_1 — 1) = (1 —22)(1 —EC?_))

= (2, —EC, 1)

Remark 3.2.8. In fact, (3.1) implies directly that
cos(bh +---+0p) =cos(Opt1+ -+ 6n)

where h + k = n and hence ECy(x1,...,25) = ECk(xps1,...,2,), which itself implies

xyn = EC,_1 by letting h =n —1 and k = 1.

Figure 3.1 gives a visual representation which makes this intuitively clear, since this

result is based on angles adding up to 2.
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Figure 3.1: cos(f,) = cos Y1 6;
Corollary 3.2.9. Forn > 2 we have C,, = P,% where

Pyi= ][] (¥n—0c(ECh)).

c€Gn_1
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Proof. By Lemma 3.2.7 we obtain:

C, = [ (c®C,) -1)

O'EGn

= II  (eEC) -1

c€0n,Gpn_1UG, 1

= H (c(ECy) — 1)(opo(EC,) — 1)

O'EGn—l

= JI o((EC,—1)(on(EC,) - 1))

O'EGn—l

= H o((zn — Ecnfl)Q)

O'Ganl

= H (2, — o(ECp_1))?

c€Gp_1

— p2?

n

where P,, = HUGGH_I(xn —o(EC,-1)). O

By exactly the same token as Claim 3.2.6, Lemma 3.2.7, and Corollary 3.2.9, we obtain
analogous results by reordering the variables y1, ..., y, in the reverse order: 4., Yn—1,---,Y1-
Namely, if 0; € G, is the field automorphism of Q(x1, ..., Tn, Y1Y2,Y2Y3, - - -, Yn—1Yn) With

0i(YilYi+1) = —VYiYi+1 fixing Q(x1,...,z,) and each y;y;j41 for j # i (as in Lemma 3.2.3)

then:

Claim 3.2.10.
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where G!,_; = (02,...,0n-1) € Gy, = (01,...,0n-1) and

o1 ESn—1(x2,...,20)) = =1 ESp_1(z2,...,25).

Proof. By Lemma 3.1.3, each of the 2”2 terms of ES,,_1(z2,...,7,) =ESn_1(22, ..., Tn, Y2, -+, Yn)

(by substituting y; = 1/1 — 22 for each i = 2,...,n) has positive odd factors of y; for i > 2.

hence the claim follows by Corollary 3.2.4. O

Lemma 3.2.11. If 01 € G, is as above then
(Ecn - 1)(01(Ecn - 1)) = (l'l - Ecnfl($23 ce 7$n))2'
Proof. By Claim 3.2.10 we obtain

(ECp — 1)(01(ECp — 1)) = (21ECo_1 (22, .., n) — 1ESn_1 (22, .., 2n) — 1)
(01(21EC_1 (22, . .., 20) — Y2 ESn_1 (29, - . an)) — 1)
= (11EC,—1(Z1) = 11ESp—1(Z1) — 1)(z1ECp—1(Z1) + y1ESp—1(71) — 1)
= (21ECp1(@1) — 1)* — 4iES, 1 (71)?
= (©1EC,_1(Z1) —1)? - (1 —2H)(1 —EC,_1(z1)?

= (331 — ECn—l(fc\l))27

where (z7) = (22,...,2,) as above. O
By symmetry of C), we have the following:

Corollary 3.2.12. For n > 3 we have
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Remark 3.2.13. For n = 1 we have P, = C; = z1 — 1. For n = 2 we have (as defined in
Corollary 3.2.9) P, = x9 — x1. However, this is a matter of taste, since we could have set
Py, = x1 — x3. The case n = 2 is the only one where C(x1,x2) is symmetric while P, is not.

(See below.)

Proof of Corollary 3.2.12. By Lemma 3.2.11 we obtain as in the proof of Corollary 3.2.9

G = ]I (o(EC) ~1)

UEGn

= H (U(Ecn) - 1)

o€G) _Uo G

n—1

= [ (¢(ECh) = 1)(001(EC,) — 1)

O'GGn—l

= I o®C,) —1)(01(EC,) - 1))

O'GGn_l

= J] ol@:—EC.a(@1)?)

0€Gn_1

— H (21 — 0(ECH_1(Z1)))*.

oeG!

n—1

Hence, by Corollary 3.2.12 we obtain C,, = Q2 where

Qn = H (21 — o(ECp—1(Z1)))-

0€Gn_1

Since P? = C,, = 2, then as elements in a polynomial ring over a field which is an integer

domain we get

0="P2—Q2= (P, —Qu)(Pr+Qn)
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and therefore for each n > 2, ), = P, or Q,, = —P,.

For n = 2 we obtain Py = 29 — 21 and Q2 = 21 — x2 80 Q3 = —Ps.

For n > 3 we first note that by evaluating EC,,_1(Z,) and EC,_1(Z1) at o = - --

Tp—1 = 1 yields

Ecnfl(af\n)|x2:-~-:xn_1:1 = X1
ECn71(£1)|w2:“':xn71:1 = In
and hence we obtain
n—2
Po(x1,1,...,1,x,) = H (zn — 21) = (T — 11)?
c€Gp_1

Qn(x1,1,...,1L,z,) = H (x1 —xp) = (21 — mn)2n72

O'EGn—l

2n72

. . n—2
Since n > 3 we have 2772 is even and so (z,, — 1) = (21 —x,)?"  and therefore

Po(z1,1,...,1,2,) = Qn(z1,1,...,1,2,).

From this we have:

Corollary 3.2.14. Forn > 3, Q, = P, and hence

Po= ] (21— 0(ECh1(21)))

c€Gpn_1

Let n > 3. If 7 € S,, is a permutation on {1,...,n} then 7 acts naturally on (z1,...,z,)

by m(x1,. .., 2n) = (Tr(1)s- - > Tr(n))- By definition of P, in Corollary 3.2.9 we have

(Poom)(w1,. .. %) = Pol@r(1ys - Tr(ny) = Pul®1, .., 70)



or P,on = P,m = P, for all 7 € S,, with m(n) = n. Likewise by Corollary 3.2.14 we have
P,m = P, for all m € S,, with w(1) = 1.

Let 7 € S, be an arbitrary transposition 7 = (¢,7). If {i,j} € {1,...,n — 1} or
{i,7} €{2,...,n} then by the above, P,7 = P,. Otherwise if 7 = (1,n) then since n > 3
there is an | € {2,...,n — 1} such that we can write 7 = (1,n) = (1,1)(l,n)(1,l) where

{1,1} € {2,...,n}. From the above, we therefore have

P,r=P,(1,n) = P,(1,1)(,n)(1,1)
= P,(,n)(1,])
= Pn(lal)

= P,

Since each permutation w € S, is a composition of transpositions then we have P,m = P,

for each w € .5,,.
Theorem 3.2.15. For n > 3 the polynomial P, = P, (x1,...,xy,) is symmetric.

Corollary 3.2.16. Forn >3 and any i € {1,...,n} we have

P, = [ olwi—EC, (@)

c€Gn_1

In particular as a polynomial in x;, then P, is monic of degree 22 in each x;.

Observation 3.2.17. For n > 3
Pu(w1, .y ic1, L, 2ig1, . xn) = Po1(3)? = Coo1(T).

~1\2
and hence also Cy (21, ..., %i—1, 1, Zit1,...,Tpn) = Cp_1(Z;)°.
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Proof. Since

c€Gp_1
then we obtain
Pn(x].’"'a$i—1)17xi+17"')xn) - H (1_U(Ecn—1(@))) - n—l(a/:\i)

oc€Gp_1

by definition.

In particular, we then obtain
Cn(xla--‘7$i—1717$i+1)---axn) - Pn(fE]_,...,xi_1,1,$i+1,...,$n)2

= Cho1(%)

O]

Proposition 3.2.18. Let n > 1 and ny +---+ng =n. If >, 0; = 27 and x; = cosb;
for i € {1,...,n} then P,(EC,,,...,EC,,) = 0 where for each | € {1,...,k} EC,, =
ECy, (Tni4-tny_141s - - - Tnygoetny ). In particular fork =n—1 andny = --- =np_o9 =1

and np—1 = 2, we have P,_1(x1,...,2n—2, ECo(xp_1,2,)) = 0.

Proof. Letting ¢; = Opy4gmy_+1 + -+ Opyyooqm, for each i € {1,...,k}, then

k
Z ¢ =27
=1

and hence if t; = cos(¢;) then by Corollary 3.2.16,

0 = Py(ti,....t1)) = P(EC,,,...,ECy,),



where for each [ € {1,...,k}, ECp,, = ECp, (Zn,4otny_ 1415 - - » Trgbormy ) - O

We now obtain a recursive method for determining P,. Let ECo(xj,xj41) = xjzj41 +

Yjyj+1 be the conjugate of ECg(z, zj41). Recall that by Claim 3.2.6 we have for n — 1 that
Gn1=Gp2U0, 1Gp2=Gp 2UG, 20,1
and

On—2(Yn—1ESp—2) = —yn—1ES,a.

Lemma 3.2.19. For n > 3 we have

(2, — ECp_1)(zn — 0n2(BECr_1)) = 22 +22 —1—22, 12,EC2_, + EC2_,.

Proof. Since EC,,_1 = z,_1EC,,_2 — y,_1ES,_2, we obtain by above

(xn, — ECp—1)(zp, — 0n—2(ECp—1)) = (2p — 2p—1ECp_2 + yn—1ES,,—2)
(xn — p—1ECp—2 — yn—1ES,—2)
= (xp— :En,lECn,g)2 — yi_lESi_Q
= (2p — 2, 1EC, 9)? = (1 —22_)(1 —EC?_,)

n—1

= 22 [ +22-1-2zx, 2,BC2 , +EC?_,.

n—1

O]

By direct computation and the definition of P,_1, since ECo(x;, Ti+1) = TiTit1 — YilYi+1
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we get

Poi(z1, ..., zp—2,ECo(xp_12p))Pr-1(x1,...,2n—2, ECo(xp_12y))

= H (ECa(wp—1,75) — 0 (EC,—2)) - H (m(xn—laxn) —0(EC,-2))

c€Gn_2 c€Gpn_2

= H (xnfl-fn — Yn—1Yn — U(Ecnf2)) : H (xnflwn + Yn—1Yn — U(Ecnf2))

c€Gn_2 c€Gp_2

=TI (@n-12n—0(ECa2))? — 42 142)

c€Gp_2

= II (@120 = o(BC,-2)? = (1 =22 )1 —a?))

c€Gp_2

= H (53721—1 + x?L —-1- an_la:na(ECi_Q) + O’(EC?L_Q))

c€Gn_2

= H o (2 4+ 22 —1—23,12,EC2_, + ECZ_,).
o€Gn_2

From this we can prove the following:

Theorem 3.2.20. The polynomials P,, are completely determined by the following recursion

P1 = 1‘1—1,

P = x93 —x1,
and for n >3

Pn = Pn—l(xla'--7xn—27EC2(xn—1>xn))'Pn—l(-xb-"7xn—2aEC2(xn—17xn))'
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Proof. By Lemma 3.2.19 and the preceding paragraph we get

Py = ][] (@n—o(EC,1))

c€Gp—1

= 11 (2 — 0(ECp_1))

0€Gn_2Uon_1Gn_2

= H (xn — a(ECn_l))(xn - UUn—l(ECn—l))

O'eGn—Q

= H o ((zn — (ECp—1))(@n, — 0n—1(ECp_1)))

O'eGn72

= H o (1‘%_1 +22 —1 -2z, 12,EC2_, + EC?L_Q)
c€Gp_2

= Pn—l(xla ce 7xn—27ECZ($n—17$n)) : Pn—1<m17 ey Tn—2, EC2(xn—1a xn))

O

Example 3.2.21. The first 5 polynomials P, can now be computed easily by the recursion
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in Theorem 3.2.20.

P

Py

Py

2?1—1

T2 — I

Py(x1,ECa(wg,13)) - Po(w1, ECy(wa, 13))

(w223 — Yoy3 — x1) - (T2x3 + Y2y3 — 1)

(w223 — 21)? — y5u3

x3ai — 2x129w3 + 2 — (1 — 23)(1 — 23)
2

2,2 2 2 2 2
x5x3 — 2wwexs + v7 — 1 + x5 + x5 — x575

x? a3 + 23 — 2x 2023 — 1.

P3(x1, 22, ECo(3,24)) - P3(1, 22, ECo(23,24))

(27 + 5 + (w324 — y3ya)® — 2x102 (w324 — Y3ya) — 1)

(27 + 23 + (w324 + y3ys)® — 2w102(w324 + y3ya) — 1)

a4 28 + oy + o) — 2(aad 4+ 2323 + 2dad 4+ 22a] + adad + 2dad)
A(x3asal + wiadaed + 22230% + adadad)

dayxowsry (2 — 2 — 23 — 23 — 23).
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P4(ac1, 9,3, ECQ(.%'4, .%'5)) . P4(£U1, T9,X3, ECQ($4, $5))

28 — 8wy woxswyxl — Sxirial 4 4xdxd — 42l + 4222l + 1623030208

8x§x§x§ - 83:%33?@2 - 8x%x§xg - 8x%m%x§ + 45@2@2 - 8$§$ixg

lﬁxfmgx?lxg + 163:%1:%@213:2 + 43}%3:?) + 16x%x%mix§ + 4036133%:(:33043:?
401‘1:1721'31‘?1;3? — 32$§’3}2x3m23}g + 40:13?1’21’31‘41)? — 32$i’3}2x§m43}g

32x1x§azgm4xg — 32$1$§x3x2x§ — 24x1x2333x4xg — 32$?$§x3x4x§

32x1x2x§x§x2 + 4Ox1xga}:§m4xg + 64x%w%x§xix§ — 161:%@%3:%

28$%$il’§ — 16:L‘§xi:n§ — 243:%%:@1:? + 281‘%:@211“51 — 12:L‘§x§
28x3r5xs — 16237573 — 16032 78 + 64aiviaiairs — 24x3riaios
lﬁx%xixé — 12@213:? — 243:%36%3;?13:?‘) + 63:?) + 6m§x§ — lﬁxfméxé

1622 xixs + 6272s 4 64atasaiatad + 162txiad + 16252523

162 i23xs — 24x2x3xied + 160 w3rs + 16232 s + 625308 — 120307
144x%x%x§xix§ + 64x%x§x§xﬁix§ + 28x%x§x§ — 163:%3:335?

161‘%:13%1“51 — 16x§xi:€§ + 28a:§xi:r§ + 281:%1‘%:17% — 121‘%3:451 — 16:5%:&%3:?
6xxs — 160r3rs + 16252 s + 11203 woxd3ryxd + 11223 wowsadad
40z xox3242s — 320 mow3xiay — 32w wwsaial 4+ 11223 a3 w30
wla:gxgmxg’ + 401‘?.%‘21‘3334.%‘% + 40$1$2x3$2x§ — 321‘?1‘21‘3332.%‘%
112x1x§x3x4a}?5’ — 32x1x2xgxix§ — 32x?x2x§x4$§ — 112x?x2x3x4x‘g
112z 3a3 42 — 320 w3x5xs2s — 320 a5w3wyad — 320 adwsaiad
321‘?3331‘33:4;16% + 112m1x2x§xix§ + 112:613:;’;1633323:% — 112m11‘2x§x4x§
112x1$2x3xi$?§ + 72x1$2x3x4x§ — 128$?I%$§$2.’L’% — 32$?$§x3x4x‘g
3203 wonirsat — 322 woxdadad 4+ 1622252322 + 2823 xta? + 282 ada?

Sx%xgrvg — 121‘336% — 16;161‘3333:% + 16;10%:6%:523@% — 24x%x%x§x% — 833?30%3:%

55



323?%:6‘%.%’% — 243:%35%@13:% — 1633‘113642136% — Sx?wixg + 40x%x§xix§

161‘11133%.%% - 24x%x%xix§ + 28x§xi$§ - 8$%:L“gx§ + 64x%m%x§xix§

3223272 — 163:%3:31:% - 12:1:%3:% + 281’%:6%%% — 144x%x§a:§xix§

1623052302 + 2823wl 4 4aSa? + 64x2adaiaia? — 24asadada?

28:L“33:§$§ - Sz?m%ajg + 16x?$§x§x§ + 16$%x%x2x§ + 16m%x§x2x§

122322 — 24$%x§$§$§ + 16x3x5zia? — 24riasaia? — Sx3xsa?

64z rieieie? + 1920203030302 — 120522 — 2402252222 + 122322

8x%$gaz§ + 40x%m§ajix§ - 24$%x3x3:v§ - 321‘%.’13%1‘% + 64m%x%x§xix§

28x3x50s — 8wixlw? — 4a? + 4a8a? 4 122322 + 28%111%[21%% - 161’%:6%33%

16x?w§xix§ - 8$gxix§ + 16:1:?33%@211:% + 64x%x§x§xix§
2.4 2 2,2 2 2.6,.2 2

24m%x3x4x5 + 12x§x§ + 16$%m%xgx§ + 16mgx3x4x5 + 16z7T5737T]

403;%1:%@213;% — 8.73%(172%% - 24x%x§x?1x§ — 163;31’?1:6% + 28.73%(13;11:%

1441‘%1’%.%‘%.7]21’% + 28x%:pix§ — 81’33@21:):% — 321‘%@21:1:% + 641’%1’%.%%.%3.%%

2,22 2 2,42 2 2,42 2 2 4,2 2
4023232302 — 24a3riaie? — 144atadadaia? — 122728 + 4ala?

28x3 x50t — 14dairiaiaie? — SaSada? + 282 wix? — 3203032

32x%x§x§ + 4ach§ — 24m‘11x§x2$§ — 24z 25137475 — 112m?x2x3x2x5
112%’?1‘%:&31’41‘5 + 40xi’m2x§x4m5 — 112m1$2m§1‘§1$5 — 32m1x%zgmia}5
32%?I2$§$il’5 — 8x1x2x§x4x5 + 40:5“1’302333:523:5 — 24a:1x2x3xim5

112x1x§x3$2x5 + 403:1:031'%.%4:1:5 + 4Ox1x§x3$ix5 — 32x?m2x§xix5
32:L"§’3:%:1:gm4$5 + 40:L‘?:E3:L’3l‘4l‘5 — 8x1$§x3$4m5 — 8:U13321:3:EZ:L’5 + 112x1$§x§xim5
40x1x3x3x2x5 — 112xi’x2$§x4x5 + 40x‘;’x2x§x4$5 + 72x1x2$§x4x5
32m1x§’x§xim5 + 72x1$§$3$4$5 + 40x§’x§’x3x4x5 + 4Ox‘;’x2m3xix5

32m§’3}%:1:3:rim5 — 24:L‘1:E2:L'gl‘4l‘5 — 32$§’3}%1:3mix5 — 321‘%3:631‘?1%
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— 32x1xgac§xix5 + 112x‘;’x§x3xix5 + 40$1x2xgxix5 — 40172737475

+ 4Ox1x2x§$ix5 — 32x?x%x§x4x5 — 112x1x§$§x4x5 — 24x?:v2x3x4x5

—  32x3adadwyws + 12w mow3T TS — 8xlwor3TsTs + 1223 a3asrs2s

+ 11223 xoadades — 3203 woxdales + 40z adadess + 1203 wox 32425

+ 28x‘11x§x421 + 16$%xgx§xi - 24:E%x%x§xi + 28x%x§$ﬁ — 8$%$§$2

—  16x3chz] + 28x§a:§z?1 + 28z wdad — 32222307 — Swtadal + 4x3x§

— 24x%x§x§xi — 12:13%36?1 + lﬁxéxéxﬁ + 16x%x%x§xi + 41‘%2122 — 32.%%%%.%’2

+ 4z§mg - 24x%x§$§xi — 122322 + 281‘%1’%1‘2 + 6x]x] — 16x%x§xﬁ + 28232522
+ 122322 + 6x§wﬁ + 162 z3z] — 8rarizh — 12232 — 32¢2a20% — 8xdaSad

+ 12:1:%3@21 + 4mgx§ — 16xi‘x%x§ — lﬁxéxéxﬁ + 40x%x%$§xi + Gxé - Sxngx?l

— 41:% — 16m%az§x3 + xg - 12x%xﬁ — 161’%%%.%3 + 6$lex§ - 163:4115211"121 — 12x411m§
+ 16x%x§xﬁ —4z% — 8x3x5ad + 2% — Saala? — 163:‘113:31@21 + 28232325

4+ 4aSad 4+ 162 w50s + 1628230303 4+ 122303 + 4022 + 4032l + 42522

— Sx%m%a}g + 16x%w%m§x§ - 4302 - Sx?:v%:rg - 123:%:5% - 16m‘11x§m§ — 12x%x§

— 123:%1:% - 16x§x§xi + 122323 + 2% + 42027 — 24ai202ala? — 8a2aSad

4+ 6a] + 122327 + 28x3xda] + 6x1as + 621 + 282 wdad + 28252307 4 62503
— 32:6%:6%1‘% + 4x32§ — 4:1:% — 42% — 42% — 8m?x§xi + 28 — 16x{z32] — 161‘%%:@%

+  4a%2% + 6232 — 4§ — 8a8a2ed — 122523 + 122323 — 12z%x§ + QSx%x?J,xi

— 12x‘f$i + 28%%.’13%.1‘% +1— 4xg — 12$%$§ + 630% + 430?3:%.

The recursion given in Theorem 3.2.20, although fundamental, is a special case of a more

general recursion that P, satisfies:

Claim 3.2.22. Let P, =21 —1 andn > 2. Forny+---+n, = n we have (with some abuse
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of notation) that

Pa(zy,...zn) = ][] Pi(01(ECpy (21, -+ Ty )y 09(ECoy Ty 415 - - - Ty g )
G’Z‘GGni_
i:l,...,kl
.. ,Jk(Ean (xn—nk—l-l, ey I‘n))

Example 3.2.23. P; is the smallest example that can be generated using a recurrence that

is not an example of the special recurrence from Theorem 3.2.20:

P5(:L’1,...,LU5) = H Pg(Ui(ECQ((Zfl,]IQ)),Ué(ECl(IEg)),Ué(ECQ(.’IZ’4,.’1§'5)))

ol €G1=(o1)
oheGa={e}
Ué€G3:<U4>

=[] Bl — yiy2), 05(x3), oh(2ams — yays))
ol €G1=(o1)
oheGa={e}
UéGG3:<O’4>

= P3(v172 — Y192, T3, TaT5 — Yays) - P3(2122 + Y192, T3, TaT5 — Yays)
Py(z129 — Y192, ¥3, a5 + Yays) - P3(x122 + y1Y2, T3, TaT5 + Yays)

= ((z122 — y1y2)2 + 37% + (Taw5 — y4y5)2 — 2(7172 — y1y2)3(Ta25 — Yays) — 1)
(212 + 1192)° + 23 + (2425 — yays)® — 2(2172 + y1y2)w3(w45 — Yays) — 1)
((z132 — Y192)” + 23 + (2am5 + Yays)” — 2(z122 — Y1y2)w3(2425 + yays) — 1)

(w172 + y1y2)? + 23 + (2225 + yays)? — 2(v122 + y1y2)23(Ta25 + Yays) — 1),

Expanded, this yields the same expression for Ps as given in Example 3.2.21.

Our final goal in this chapter is to prove the irreducibility of P,. To illuminate our ap-
proach we state and prove the following simplest case, that P3 = P3(x1, 2, x3) is irreducible.
Suppose P3 = fg with f, g € Q[z1,x2,x3]. Since Ps is monic in x3, both f and g contain

the variable x3, and hence both f and g are of degree 1 in x3 (unless f or g = P5.) Since

o8



P factors in Q(x1, 2, y1y2)[xs] as

Py = (x5 — 2122 — Y1y2) (23 — 2122 + y1y2)

by definition of Ps, then since Q(z1,x2,y1y2)[x3] is a UFD we must have

{f.9} ={xs — z122 — y1y2, 23 — 2122 + Y1y2 }
which contradicts the assumption that f,g € Q[z1,z2,23]. Hence we have the following
observation:
Observation 3.2.24. The polynomial Ps(x1,x2,x3) is irreducible over Q.
We now want to use this same approach to prove the following.
Theorem 3.2.25. Forn > 3 the polynomials P,(x1,...,x,) are irreducible over Q.
Before proving Theorem 3.2.25, we need to prove the following:

Claim 3.2.26. For n > 3 we have

P (ECa(z1,22), 23, ., 2n) = Pooa(z1@2 — y1y2,23,. .., Tn)
and

P 1(ECy(x1,29), @3, .., &n) = Poo1(x1%2 + Y192, 23, ., Tn)
are irreducible in Q(x1, 2, y1y2)[3, .- ., Tn).

Proof. Assume P} | := P,_1(z122—Yy1Y2, X3, . .., Ty) factors P, = h*-k* € Q(z1, z2, y1y2)[73, - - -

where both A* and k* involve xz,,. Since



we see that

P:;fl = H (xn _U(Ecn—Z(xle —y1y27$37-~7xn)))7
c€Gp_2

and hence both A* and k* must be products of these linear factors.

In particular, we can evaluate P;_; = h* - k* at 21 = 1 and obtain

Poa(z2,... 1) = ( ;—1) |lzy=1 = (W |zy-1) (K"|zy-1) = h-k

in Q(z2)[zs,...,xy,], which is a UFD.

Since by the inductive hypothesis, P,_1(z2,...,%,) is irreducible in Q(z2)[zs, ..., zy],
either h or k equals P,_1(x2,...,zy), which contradicts the fact that both A* and k* involve
Zp. Hence P;_, is irreducible. In the same way we obtain that P,_1(z122+y1y2, 23, ..., Zp)

is irreducible. O

Proof of Theorem 3.2.25. Assume P, = fg with f,g € Q[z1,...,2,]. We may assume f is

irreducible. Let

¢i - Qlxy, ...,z — Q[Tj]

gf)l(F) = F($1,...,$i,1,1,$i+1,...,ZCn).

¢; is a Q-algebra homomorphism for each i € {1,...,n} and hence a ring homomorphism.

Therefore

¢1(Pn) = 01(f9) = ¢1(f)1(g) € Qloa, ..., wn].

But ¢1(P,) = P, 1(x2,...,2,)? € Q[za,...,2,], which is a UFD. By the inductive hy-
pothesis, P,_1 is irreducible in Q[zo,...,x,]. Therefore, ¢1(f) = P,—1 = ¢1(g) (unless
[= Pn~)
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Viewing f,g € Q[z1,...,Tn_1][zy], then since P, and P,_; are monic in every variable

x; (and hence also in z,,,) we have

degxn (Pn) _on-3

degxn(f) = deg:cn (g) = 2

By symmetry of P, for n > 3, from Theorem 3.2.15 and Theorem 3.2.20 we have

Pn = Pn_l(ECQ(:I}l, .%'2), I3y... ,mn) . Pn_l(ECg(l'l, .%'2), T3y .. ,xn)

in Q(z1,x2,y1y2)[x3, . .., xy], which is a UFD.

Since by assumption P, = f - g where f € Q[x1,...,x,] is irreducible and f|;, =1 =

P,_1(x2,...,x,), we obtain in the same way as in the proof of Claim 3.2.26 that f is
irreducible in Q(x1, 2, y1y2)[zs, ..., Tn].
So

Pn :f’g:Pnfl(EC%x?n'--awn)'Pnfl(EC2>-r37"-7xn)

in Q(x1,x2,y1y2)[xs, - .., x,], which is a UFD. Hence
f € {P,—1(ECq,x3,...,2p), Ph1(ECo, x3,...,2,)}, which is a contradiction, since f €

Q[z1, ..., xn). O
As a corollary we obtain the following, which in fact equivalent to Theorem 3.2.25:

Corollary 3.2.27. For n > 1 we have

Q(z1,...,20,ECy) : Q(a1,...,2,)] = 2%

Since for m < n, EC,, = ECp,(x1,...,2m) is only in terms of the first m of n variables,

then for any m < n we have

[Q(z1,...,2,,ECy) : Q(a1,...,2,)] = 2™°L
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So we obtain a summarizing result:
Corollary 3.2.28. For 1 < m <n we have
L Q(ajla ey xnaECm) = Q(xlv s Ty Y1Y2, -0 7ym71ym)

o Gal(Q(z1,...,zn, ECp)/Q(x1,...,2x))
= Gal(Q(z1, -, Tn, Y1Y25 -+, Ym—1Ym)/Q(21, . . ., T0))

~ m—1
>~ zm1,

o Poii(z1,. .y xm, X) € Q(x1,...,2,)[X] is the minimal polynomial of

EC,, = ECp, (21, ..., 2m) over Q(z1,...,Tm).
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Chapter 4: Results from Elementary Number Theory

4.1 Generalizations of the Pythagorean Triples

These generalizations of the well-known Pythagorean Triples problem will be needed in the
next chapter. In the following, a primitive solution is a solution where z,y, and z are

pairwise relatively prime.

Theorem 4.1.1. Let (3 be a square-free integer. The integers x,y, z form a primitive solution
to the Diophantine equation x° + [y? = 2% if and only if there are positive integers m and
n and a factorization = bc where bm? and cn® are relatively prime such that

bm? — cn? bm? + cn?

r = ——, Yy=mn, 2272 s

where both m and n are odd or both are even, or

r = bm®—cn?, y=2mn, z=>bm?+cn?

otherwise.
To prove Theorem 4.1.1, we need the following;:

Claim 4.1.2. If r,s,t are positive integers such that r and s are relatively prime and rs = t>

then there are relatively prime integers m and n such that r = m? and s = n?.

Proof of Theorem 4.1.1. Note that ged(b,c¢) = 1. This proof follows and extends the expo-
sition in [12].
Assume z,y, z form a primitive solution. In this case, x and y cannot both be even.
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Case 1: x,y are both odd. Then 22 =1 (mod 4) and y?> =1 (mod 4), giving 22 =1+ 3
(mod 4). Since 22 =0,1 (mod 4), then 3 =0 or 3 =3 (mod 4) must hold. However, 3 =0
(mod 4) implies that 4 divides (3, contradicting the assumption that g is square-free. So the

only case to consider here is the case where z is even and 3 = 3 (mod 4).
By? = Z2—at=(z42)(z—2x). (4.1)

Letting ged(z+x, z—x) = d we get d divides both z+x+z—2 =2z and z4+z— (2 —x) = 2.
Since x and z are relatively prime, d = 1 or 2. Since both z+x and z —x are odd, then d = 1
must hold. Since now ged(z + x,z — x) = 1 we have from (4.1) that for some factorization
B = bc then r = z 4 x is divisible by b and s = z — x is divisible by ¢. Since ged (%, %) =1,

we have by Claim 4.1.2 that m? = 7 and n? = 2, and hence y = mn, z = 5° = M,

_ r4s _ bm2+en?
and z = 5° = .

Case 2: x is even and y is odd. Then 2? = 0 (mod 4) and y? = 1 (mod 4), giving
2?2 = 3 (mod 4). Therefore 3 =0or 3 =1 (mod 4). However, 3 =0 (mod 4) implies that
4 divides 3, again contradicting the assumption that 3 is square-free. So the only case to
consider here is the case where z is odd and = 1 (mod 4), which proceeds exactly as in
case 1.

Case 3: x is odd and y is even. Then 22 = 1 (mod 4) and y? = 0 (mod 4), giving 22 = 1

(mod 4), and so z is odd.

zt+x z—x
)

Unlike cases 2 and 3, z + « and z — x are both even. Letting ged ( 57 55 ) = d we get

that d divides 2+££2=2 = z and Hx_f(z_w) = x. Since x and z are relatively prime, d = 1.

Z—T

2

573’2 . Hence b divides r and ¢ divides s for

and s =

= rs where r = %

Now we have

some appropriate factorization § = be. Since ged (%, g) =1, so we have by Claim 4.1.2 that

2

m :%anan

= 2 and hence y = 2mn, v =r —s = bm? —cn?, and z = r 4+ s = bm? + en?.

For the other direction, first we show that x,y, z as given in cases 1 and 2 do form a
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solution:

bm?2 — en
R

5 2>2+6(mn)2

_ (bm?)? — 2brrfcn2 + (en?)? + B(mn)

2

(bm?)? + 28m?n? + (cn?)?
4

~ (bm? + cn? 2
= ()

Also for case 3 we get:

2+ By = (bm® — cn2)2 + B(2mn)?
= (bm?)? = 2bm2en? + (en?)? + B(2mn)?
= (bm*)? +28m*n® + (cn?)?
= (bm2 + cn2)2 .
To show that the triple is primitive for cases 1 and 2, assume on the contrary that

ged(x,y, z) = d > 1. Then there is a prime p that divides d. This p divides z and z and also

2_ 2 2 2 2_ 2 2 2
bm2cn _i_bm;-cn :meandx—z:bmf” _bm;—cn —

their sum and difference: z+2z =

cn?. This contradicts the assumption that bm? and cn? are relatively prime.
For case 3, again assume on the contrary that (z,y,z) = d > 1. Then there is an odd
prime p that divides d. p # 2 because = and z are both odd. This p divides x and z and

also their sum and difference: x + z = 2bm? and = — z = 2cn?. Again, this contradicts the

assumption that bm? and cn? are relatively prime.
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Lemma 4.1.3. The solution to the Diophantine equation x* +y? = v2%, where v is square-

free, is given by

r = E(am2 — an® 4 2mnb)
Y

y = E(—bm2 + bn? + 2mna)
Y
c(m? +n?)

z = —-7,

v

where v = a®> + b% and m,n,c € Z.

Proof. The existence of an integer solution to z? + 32 = 722 implies that each prime factor

of v is congruent to 1 modulo 4. Therefore, for some appropriate choice of non-negative

integers a, b, we can write v = a® 4+ b%. Then we have:

(az = by)* + (bz +ay)* = (a®+b%)(2” +9°) = 7(72°) = (v2).

Then using the well-known formula for Pythagorean triples, let ax — by = c(m? — n?),
br + ay = 2cmn, and vz = c¢(m? + n?). Solving for z,y, and z, we get the statement of the

lemma. O
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Chapter 5: Rational Solutions when n = 3

5.1 A Necessary Condition for Rational Radii

In this chapter, we will characterize all rational solutions for flowers with three petals. We
then compare our parametrization to an existing parametrization of the curvatures of four
mutually tangent circles and show how our equation-free parameterization is an improvement
on the existing one.

Recall coin graphs formed by n petals in the Euclidean plane. By Definition 1.3.2 we

have by scaling the following observation:

Observation 5.1.1. For positive integers n we have T'(N;n) = T(Q;n) when both N and

Q are viewed as multisets.

Our goal is to characterize all flowers with three petals and integral radii. By the observation,
we can look at rational radii and then scale as necessary. When the lengths of the sides
of a triangle are rational, the cosine will be rational. The converse is not necessarily true,
however. We would like to find rational radii that create a flower configuration with 3 petals.
For a necessary first step, we will determine what the cosines must be.

First, we have the irreducible polynomial Py = 2% + 22 + 22 — 2z17923 — 1. We can solve

for any one of the variables, say x3, by definition of P; and Lemma 3.2.7:

xz3 = ECa(z1,22) =x129 — \/(1 —z3)(1 — 23).

Now it is clear that x3 will be rational if and only if z1, x2 are rational, and the term under

the radical is the square of a rational number. Since we want the z; to be rational, let
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A

Figure 5.1: A 3-petaled flower.

xT; = % for ¢ = 1,2 with p;,q; € Z. Then we can transform the term under the radical:

1
T3 =TT — —— (CI% —p%)(q% —p%).
q192

When (¢7 — p?)(g5 — p3) is a square, we can write g7 — p? = s?3 for i = 1,2, where 3 is
square-free.

5.2 Parametrization of the Radii

Suppose we have a flower with 3 petals (see figure 5.1.) By scaling, we can assume the
radius of the eye (center coin) is 1. Then we can denote the other 3 radii by r, 72,73 and

the angles between the edges incident on the center of the eye by 61,62, 03. Then applying
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the law of cosines, we obtain

(11 +1)2+ (ro + 1)2 — (r1 +12)?

r1 = cosby = ,
! ! 2(ry + 1)(ry + 1)
2 2 2
X9 = COS 92 = (T2 i 1) + (T3 - 1) (TZ - T3) s
2(7"2 + 1)(’/“3 + 1)
1 2 1 2 2
vs = cosfs— (rs+1)*+(r1+1) (rs+11)

2(7’3 + 1)(7"1 -+ 1) ’

where for convenience of notation, we will denote cos6; as z;. By expanding both the

numerator and denominator of x1, we obtain

r1+1r9g—rirg +1
r+ret+rirg+ 1

r, =

Rewriting this as a polynomial equation in terms of 1 and ro we obtain

n 1 —1 (1 +19) 1—x
rir ri4r = .
12 1+ 1 ! 2 1 +1

Factoring in terms of r; and 79, we get

+CE1*1 +:E1*1 2(1*1‘1)

r r = —.

YT\ P 1 (1 + 1)2
And similarly for x5 and z3 we get

xg—l {L'Q—l 2(1—%2)

ro + r3 + = —Q,

(2 x2+1><3 33‘2+1> (.%'2+1)2

x3—1 x3—1 2(1 — x3)

r3 + 1+ = T2

<3 $3+1><1 953+1> (x3+1)2



Now we can solve the first and third equations for ro and r3 respectively in terms of r1, x1, x3.
Substituting these into the second equation, we can then solve it for r1 in terms of x1, 22, x3,

obtaining

. _ —1—$1$3+$3+I1:t\/2(1—$1)(1—$2)(1—$3) (5 1)
! 209 —x1 + 123 — 1 — 23 ' '

Since x; = % for ¢ = 1,2 we have by Theorem 4.1.1 that

- bim? — cin? . bom3 — con?
1= ) 2 = )
blm% + cln% bgm% + czng
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where 3 = bjc1 = baco are two factorizations of the square-free integer 5, and where m;, n;

can be chosen from the non-negative integers. Hence

wy = mum—\/(1-2})(1 - 43)

B (bym? — c1n?)(bam3 — con3) B B bym3 — c1n? 2 B bam3 — con3 2
= 2 2 2 2 1 2 2 1 2 2
(bym7 + c1ny)(bams + can3) bymy + c1ng boms + canj

(blm% — cln%)(bgm% — CQTL%)

(blmf + cln%)(bgmg + CQTL%)

\/((blm% +and)? = (bimf — cin?)?) ((bam3 + ean3)? — (bamj — c2n3)?)

(bym? + c1n?)(bam3 + con?)

(bym? — c1n?)(bam3 — can3) \/(4b1€1m%n1) (4bacamin3)

(bym? + c1n?)(bam3 + can3) B (bym? + c1n?)(bam3 + can3)

(blm% — cln%)(bgm% — CQTL%) . 4m1m2n1n2\/b101b262
(bym? + c1n?)(bam3 + can3)  (bim3 + c1n?)(bam3 + cand)

(blm1 — clnl) (b2m2 — CQTLQ) — dmimanins 3

(b1m1 + cml)(bng + CQ”Q)

Substituting these expressions for x1, 2,3 into Equation 5.1, we get an expression for 1

in terms of by, by, c1, co, m1, Mo, N1, N2:

n1(bactm3ni + 2B8cimimaning + bicicamingn3)

bicicamin2nd — bac?m3ni + c2canin3 — 2Beimimaning + bicamin3

T =

2 2 2.2
ning(bymi + Clnl)\/0162 b102m1n2 + 28mimaning + bacyming)

blclch%n%n% — bgclan1 + clcgn1n2 Qﬂclmlmgnlng + bQCQm%’I’L%

+
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This expression has one term to the one-half power, so in order for 1 to be rational, this term
must be a perfect square. The term under the radical is cjco(bym2con3 + 2minimaona +
c1n?bym3). Thus we must find conditions for when this term is a square. Using the fact

that 8 = bicqy = baco, we can reduce this expression:

2.2 2.2 2.2 2 2.2 2
cica(breoming + 28mimaoning + bacymsny) = [Begming + 2Bcicomimaning + feymisny

= B(caming + clm2n1)2.

Thus this expression will only yield a perfect square when 8 = 1. Going back up to the first

2

section of this chapter, 71 is therefore rational only when qi2 — p? = s7, or in other words

when 1 — 22 is a perfect square for i = 1, 2.

Proposition 5.2.1. The 3-petaled flower where the radii r1,719,73 are parametrized by the
method given here has rational radii only when G = 1, that is when 1 — aclz 18 the square of a

rational number.

Now we can write a parametrization for the cosines z; and the radii r; in the case where

n = 3. Let mq1,n1,mg,no € N. Then

m2—n2
o= MT™M
1 — 2 29
my + nj

2 2

_ My Ny

T2 = 2 29
m5 + nj

(m% — n%) (m% — n%) — 4dmimaning

(m} +n})(m3 + n3)
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Figure 5.2: A 3-petaled flower where the radius of one petal is increased to infinity.

. ni (m1n2 + mgnl)
L ORI RO 2
ming — ning £ (mining + mony)

ning
ro =
—ning + (mgnl + mlng)
n9 (m1n2 + mgnl)
r3 =

—mn3 — maning = (n1n2 + m3ny)

We will determine the signs of the terms in the denominator in what follows.

5.3 Obtaining Meaningful Solutions

Proposition 5.3.1. If 0,05, 0s are the angles incident on the center of the eye of a 3-petaled

flower, then 90° < 0; < 180° for each i. These three inequalities are all sharp.

Proof. Consider a 3-petaled flower. Keep the radii r1 and ry fixed and let r3 — oo. Then
the radius r of the central coin will increase and 6, the angle between the first and second
coins, will decrease. Figure 5.2 illustrates this situation.
By symmetry it suffices to show that 6; > 90°. If we start with Figure 5.2 and draw a
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line parallel to the infinite circle that goes through the center of the central coin, we have 2
right triangles with side lengths r; — r,7; + r, and using the Pythagorean theorem, 2,/r;r.
Therefore, the length of the segment forming the bottom of the rhombus we are investigating
is 2 (\/rir + \/27).

We can now draw a segment parallel to this segment and passing through the center of

the coin with the smaller radius. Without loss of generality, say r; < ro. Now we have a
right triangle with side lengths 2 (1 /TIT + o /7"27”) ,70 —71 and r1 +r2. Then the Pythagorean

theorem gives us:

A+ rar) + (e —11)? = (ri+72)’

which can be solved for r, obtaining

172

(Vi + yra)”

r =

With this expression for 7, we can show that (r1 +72)? > (r +71)% + (r 4+ r2)? which implies

61 > 90°:
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(r1 +r2)* (1 + y72)"
(Vi + )

(r1+ 7“2)2 =

7“1 + 7"2 + 147‘17"2 +38 (r1r2 + 7“17“2) + 127"5/2 3/2 + 12r 3/2 5/2 +4 (7{/2\/1“72—1— \/7717”;/2)

(Vi +vm)*

r1+7’2+8<r1r2+r1r2+r5/2 3/2 3/27"2/2—1-7"17”5’) ( 7/2\/>+\/>r /2>
(Vi + )

2773 + (2rira 4 2r17r3) (Vi + \/>) + (rf +73) (Vi + \/5)4
(v + )

:memmﬂ@jZmemMH@32
(Vi + i)’ (vri+ vra)”

2 2
B 172 . 172 .
_Qﬁﬁﬁﬁ+0+aﬁﬁﬁf+a
= (r+r)*+(r+mr)

O

We now know that for all the angles 6;, we have 90° < 6; < 180°, and hence —1 <

cosf; < 0. So in the parameterization of 1 and xo

mi —nj m3 —nj
1 = p) 5, L2 = D) 2
mi +nj m5 + nj

we must choose n; > m;.

Then, by 5.2, for x3 we must have (m% - n%) (m% — n2) — 4dmimanine < 0, but we see

that this is equivalent to (myng 4+ manyi)? > (mima — ning)?.
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Since m; < n; this is equivalent to ming + moni > nine — mime, or equivalently

ming + meonig +mims > nNino. (53)

There is also a choice between taking the positive or negative term in the equations for

the radii. For example, in the equation for ri:

ni (mmz + mgnl)
2

T1
2 2y
ming — ning £ (mining + mony)

the terms in the numerator will always be positive, and we can see that in order for the
radius to be positive, we must necessarily take the positive term and we get the additional
constraint that nj(ming + mani) > na(m? + n?). Then re-solving for the radii 72 and 73

using the positive term in the equation for r1, we have:

ning
ro =
moni + ming — NiNg
’ . n9 (m1n2 + m2n1)
3

nln% + m%nl — mln% — mgnlng’

which give us two additional constraints in order to assure positive radii: moni + ming >
ning and ni(m3+n3) > na(ming+mani). Note that the first of these constraints is stronger

than (5.3), and so will replace it in the following summarizing theorem:

Theorem 5.3.2. Let my,n1, mo,no € N with ny > mq and ng > mg, ming + mong > nins,

n1(ming + many) > na(mi +n?), and ny(m3 + n3) > na(ming + many). Then the cosines
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x; and the radii r; are parametrized by:

m? — n?
= 1 1
1 — 2 2
mi +nj
m2 — n2
Ty — 2 2
2T m2in?
2 2
2 2 2 2
s (ml — nl) (m2 - n2) — 4dmimaning
(mf +ni)(m3 +n3)
and
ni(ming + many)
o= 2 _ 2. 2
mining + monj — ming — NN
ning
ro =
meoni + ming — NNy
r ng(m1n2 + mgnl)
3 p—

nin3 + m3n; — mini — moning’

Example 5.3.3. Let m; =1, n1 = 2, mo = 4, and no = 5. We can see that the constraints

will be satisfied:

ming +mony =1-5+4-2=13 > 10=2-5=n1n9
ni(ming +mony) =2(1-5+4-2) =26 > 25=>5(1+4) = ng(m? + n?)

ni(m3 +n3) =2(164+25) =82 > 65="5(1-5+4-2) = ng(ming + many).

Then we have:

3 9 133
r1 =——-, T2 =——— .%'3:—%.
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And the radii:

54 351
= 26 = — = —.
1 , T2 11 y T3 59

Or, if we chose to scale to make an integral flower:

r =649, ri = 16874, 7o = 3186, rs = 3861.

5.4 Descartes’ Circle Theorem

Theorem 5.4.1 (Descartes’ Circle Theorem [2|). A collection of four mutually tangent

circles in the plane, where b; = % denotes the curvatures of the circles, satisfies the relation:

1
DY+ 03+ B3 +0F = S(bu+ byt bs+ba)”

Four mutually tangent circles in the plane are sometimes referred to as Soddy circles for

Frederick Soddy, an English chemist who rediscovered Descartes’ Circle Theorem in 1936

12].

Theorem 5.4.2 (Graham et al. [5]). The following parametrization characterizes the inte-

gral curvatures of a set of Soddy circles:

by = z

by = di—=x

b3 = dy—=x

by = —2m+di+dy—=

where 2 +m? = didy and 0 < 2m < dy < ds.

Theorem 5.4.3. The parameterization given in Theorem 5.3.2 characterizes all sets of four
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mutually tangent circles of rational radius in the plane.

Proof. 1t is straightforward to check that the parameterization from Theorem 5.3.2 satisfies
Descartes’ Circle Theorem.

To compare with the parametrization in Theorem 5.4.2, suppose we have some set of
integral curvatures (by, ba, b3, by) where by is the curvature of the fourth, either interior or
exterior, circle. We can constrain b; > 0 to ensure that it is the configuration with the
fourth coin interior. If we scale so that the radius of the inner circle is 1, the radii are then

given by

by b b
- -5

If we replace by, ba, b3, by in these equations with the parametrization in Theorem 5.4.2,

we can then solve

by _ — n1(ming +many)

2o =

by —m%ng — n%ng + mining + mgn%
by N na(ming + many)
2oy =

b3 —mln% — moning + nm% + m%nl
by ning

— =7y = .

by —ning + moni + ming

for di,ds, m in terms of mqy,ms,n1,n9, and x, which will be a free variable to be chosen

from the positive integers:
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x(ning — mims)

m =
ming + maony
o omalmdend)
nl(mlng + mgnl)
xnl(m% + n%)
do =

ng(mlng + anl) '
We can see that all the conditions in Theorem 5.4.2, except one, will be satisfied:

5 (n1ng — myma)? 5 na(m?+n?) xny(m2 + n2)

224+m?—dids = 2*+x 5 — &
(ming + many) ni(ming + mang) ng(ming + mang)

The first inequality, 0 < 2m, will clearly hold when we choose x,m1 < ni,mo < ng to

be positive integers, as we have previously stated.

Remark 5.4.4. The second inequality, 2m < dj, is not always satisfied due to a difference in
the range of the parameterizations. If we were to insist upon this inequality being satisfied,
we still might obtain all solutions. However, this is not necessary, because no additional

solutions are obtained by forcing this inequality to be satisfied.

The third inequality is d; < ds. This can also be shown using the inequality constraints
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from Theorem 5.3.2:

Ino (m% + n%)

d =
ny(ming + mong)

xnlng(mlng + mQTLl)
nlng(mlng + m2n1>

IA

any (m3 + n3)
na(ming + many)

IN

= ds.

Therefore we see that Graham et al.’s characterization of Soddy circles is implied by
our parametrization of wheel graphs with n = 3 petals and rational radii given in Theorem

5.3.2. 0

Remark 5.4.5. The parametrization given by Graham et al in Theorem 5.4.2 relies on
solving the Diophantine equation 2% 4+ m? = d;da, while the parametrization developed here

and given in Theorem 5.3.2 does not rely on satisfying any such equation, only inequalities.
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Chapter 6: Rational Solutions when n > 4

6.1 Motivation

In this chapter, we will characterize all rational solutions when n = 4, for flowers with four
petals. We then show how this parametrization generalizes to give a large class of solutions
for flowers with n > 4 petals. We also demonstrate how this parametrization of the radii of
flowers also gives us a parametrization of the radii in a related, inverted problem.

The case of the wheel graph with n = 3 petals is a special one. With the four coins all
mutually tangent, the structure is rigid: once two of the three interior angles are specified,
the third interior angle and all the outer radii are then fixed. We can describe this system
as having two degrees of freedom: two of the angles.

When we move up to the case of the wheel graph with n = 4 petals, we find that this is
not the case. Specifying three of the four interior angles does fix the fourth interior angle,
but the radii can still vary. For example, Figure 6.1 shows two different valid configurations
with the same interior angles. The first three interior angles are chosen to be right angles
in this case, giving us a fourth right angle. But in the first configuration, we choose r; = 3,
and the rest of the radii are then determined by the Pythagorean Theorem: 1o = rqy = 2
and r3 = 1 = 3. In the second configuration, we choose r; = 13, which then determines
a different but equally valid configuration: ro = r4 = % and r3 = r; = 13. This system
can be described as having four degrees of freedom: three of the angles plus the radius of
one circle. In our parametrization, we will choose three of the four interior angles and one

radius, as described.
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Figure 6.1: Two different valid configurations with the same interior angles.

6.2 Parametrization when n =4

When the lengths of the sides of a triangle are rational, the cosine will be rational. The
converse is not necessarily true, however. We would like to find rational radii that create
a flower configuration with 4 petals. For a necessary first step, we will determine what the
cosines must be.

For n = 4, Equation (3.1) yields

EC2($1,:L'2) = EC2($3,$4) (6.1)

and hence

T3T4 — \/(1 —23)(1 —23) = 2120 — \/(1 —23)(1 — 23).

Observation 6.2.1. For rationals a1, as, by, bo with

a1+ /b1 = az + /s
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then either
1. a1 = as and by = by, or

2. V/b1,Vby € Q.

We can apply the observation to obtain two cases:
Case 1: w34 = 129 and (1 — 23)(1 — 23) = (1 — 23)(1 — 23).

Expanding the second equation and then applying the first, we have:

1—22— 22+ $3£L‘42 = 1—22—22+ x1x22
3 4 1 2

2 2 2 2

1'3+£L'4 = ZL'1+ZE2.

Hence (z3,x4) and (x1,x2) represent points on the same circle. Since z1xe = z3xy and
2% + 23 = 23 + 23 then (21 + 22)? = (23 + 24)? and hence x3 + 24 = (21 + x2).

Solving for x4, we have x4 = % and 4 = +(x1 + x2) — x3. Therefore, % =
+(z1 + z2) — x3. Now we have (z3 — z1)(x3 — 22) = 0 or (23 + x1)(x3 + z2) = 0. By

symmetry we may also state 3 = £z, and therefore x4 = +xo.

Example: Let x1 = 7% and 19 = —

SIFS

. Then z3 = :I:%,az4 = :I:%. Selecting a reasonable
combination of signs (for example, x5 = %, T4 = %) and putting these values into the original

Law of Cosines equations along with a seed value for one of the radii (in this case r; = 5,)

we obtain

16
=5 =24 =15 = —,
(] , T2 »T'3 , T4 59

Case 2: /(1 —22)(1 —23),/(1 —2?)(1—22) € Q. So as we saw in the case where

o . . . o pi . 1 2 2 2 2
n = 3, we can write this with z; = o and then re-write them as v \/((J3 —p3)(q3 — pg) and

am V(@ = p1)(65 —p3). When (¢ —p7) (a1 — i) is asquare, we can write g —p} = 570

i

for ¢ = 1,2 and ql-2 — p? = S?a for ¢ = 3,4, where o, are square-free. Then we have
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2 2 _ .2 2 2 _ 2 2 2 _ 2 2 2 _ .2
qi —p1 = 518, ¢35 — p3 = 8303, q5 — p3 = s3a, and gy — pj = sja.

Recalling the solution of the Diophantine equation p? 4+ $s? = ¢ where 3 is square-free

from Theorem 4.1.1, and since x; = % for ¢ = 1,2 we have in either case that

7

2 2
bym{ — cing

ry = ’
bim? + c1n?
bam3 — can3
L2 = 75 5,
bam3 + con?
bym3 — c3n3
r3 = 2 2
b3m3 + C3N3
1
T4 = (bscrcom3ning + bicaczminins (6.2)

(bsm3 + cang) (bam3 + can) (bymi + cinf)
2 2.2 2 2.2 2
+  4Bcamimaninang + bibobsmimaoms + bacicamaning
— (blbgcgm%mgng + 0102C3n%n§n§ + 4ﬁbgm1m2m§n1n2 + bgbgclmgmgn% + bleCgm%mgng)

2 2 2 2
+  (4v/afB(bamimimsning + bymimamsnans — c1Mmamsninensg — camimanin;ng))

where x4 is derived by solving Equation (6.1) for x4 and as in the parametrization from
Chapter 5, 8 = bic; = baco and a = bscs are factorizations of the square-free integers o and
6 and m;,n; can be chosen from the non-negative integers.

In order to guarantee that the fourth cosine x4 is rational, the product a8 must equal a

square. Since both are square-free integers, this implies a = .

Observation 6.2.2. Since x4 € QQ, we have that a = § must hold.
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As we saw in the previous chapter, we can manipulate the equations for the x; to obtain:

2(1 — CL‘l)
(71 + 1)

(6.3)

2(1 — wz)
(w2 + 1)

(1?3 + 1)2 ’

2(1 — xy)
(x4 +1)%

o)
)z

22) (025 - 253
)z

Instead of solving this whole system, we can simply let r; = g for some p,q € Q — {0}.

Then we can substitute the expressions for 1 and z; into the first of the manipulated Law of
Cosines equations (6.3) and solve for ro. Continuing down the list, we then get expressions

for all the radii:

ani(p+q)

’]"2 g [ A—
blpm% — clqn%
I Czpng(blm% + cln%)
c1n3(bapm3 + bagm3 + cagn3) — bicopm?ini
_ciegn3nd(p + q)(bam3 + cond)
rqg =
X
X = CQpn%(blbgm%mg + blcgm%ng + bgclmgn%)

—  creaning(bapm3 + bagmi + coqn3).

6.3 Obtaining Meaningful Solutions

In the n = 3 case, we have from Proposition 5.3.1 that for all the angles 6;, 90° < 6; < 180°,
so —1 < cos#; < 0. When n = 4, we don’t have such a neat description. However, we do

know that for all the angles 6;, 0° < 6; < 180°, and so 0 < sinf; < 1.
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At the very least we know that the sum of the first 3 angles must be less than 27w. Of

the 3 angle measures chosen, at least one must have the property 6; > % (thus z; < 0.5)

and at least one must have the property 6; < 2% (thus z; > —0.5.)

Additionally, we must choose the sign in the denominator of x4. Not only does x4 need

to satisfy Equation 6.1, but also

T4

xlxgxg—a;ly/l—xgy/l—a:%—xm/l—m%\/l—x%—xgm\/l—x%
1

(bibabsm3mam3 + bycocamin3n3

2 2 2 2 2 2
(bimf + c1n7)(bam3 + canz)(bsms + c3n3)
2.2 2 2.2 2 2 2
baciecgmaning + bacicomaning + 4Bcomimgninyns + 48camimaoninang

2

2 2.2 2 22 2 22
4Bcimamaninang — (bibacamimans + bibgcomimins + babscimamsny

clcQan%n%ng + 4ﬁb1m%m2m3n2n3 + 46b2m1m§m3n1n3 + 4ﬁb3m1m2m§n1n2)),

which corresponds to taking the negative sign in the denominator of (6.2).

In order for the radii to be positive, we must have blpm% > clqn%, cln%(bgpm% + bzqmg +

2 2,2 2 2,2 2,2 22 2,2 2
caqns) > bicopming, and copns(bibsmims + bicaming + bscymsny) > cicaning(bapms +

bgqm% + CQQH%).

Theorem 6.3.1. Let my,ni, mo,ng,ms,n3 € N, by, c1,ba,ca,b3,cs € N with the properties

that B = bico = baco = bscs, and B is square-free. Constrain further that blpm% > clqn%,

c1n? (bapm3 + bagm3 + c2qn3) > bicapm3n3, and CQpn%(blbgm%mg —{—blcgm%ng —l—clbgmgn%) >

clcgn%ng(bgpm% +b2qm§ —i—@qn%) and that at least one of x1, x2, x3 has the property x; < 0.5

and at least one has the property x; > —0.5. Then the cosines x; and the radii r; are
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parametrized by:

T

Z2

T3

Zq

and

2

2
bymi — cing

2 2
bimi + cing

bom3 — con3

bgm% + CQTL%

bgmg — C3 n%

Y

?

b3m§ + ang

1

(b3m3 + c3n3)(bam3 + can3) (bim3 + c1n?)

4603m1m2n1n2n§ + blbgbgm%m%mg + bgclcgm%n%ng

2.2 2 2.2 2
(bgcicamining + bicacamingns

2

2.2 2 2.2 2 2 2.2 2 2.2 9
(bibscamimsns + cicacgninans + 48bsmimamisning + babscimsminy + bibacamimans)

2 2 2 2
(48bamimamaning + 48bymimamsnans — 4Bcimaomsningns — 4B3camimanining))

T2

T3

T4

cni(p+q)
blpm% -1 qn%

CQpn%(blm% + cln%)

bgclpmgn% + bgclqmgn% + clcgqn%ng — blcgpm%n%

clcgn%ng(P + q)(bam3 + con?)
X

2 2 9 2 2 2 2
capns (bibsmims + bicsming + bscymsny)

c1esnini (bapm3 + bagm3 + caqn).

This parametrization characterizes all 4-petaled flowers with rational radii.

Example 6.3.2. Let § =1. Then b; = ¢; =1 for ¢+ = 1,2,3. Choose m1; =1,n1 =2, mg =

88



1,ng=3,m3g=2,n3=1,p=05,qg=1. We see that the constraints are satisfied:

bipm? =5 > 4=ciqni.

c1ni(bapm3 + bagm3 + coqn3) = 60 > 45 = bycopm?ina.

@pn%(blbgm%mg + blcgm%ng + bgclmgn%) =945 > 60 = clcgn%ng(bgpm% + bgqm% + czqn%).

Then using the parametrization, we have:

3 4 3 4

= ——, Ty=——, 3= —, Ty = —
X1 57 2 57 3 5a 4 5?
16

1 , T2 , '3 , T4 597

or, if we wish to have an integral solution
r =259, rp =295, ro = 1416, r3 = 885, r4 = 16.

Finally, we have in this case that z; and zo are less than 0.5, while z3 and x4 are greater

than -0.5.

6.4 Generalization for n > 4

This method of parameterizing the radii of wheel graphs with n = 4 petals can be generalized
for wheel graphs with n > 4 petals. The parametrization will simply have n degrees of
freedom, which we will constrain by choosing n — 1 of the interior angles and one of the radii
in the same manner as for the n = 4 case.

bym?2—c;n’

2
i, the n'" cosine using an

The first n — 1 cosines then can be given by z; = b ont

89



equation in the style of Remark 3.2.8, and the radii will be determined by solving the

manipulated Law of Cosines equations, so we will have

—riTi — i+ + 1
ri%i + 1+ — 1

Ti+1 =

forl<i<n-—1.

Remark 6.4.1. For n > 5 this will give a family of rational solutions, but not necessarily

all solutions (as in the cases when n = 3 and n = 4.)

As we increase the number of petals, it becomes increasingly hard to characterize when
we will obtain meaningful solutions. We know that the sum of the first n — 1 angles must

be less than 27, so we can say that of the n — 1 angle measures chosen, at least one must

have the property 6; > 7 and at least one must have the property 6; < %ﬁ

6.5 Inversion about a Circle

Definition 6.5.1. The inversion about a circle C centered at point O sends a point P
to a point P’ such that the points O, P, P’ are collinear and the product of the distances

|OP| - |OP’| equals the square of the radius of the circle.

Inversion about a circle C' maps lines and circles to lines and circles. More specifically,
(i) a circle that does not pass through the center of C' is inverted to another circle that also
does not pass through the center of C, and (ii) a circle is mapped to itself if and only if it
intersects the circle C' at two right angles.

Now that we have a characterization of all rational solutions for flowers with n = 3,4
petals and presented a class of rational solutions for each n > 4, we can use inversion about
a circle to obtain all corresponding solutions to a related problem:

If we invert about the center coin of the flower, which has radius 1, each petal of radius

r; will be sent to a circle of radius % tangent to the central circle from the interior. Figure
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Figure 6.2: A 5-petaled flower inverted about the center coin.

6.2 shows a 5-petaled flower inverted about its center coin. Inversion about a circle preserves
tangencies, so the result will be an arrangement of n circles around the inside of a circle
of radius 1 such that the n circles fit perfectly. By taking the reciprocal of any set of
solutions obtained from the parametrization described above, we get a solution to this
inverted problem. Thus we have also characterized the solutions to this related problem

for n = 3, 4.
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Chapter 7: Summary and Future Work

7.1 Summary of Major Results

In chapter one, we revisit Harborth’s result on the maximum number of edges of a unit
coin graph (Propositions 1.2.1 and 1.2.3.) The proof given here expands the exposition for
the lower bound and simplifies the argument for the upper bound. We also use a similar
explicit construction method to establish a lower bound on the maximum number of edges
in a special case of a coin graph on two radii in Proposition 1.4.2.

In chapter two, we proved Theorem 2.2.1, which gives the exact maximum number of
edges in a plane graph on n vertices, where each vertex bounds some [-gon for [ > k. From
here we get the specific case when k = 4, given in Corollary 2.2.3.

In chapter three, we first investigated equations describing the cosines of the internal
angles of a flower in terms of what rational radii could satisfy them. We showed that for
each n-petaled flower, there is one radical equation that must be satisfied. These equations
correspond to polynomial equations. We found the smallest such polynomial equations
describing this relationship. Using Galois theory, we then showed that these polynomials
are symmetric (Theorem 3.2.15) and irreducible (Theorem 3.2.25.) They are also presented
recursively in Theorem 3.2.20 and Claim 3.2.22.

Chapter four detailed the proof of two generalizations of the Pythagorean Triples, The-
orem 4.1.1 and Lemma 4.1.3.

In chapter five, Theorem 5.3.2 characterizes all rational solutions for flowers with three
petals. We then compared this parametrization to an existing parametrization of the cur-
vatures of four mutually tangent circles and showed how our equation-free parametrization

implies the existing one.
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In chapter six, Theorem 6.3.1 characterizes all rational solutions for flowers with four
petals. We then showed how this parametrization generalizes to give a large class of solutions
for flowers with n > 4 petals. We also demonstrated how the parametrization of the radii

of flowers also gives us a parametrization of the radii in a related, inverted problem.

7.2 Future Work

Several open questions remain, and some additional questions have been suggested by this

research. The following are a few of these questions for future research:

e Establish an upper bound on T'(1,7;n) (the 2-radii case) and prove Conjecture 1.4.4.
e Prove Conjecture 2.1.3 for the collection of unit-flowered coin graphs.

e Find a complete characterization of rational n-wheels for n > 4, not just a large class

of solutions.

e Investigate the existence of a non-flowerable configuration which yields the upper

bound T'(n) = [4n — 6] given in Corollary 2.2.3.
e Investigate the existence of a suitable set of n radii which yield no flowers.
e Use the characterization of flowers to bound the number of edges in various coin graphs.

e Investigate T'(N;n) where the radii are drawn from the set N of natural numbers with

one copy of each element.

e Investigate Swanepoel’s Conjecture that the largest number of edges in a coin graph

with no triangular faces is given by |2n — 24/n].

e Investigate a problem of Scheinerman’s: characterize which bipartite coin graphs func-

tion as systems of gears.
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Appendix A: Further Results

A.1 Further Results from Elementary Number Theory

In the early stage of this investigation, we were led to the question of of when

(bm3 + cen?)(b*m? 4 *n?)(bm3 + end) (b?m3 + ?n3)
will be a perfect square. This is equivalent to (bm? + cn?)(b*m? + ¢*n?) = Bz2 for i = 1,2
and 3 some square-free integer. As the first step to solve this latter version, we establish

the following:

Lemma A.1.1. For square-free relatively prime integers b and ¢ and relatively prime integers

x and y we have

ged(bx? + cy?, b22? + y?) = lem(ged(b, y?) - ged(c, £2), ged(b — ¢, bz? + cy?)).

Proof. By applying the Euclidean algorithm one time, we can obtain ged(bz? + cy?, b2z? +
c2y?) = ged((b— c)cy?, bz + cy?). Suppose p® divides c¢. Then p® divides bx?, but we know
that ¢ and b are relatively prime, so p® divides ¢ and z2. Now suppose ¢ divides y2. Then
¢ divides bz?, but we know that 22 and y? are relatively prime, so ¢° divides y? and b.
Therefore, any factor of ged(bx? + cy?, b2x? + c2y?) is a factor of ged(b, y?), ged(c, 22), or
ged(b — ¢, bx? + cy?). Since ged(b, ¢) = 1 and ged(z,y) = 1, ged(ged(c, 22), ged (b, ?)) = 1.

Therefore,

ged(bz® + cy?,b%2” + *y?) | lem(ged(b,y?), ged(e, 2%), ged (b — ¢, ba® + cy?))

= lem(ged(b, y?) - ged(c, %), ged(b — ¢, bz + cy?)).

For the other inclusion, suppose p® divides lem(ged(b, y?) - ged(c, 22), ged(b — ¢, bx? +
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cy?)). Then p® divides either ged(b,y?) - ged(e, 22) or ged(b — ¢,bx? + cy?) (or both.) As
mentioned above, ged(b,y?) and ged(c, 22) have no factors in common. Thus, p® divides

ged((b — e)ey?, br? + cy?). O
In particular, we have that ged(bz? + cy?, b22? + c?y?) divides lem(be, b — ¢).

Theorem A.1.2 (Legendre’s Equation [9]). The Diophantine equation

az? + by +¢z2=0

has a nontrivial solution in the integers if and only if

—bc (mod a), —ca (mod b), —ab (mod c)

are quadratic residues, where a,b, and c are nonzero, square-free, pairwise relatively prime

integers, not all positive or all negative.

Example A.1.3. Consider the equation (bx? + cy?)(b%2? + cy?) = dz? for b = 3, ¢ = 5,
and d = 11-13. So (322 + 5y?)(92% + 25¢%) = 11 - 132%. We may assume that ged(x,y) = 1.
Then by Lemma A.1.1, the ged of the two terms divides 2 - 3 - 5.

We can partition the equation by the two factors on the left-hand side and write (322 +
5y?) = dy - f - 23, (922 + 25y%) = dy - f - 23, where d = d1d> is the square-free term on the
right-hand side of the original equation, z = fz129, and f is the square-free portion of the
ged. A first observation is that in the second equation, the sum of two squares must equal
something that can be written as the sum of two squares, so the square-free term do must
be congruent to 1 modulo 4. Thus in this example, do = 1 or do = 13, so d; = 11 -13 or
d; = 11. Now we have several cases, depending on which divisor of 2 - 3- f is. There are 8
cases altogether.

Case 1: The gcd of the two terms is 1. Then f =1 and

case 1.1: 322 +5y? = 11-13- 22, Applying Legendre’s equation and using Maple, we see
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that 3-5 mod 143 is not a quadratic residue. Thus there are no nontrivial integer solutions
to this equation.

case 1.2: 322 +5y? = 11-27. Applying Legendre’s equation, we see that 3-11 mod 5 = 3
is not a quadratic residue. Thus there are no nontrivial integer solutions to this equation.

Case 2: The gcd of the two terms is 2. Then f =2 and

case 2.1: 322 +5y% = 11-13-2-22. Applying Legendre’s equation, we see that 3-2-11-13
mod 5 = 3 is not a quadratic residue. Thus there are no nontrivial integer solutions to this
equation.

case 2.2: 372 + 5y? = 11-2- 22, Applying Legendre’s equation, we see that 2 -5 11
mod 3 = 2 is not a quadratic residue. Thus there are no nontrivial integer solutions to this
equation.

Case 3: The gcd of the two terms is 3. Then f = 3 and

case 3.1: 322 +5y2 =11-13-3- z%. We cannot apply Legendre’s equation in this case,
because the coefficients are not relatively prime. However, if the gcd is 3, then 3 must divide

y?, and so 9 must divide y?, so we can let y = 3y’ and rewrite this equation as

322 4+5-9-¢y% = 11-13.3. 2}

2?4+ 1597 = 11-13- 2%

Now we can apply Legendre’s equation, and we see that 11-13 mod 15 = 8 is not a quadratic
residue. Thus there are no nontrivial integer solutions to this equation.

case 3.2: 3z +5y% = 11-3-27. Rewriting the equation as above to be x? +15y? = 11-2%
and applying Legendre’s equation, we see that 11 is not a quadratic residue modulo 15.
Thus there are no nontrivial integer solutions to this equation.

Case 4: The ged of the two terms is 5. Then f =5 and

case 4.1: 3z% +5y? = 11-13 -5 22. We cannot apply Legendre’s equation in this case,

because the coefficients are not relatively prime. However, if the ged is 5, then 5 must divide
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22, and so 25 must divide 22, so we can let = 52’ and rewrite this equation as

3-250% +5y° = 11-13.5. 23

1522 +y* = 11-13. 2.

Now we can apply Legendre’s equation, and we see that 11-13 mod 15 = 8 is not a quadratic
residue. Thus there are no nontrivial integer solutions to this equation.

case 4.2: 3z%+5y% = 11-5- 22, Rewriting the equation as above to be 152"2 4+y? = 11-2?
and applying Legendre’s equation, we see that 11 is not a quadratic residue modulo 15.
Thus there are no nontrivial integer solutions to this equation.

Case 5: The gcd of the two terms is 6. Then f =6 and

case 5.1: 322 +5y2 =11-13-6- z%. We cannot apply Legendre’s equation in this case,
because the coefficients are not relatively prime. However, if the ged is 6, then 3 must divide

y?, and so 9 must divide y?, so we can let y = 3y’ and rewrite this equation as

322 +5-9y% = 11-13-6-22

2?2 +15y7% = 11-13-2- 22,

Now we can apply Legendre’s equation, and we see that 15 is not a quadratic residue modulo
11-13 - 2. Thus there are no nontrivial integer solutions to this equation.

case 5.2: 3x2+5y% = 11-6-22. Rewriting the equation as above to be 22415y = 11-222
and applying Legendre’s equation, we see that 22 mod 15 = 7 is not a quadratic residue.
Thus there are no nontrivial integer solutions to this equation.

Case 6: The ged of the two terms is 10. Then f = 10 and

case 6.1: 3v% 4+ 5y? = 11-13-10- 22. We cannot apply Legendre’s equation in this case,

because the coefficients are not relatively prime. However, if the ged is 10, then 5 must

97



divide 22, and so 25 must divide 22, so we can let z = 52’ and rewrite this equation as

3-250"2 +5y% = 11-13-10-22

1522 +¢% = 11-13-2- 2%

Now we can apply Legendre’s equation, and we see that 15 is not a quadratic residue modulo
1113 - 2. Thus there are no nontrivial integer solutions to this equation.

case 6.2: 3x2+5y? = 11-10-22. Rewriting the equation as above to be 1522 4+y% = 11.2-2%
and applying Legendre’s equation, we see that 22 mod 15 = 7 is not a quadratic residue.
Thus there are no nontrivial integer solutions to this equation.

Case 7: The gcd of the two terms is 15. Then f = 15 and

case 7.1: 322 + 5y =11-13-15- zf. We cannot apply Legendre’s equation in this case,
because the coefficients are not relatively prime. However, if the ged is 15, then 5 must
divide 22, 3 must divide 32 and so 25 must divide 22 and 9 must divide y2, so we can let

x = 52’ and y = 3y’ and rewrite this equation as

3-2522 + 5y = 11-13-15-22
1522 492 = 11-13-3-2%
152 +9y? = 11-13-3- 23
522 +3y? = 11-13. 2%

Now we can apply Legendre’s equation, and we see that 15 is not a quadratic residue modulo
11 - 13. Thus there are no nontrivial integer solutions to this equation.

case 7.2: 3x2+5y? = 11-15-22. Rewriting the equation as above to be 522 +3y"? = 11-2?
and applying Legendre’s equation, we see that 3-11 mod 5 = 3 is not a quadratic residue.
Thus there are no nontrivial integer solutions to this equation.

Case 8: The ged of the two terms is 30. Then f = 30 and
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case 8.1: 322 + 5y? = 11-13-30- 22. We cannot apply Legendre’s equation in this case,
because the coefficients are not relatively prime. However, if the ged is 30, then 5 must
divide 22, 3 must divide 3? and so 25 must divide 22 and 9 must divide y?, so we can let

x = 52’ and y = 3y’ and rewrite this equation as

3-252% +5y° = 11-13-30-2%
1527 +¢? = 11-13-6-27
152”2 4992 = 11-13.6-2%
5x% +3y? = 11-13-2- 2%

Now we can apply Legendre’s equation, and we see that 3-2-11-13 mod 5 = 3 is not a
quadratic residue. Thus there are no nontrivial integer solutions to this equation.

case 8.2: 3w2+5y? = 11-30-27. Rewriting the equation as above to be 52/243y"? = 11.2-2%
and applying Legendre’s equation, we see that 2-5-11 mod 3 = 2 is not a quadratic residue.

Thus there are no nontrivial integer solutions to this equation.

Therefore there are no nontrivial integer solutions to (322 +5y2)(9z% +25y?) = 11-132%.

In this way one is able to tackle each case of the equation (bx? + cy?)(b%x? 4 c2y?) = dz?,

although the method is tedious.
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