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Abstract

FUNCTION SPACE NONLINEAR RESCALING METHODS FOR ELLIPTIC CON-
TROL PROBLEMS WITH POINT-WISE STATE AND CONTROL CONSTRAINTS

Joel M Mejeur, PhD
George Mason University, 2017

Dissertation Director: Dr. Igor Griva

State inequality constraints in PDE Constrained Optimization (PDECO) arise in
many areas of science and engineering. Unfortunately these constraints, and the re-
sulting Lagrange multipliers, are known to negatively influence the behavior of many
existing optimization methods. In this work Nonlinear Rescaling based methods are
used for the state and control constraints. In particular, a Nonlinear Rescaling-Primal
Dual Augmented Lagrangian method is analyzed and proven to have linear conver-
gence for state and control constrained problems. In addition, a Primal Dual Nonlin-
ear Rescaling Augmented Lagrangian method is analyzed for control constraints and
shown to have superlinear convergence properties. In each of the derived methods

the Finite Element Method will be used to construct and solve the discretized version

of the inner iteration.



Chapter 1: Introduction

The field of optimization for problems with Partial Differential Equation (PDE) con-
straints has been an active area of research for many decades, which has been doc-
umented within works by Lions [26], Biegler et.al. [9], and Hinze et.al. [23] and the
references contained within. The difficulty of these PDE Constrained Optimization
(PDECO) problems arises from two primary sources.

One of these sources of difficulty lies with the PDE constraint itself. The level
of difficulty involved depends on a number of factors, including the specific PDE(s)
being solved and the domain on which they are solved. Decades of research have gone
into developing methods for solving just the PDE systems themselves, focusing on
things such as the discretization methods, nonlinear solver techniques, and efficient
preconditioners for the resulting linear systems and their respective solvers. The
resulting size of these linear systems has also been increasing. Discretized PDEs with
millions of degrees of freedom are now common, and problems with billions of degrees
of freedom are now also being solved.

The second source of difficulty in solving PDECO problems is in reality a result
of two factors. One factor is that even under a relatively simple, linear PDE con-
straint the resulting optimality condition system of equations which must be solved
may be nonlinear, and therefore PDECO problems with the simple PDE constraint
become nonlinear optimization problems. The other factor is related to the size of
the optimization problem, which relates back to the size of the discretized PDE sys-
tem itself. An example demonstrating this issue could be a simple optimal control

problem governed by an elliptic PDE, where the control is distributed throughout
1



the domain. If the problem’s state variable, control variable, and the Lagrange mul-
tiplier associated with the PDE constraint are discretized in the same method then
there can be an equal number of discretized degrees of freedom for all three variables.
Furthermore, for each point-wise inequality imposed on the PDECO an additional
Lagrange multiplier would be added. Therefore a PDECO problem with point-wise
inequality constraints both the state and control leads to 5 times the number of dis-
cretized degrees of freedom than just the PDE alone. One additional detail is that
efficient solvers may exist for finding the solution to the discretized PDE, and lin-
ear systems that may arise from the optimization problem are often more complex,
requiring different preconditioning and solution strategies.

PDECO problems which contain point-wise inequality constraints on the state
variables pose additional problems. These constraints cause their associated Lagrange
multipliers to be highly irregular [12, 13, 7] which cause problems both in the the-
oretical convergence of the method as well as with implementations of the method.
The irregularity and the issues which ensue will be discussed in Chapter 2.

Many methods for solving state constrained problems have been proposed and
investigated over the last few decades. Standard optimization methods such as Se-
quential Quadratic Programming (SQP) [10], Augmented Lagrangian [5, 24|, and
Interior Point [4, 39, 38] have been applied to state constrained problems. Among
the more recent methods over the last 10-15 years for solving state constrained op-
timization problems have focused on the use of Semi-Smooth versions of Newton’s
Method and Moreau-Yosida regularization of the state constraint [4, 6, 21, 22, 14].

As an alternative to these, the work described here uses is based on Nonlinear
Rescaling. The Nonlinear Rescaling (NR) principal was introduced by Polyak [30]
in the early 1990’s as a method for handling inequality constraints for finite dimen-

sional optimization. NR methods, unlike classical barrier methods, do not require the



barrier parameter to approach infinity to guarantee convergence, which is the cause
of ill-conditioning of the Hessian in most other barrier methods such as the Interior
Point method. Goldfarb, et.al. [16] modified the NR based methods to include equal-
ity constraints through the augmented Lagrangian (AL). These Nonlinear Rescaling
Augmented Lagrangian (NRAL) methods are the basis for the methods examined
here, and these methods will be introduced in Chapter 3.

All previous work in NR-based methods has been done in the R™ space, whereas
the target application space of this research is in the solution of PDECO problems,
which are infinite dimensional in nature. It is possible to recast these infinite dimen-
sional problems as finite dimensional problems in R", which can often then be solved
using existing, well established nonlinear optimization methods.

But there are a number of disadvantages to this technique, primarily related to
the fact that one is solving an approximation to the problem instead of the problem
itself. Specific optimality conditions, interpretation of norms and their meaning from
one iteration to the next, and the solution itself is dependent on the discretization of
the problem. This dependence is both on the discretization method (finite difference,
finite element, etc.) and the specific triangularization of the domain of interest.
Changing the discretization, either by method or resolution of the triangularization,
results is modified optimality conditions.

This is an important point given that many modern discretization methods, in
particular the Finite Element Method, can employ adaptive meshing capability to
both reduce the time required to solve the problem and potentially increase the fidelity
of the solution. In the case where a discretized optimization problem is solved using
a method that employs adaptive meshing one must take extra care in using previous
solution information. But in an infinite dimensional method solution information

remains valid from one mesh to the next, provided the mesh is sufficiently resolved.



Each method presented and analyzed in this document is done so in its infinite
dimensional form. Within the implementation of the example problem one does, at
some point need to discretize a system of equations, since in general these systems
of equations do not have analytical solutions. In the implementations described here
the only system of equations discretized are the linearized operators solved within the
inner most iteration. The Finite Element Method [35] is chosen as the discretization

and solution methods for solving the infinite dimensional systems.



Chapter 2: Elliptic Optimization with State- and

Control-Constraints

2.1 Problem Statement and Notation

The general optimization problem examined here is a stationary optimal control prob-
lem with an elliptic PDE constraint, with independent inequality constraints on the
state and control variables. Optimization problems with elliptic constraints are very
frequently analyzed throughout optimization and control research, for two primary
reasons. Many physical, mathematical, and financial phenomena are governed by el-
liptic constraints, and therefore optimization problems do often arise with these PDE
constraints. Elliptic constraints are also more amenable for analysis due to the well
behaved and well studied qualities of the elliptic PDE.

Let J(u, q) be the functional being minimized, where w is the state variable and ¢
is the control variable of the problem. Let €2 be a convex, bounded domain in R"™ for
n = 1,2,3. The state variable is in the Sobolev space W = H?*(Q) N H} (), where
H}(Q) is defined as a H' space over €2 such that u = 0 on 9Q (the boundary of Q)
for all u € H'(Q).

Define A to be a second-order uniformly elliptic operator of the form

40 = Y 2 (wl-0) 1)



where there exists some constant 8 such that

Z ai;(2)&&; > 0[¢)? (2.2)

ij=1

for all £ € R™ and z € ). Additionally, the coefficients a;; of A are defined to be
bounded and continuously differentiable. Finally, define the operators (-,)(Q) and
|- I3(Q2) are the L? inner product and norm, respectively, over the domain Q. The
more general form of (-, -) and || - || will imply these operators over 2 unless a different

space is specified.

. 1 «
minimize J(u, q) = EHU — ugl|* + 5”‘]”2

subject to Au = ¢ in €
(2.3)
Nu = u > 1 a.e. in §Q

fuzq = Prae inf

where v € W, and A : W — L*(Q), and q,uq, n,,m, Buand f; are all in L*(Q).
Note that while there are no boundary conditions directly specified in the problem
statement, placing u € W includes the requirement that « = 0 on 0.

Problem (2.3) is assumed to satisfy strict complementarity. Furthermore, the
strong convexity of J(u,q) allows one to assume that the second order optimality
conditions are satisfied.

The regions P, and P will be defined to be the passive regions P, = {x € Q| n, > u > 0}

and Pg = {x € Q| B, > q > B}, respectively. Similarly, A;, and A;s are the active



regions A;;, = {z € Q| u=mn;} and A;3 = {x € Q| ¢ = B;}, for i = {u, [} respectively.

2.2 Optimality Conditions

The first order optimality conditions of problems similar to Problem 2.3 have been
considered in a number of texts [12, 6, 7] . The following analysis follows the material
presented by Bergounioux and Kunisch [7], but generalized to include bounds on
the control, modifying the state constraint to be include both an upper and lower
bound, and replacing the Laplacian in the PDE constraint with a more generic elliptic

operator.

Theorem 2.2.1. Let A: W — L? be an elliptic operator and Q be a convex domain

inR", n =1,2,3. The variables (u*,q*) € W x L? is the solution to Problem (2.3) if



and only if there exists a \* € L?, o, 07 € C*, and %, X} € L* such that

(A", Au) + (0F, u)er o — (07, uher o + (U — ug,u) =0 Yu € C such that n, > u > n,

(2.4a)

Au*) = ¢* (2.4b)

o+ X=X =N =0 (2.4¢)
(on,u—u")exc <0 Yu € C such that u <, (2.4d)
ut <y (2.4e)

(o], u" —u)exc <0 Yu € C such that uw > n, (2.4f)
ut > (2.4g)

Xuz20,¢" < By, X Bu—¢q") 20 (2.4h)

Xt 20,¢" 28, (¢ —8)=0 (2.4i)

Proof. In order to derive the optimality conditions for (2.3) some additional notation
is required. Define 7 : L?> — C as the operator that maps a function ¢ € L? to

u(q) € W, which is the solution to the state equation Au = ¢. Additionally define



the sets K, K5, Ky, and K. as

Ky ={ueWcCQ)]|u<mn,} (2.5a)
Kiy={ueWcc@)|u>mn) (2.5b)
Kue={qeL>CC()|q<pBu} (2.5¢)
Ke={qeL*CCQ)]q=p} (2.5d)

and define indicator functions over these sets.

0 for u € Ky
Iy = (2.6)

+o00 for u ¢ Ky

for U = us, ls,uc, and lc.
Using the convexity of these indicator functions, and the functional being mini-
mized, the standard properties of subdifferential calculus [37] imply that (u*, ¢*) will

be the solution to Problem (2.3) if and only if
1 * o, * * * *
0€0 (G170~ wll + SI0P + (T4 + BulT4) + 1)+ ela')) - 27

Convexity of the operator (2.7) implies that the following statement is equivalent.

0€d GHTq* — uy* + %Ilq*l|2> +T10(Ls(Tq") + T'0 (L(Tq"))
(2.8)

+ 0 (Lue(q")) + 0 (Le(q"))



Define o7, o/, x;, and x; to be the elements within indicator functions I, Ijs, Iy,

and I,
o} € 0L (Tq") (2.9a)
or € O (Tq") (2.9b)
Xu € OLue(q") (2.9¢)
X; € 01ie(q") (2.9d)

Using (2.9a), (2.9b), (2.9¢) and (2.9d) we see that (2.8) is equivalent to
1 Q
0€d <§||7'q* — ug||* + §||q*||2> +Tlor +Tlof + x5+ X;- (2.10)

This equation may be expressed as

0=(Tq" —ua, Tq—Tq")+alg . q— )+ (Tloh,qa—q")— (Tlo},q—¢") (2.11)

+(XNe—4¢") - (X a—q") (2.12)
=(TUTq" —ug) +Tlo: —Tlof +aq* + X — X, 4 —q") (2.13)
=(=AN"+a¢" +x, —x,q4— ") (2.14)

for all ¢ € C, and where

N = —THTq —ug) —Tor +To;. (2.15)

10



Equation (2.15) can be analyzed in its weak form, by multiplying through by a ¢ € L.

0=(\q) +{T'Tq" —ua),q) + (T'o},q) — (T'o},q)
(2.16)
= (A*7 q) =+ <Tq* - ud)? TQ> + <O-Z7 TQ> - <0-l*7 Tq>

The definition of T then provides the following result.

(N, Au) + (o), u)erc — (0], u)er o + (W —ug,u) =0 YueC,n, >u>mn  (2.17)

and

A(u) =q (2.18)

which satisfies (2.4a) and (2.4b). Equation (2.14) is true for all ¢, and therefore can
be simplified as

ag* +x,—x; — A" =0 (2.19)

which satisfies (2.4c).

The remaining optimality conditions to be proven require additional analysis of
(2.9a), (2.9b), (2.9¢), and (2.9d), which require understanding the definition of an
element in a subdifferential. First define f : i/ — R be a convex function, and let x
be in U. Let ¢ be in the dual space U*. Element ¢ is defined to be a subgradient of
f at xif

fy) = flx) >y —2)urs Yy U (2.20)

The subdifferential 0f(x) is the set of all subgradients of f at x. Using this and the

definition of 7 we know that (2.9a) is equivalent the following inequality, which holds

11



for all u* € K.

Iis(u) = Is(u™) > (on,u —uYer e Yu € Ky (2.21)

u?

Since both u and w* must be in K,s we have that I,s(u) = 0 and [I,s(u*)=0, and

therefore we arrive at

u* € Kys and (o), u — u)erc <0 Yu € K. (2.22)

which is equivalent to (2.4d). A similar analysis may be used to show that (2.9b),

(2.9¢), and (2.9d) are equivalent to

u* € Kis and (o), u" —u)erc <0 Vu € K (2.23a)
¢ € Kycand (x5, ¢ —q¢"erc <0 Vge Ky (2.23Db)
¢ € Kicand (X, ¢" — @Q)erc <0 Vqe K, (2.23¢)

The Lagrange multipliers associated with control constraints are in L2(£2) [26]. There-

fore ¢, ¢*, X% and x; are in L* and

(X q—qYee= (5 q—q)2 <0 VYgeL? (2.24)

and similarly
X4 = Dee= (¢ — @)z <0 Vge L% (2.25)
Additional information may be derived for x* by examining it in regions {24, and

Qp,. Within Q4, we know 8 = ¢*, and by selecting any ¢ < 8 we see that (x*,q —

12



q*>L2(QAﬁ) < 0 will be true if and only if x* > 0. Similarly, within Qp,, we know
that 5 > ¢*. By selecting ¢ =  we see that (x*,q — q*)LQ(QAﬁ) < 0 implies x* < 0.
By selecting any ¢ < § such that ¢ < ¢* we see that (x*,q — q*)LQ(QAﬁ) < 0 implies

x* > 0. Thus for any ¢ € L*(Qk,) we have that x* = 0. Thus at the solution (u*, ¢*)

we have

x>0, 8>q¢, X,6—-¢)>0 (2.26)

which is the same as (2.4f), completing the proof. O

2.3 Example State Constrained Problem

Irregularity of the Lagrange multipliers associated with can easily be shown with the

following 1D state constrained problem.

L 1 o
minimize J(u, q) = §||u — ugl|* + EHQHQ

subject to — VZu = ¢ in Q
u(=1)=u(1)=0 (2.27)

> 3+ Co5s(2mv)

a.e. in

12 > g a.e. in{2

where Q = [—1,1]. Let the desired state, ug4, be defined as

ug(z) = e “cos(mx)(x — 1)*(x + 1)* (2.28)

13



-1 -0.5 0 0.5 1

(b) Unconstrained Control and its Con-
(a) Desired state ug and State Constraint straint

Figure 2.1: Idealized State and Control

which can be seen in Figure 2.1a, along with the state constraint. Without either the
state or control inequality constraint the solution would trivially be ¢ = —V?u,, seen
in Figure 2.1b. For this example the regularization parameter « is set to 107°.

This state constrained problem is small and simple enough that a number of
existing solvers are able to find a solution, but yet is able to demonstrate the issues
resulting from the state constraint. This problem was solved using the Interior Point
method as implemented in the Optimization Toolbox™within MATLAB®)[27]. The
solution to Problem (2.27) is shown in Figure 2.2. The Lagrange multiplier associated
with the control constraints is known to be in L?([—1,1]), and can be seen in Figure
2.2d.

The Lagrange multiplier associated with the control constraint is a well behaved
function, as expected of an L? function. The Lagrange multiplier associated with
the state constraint, though, is not well behaved, which can be seen in 2.2c. In the
passive region the multiplier is zero, and away from the boundary between the active
and passive regions the multiplier is well behaved. But at the boundary a sharp

discontinuity is formed.

14



-1 —0‘.5 6 015 1 -1 —0.‘5 6 015 1
X X
(a) State Variable (b) Control Variable
0.4 T T T 0.2
0.351 0
0.3f
0.251 i -0.2r
0.21 < -0.4
6 0.15¢ e
ol =06
0.051 1 -0.8r
0
1t
—-0.05¢
0 05 0 05 1 -1 05 0 05 1
(c) State Constraint Multiplier (d) Control Constraint Multiplier

Figure 2.2: Solution to Example State Constrained Problem
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Chapter 3: Nonlinear Rescaling Augmented
Lagrangian Methods

The NRAL family of methods was first introduced in the late 1990’s by Goldfarb
et. al. [16]. In this work two separate methods were coupled to handle optimization
problems with both equality and inequality constraints. The inequality constraints
were used using the Nonlinear Rescaling (NR) method, which is described in Section
3.1. The Augmented Lagrangian (AL) method, described in Section 3.2, was used for
the equality constraints.

In order to introduce the NRAL method both the NR and AL methods will be
presented in their classic finite dimensional form. Let F(x), f;(z), and g;(z) be C?
functions in R”, for « = 1,...,m and 5 = 1,...,r. The generic problem used to

describe these methods follows.

minimize F'(x)

subject to fi(x) >0 i=1,...,m (3.1)

16



3.1 Nonlinear Rescaling

The Nonlinear Rescaling method was introduced by Polyak in the early 1990’s [30]
as a method for constrained optimization problems with inequality constraints. The
NR methods use barrier functions with appropriate properties to recast the inequality
constrained problem into an equivalent problem. These barrier functions are similar
to those in the Interior Point method [15, 42, 41, 11|, but unlike the interior point
method the barrier functions exist at the solutions, and therefore the NR method
does not experience the ill-conditioning at each iteration seen in the Interior Point
method.

The classic NR method is applied for problems with inequality constraints only.

Therefore we drop the equality constraints from Problem (3.1).

minimize F(x)

(3.2)
subject to fi(x) >0 i=1,...,m
Define the problem’s Lagrangian, L(x, \), in the usual way, and let A\ € R™.
L@, \) = F(z) = A- f(z) (3.3)

If F(z) is convex and in C?, f;(z) is concave and in C?, and the Slater condition
holds, then it is known [29] that there must exist a A* such that at the solution z*

the following Karush-Kuhn-Tucker (KKT) conditions hold.

V.L(x*,\}) = VF(z") — i ANV fi(z®) =0 (3.4a)

17



Figure 3.1: Example Rescaling Function ¥

In the NR method, the inequalities in problem (3.1) are modified using a rescaling
function ¥(t) : R — R. The rescaling function is a concave, C?, function and defined

to have the following properties.

w(0) =0 (3.52)
w'(t) >0 (3.5b)
w'(0) =1 (3.5¢)
w(t) <0 (3.5d)

The following additional requirements on ¥ (t) are standard requirements used in the

analysis of NR based methods. There exists a a > 0 and b > 0 such that

V() < (3.68)
7z b
o(t) > EE) (3.6b)

18



for all ¢ > 0. Finally, in support of the future analysis within this work one requires
one additional bound on ¥. In particular, for ¢ > 0 there exists a small £ > 0 such
that for any [t| < ¢

()] < ec. (3.7)
The new problem becomes

minimize F(x)
(3.8)
1
subject to E\If(k;f,(i)) >0i=1,...,m

where k is some positive barrier parameter. The modified Lagrangian associated with

this rescaled problem is

Lypi(z, ) =F(z) =) T (kfi(x)). (3.9)
i=1
At the optimal pair (z*, A*) we know that
Volnri(z®, A) = Vo F(2") — diag(W'(N'kf (7)) Va f(27) = 0 (3.10a)

Define & to be the minimizer for Lypg(z, Af) for a fixed As. It can be shown [30] that
under appropriate assumptions Lypg (2, u) is strongly convex near the solutions z*,
and that if \ ¢ 1s close enough to A} than # will be a good approximation to z* if k is
sufficiently large. This behavior can be more easily seen by defining the intermediate

variable A as

i = W (R(fi(2)) A (3.11)

19



and inserting j\f into (3.10a). Since Z is the minimizer to V,Lngi(x, Af) we have
ViLlnri(Z,Af) =V F(Z) — Z vxfi(i')Tj\fi = 0. (3.12)
i=1

We see that V,Lyri(d, Af) = VoL(Z, Af), and therefore we see that the minimizer
is also a stationary point of the original problem’s Lagrangian (3.3).

The primal NR method then uses this information to construct a Sequential Un-
constrained Minimization Technique (SUMT) method. The minimization step is find-
ing the & which minimizes Lypg (2, A\f) under a constant Af. The second step then
uses (3.11) as the update method to the Lagrange multiplier Ay. This method has
been shown [30] to have linear convergence with a constant barrier parameter k. The
convergence of this method can be improved by simply increasing k as the method
approaches the solution.

Simply increasing the barrier parameter k can have the unfortunate side effect
of ill-conditioning that affects other barrier methods. To avoid this issue another
modification has been made to the NR method. This modification involved converting
the primal NR method described above to a primal-dual NR (PDNR) method [31, 17,
32]. In the PDNR methods the primal and dual variables are treated simultaneously
by solving (3.11) and (3.12) as a coupled system of equations. These methods have
been shown to have up to 1.5-g-superlinear convergence [17] when coupled with an

appropriate update scheme for k.
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3.2 Augmented Lagrangian

The classical Augmented Lagrangian as introduced by Hestenes [20] and Powell [34]
have been used for equality and inequality constraints for over 40 years, but in this
context it will only be used for the equality constraints. Now consider the following

problem, which is simply (3.1) without the inequality constraints.

minimize F(x)
(3.13)
subject to g;(x) =0 j=1,...,r

The Lagrangian is defined in its usual way. Define A\, € R", then the Lagrangian
is

L(z,v) = F(z) — Ay - g(2) (3.14)

At the optimal pair (z*, \}) we have
VLo(2*, X)) = Vo F(z*) = > X2 Vagi(a®) =0 (3.15)
j=1

In the classical Augmented Lagrangian method the original problem’s Lagrangian is

augmented with a penalty term, resulting in

Lavk(z,Ag) = F(x) = Ag - g(x) + 5 (9(2) - 9(2)) (3.16)

[N

At the solution pair (z*, A7) we have that Lap,x(z*, A;) = 0 and

VaoLar (", )\;) =V, F(z") — Ay - Vog(x) + kV,g(x")g(z") =0 (3.17)
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and just like in the NR method we see that VxﬁAL’k(SL'*,)\;) = VxL(:c*,A;) = 0.

Therefore the minimizer of L4y 1 is also a stationary point for L(Z, ;\g).
Define 2 to be the minimizer of L4y x(z, A,) for a fixed A,. It again can be shown

[33] that under the appropriate assumptions L4z x(x, A) is strongly convex near the

solution z*, that that if 5\9 is close enough to Ay, than 2 will be a good approximation
to x* if k is sufficiently large. This behavior, like in the NR case, can be more readily

seen by defining the intermediate variable
Ay = Ay — kg(d) (3.18)

and inserting 5\g into V,Lar x(x, 5\9). Since Z is the minimizer to Lay, x(z, Ag)

VoLapr(®,\y) = V,F(2) Z V.g;(2) =0 (3.19)

This fact, combined with strong convexity of Ly [33] again indicates that with a
constant A\, we have that # is the minimizer for both Lz x(x, \,) and L(z, A,).

The primal AL, similar to the primal NR method, is a SUMT method. The first
step of this method is to find the & which minimizes V, L4y, x(2, 5\9) under a constant
S\g. The second step is to update the Lagrange multiplier A\, using (3.18). The primal
AL method has been shown to have linear convergence with a constant k, where the
convergence constant is inversely proportional to the penalty parameter k [8]. The
convergence rate may be improved to super-linear then with an appropriate sequence
of k.

Simply increasing the penalty parameter k can, again, have the unfortunate side
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effect of ill-conditioning. A Primal-Dual AL (PDAL) method has also been intro-
duced [33]. In this method, equations (3.19) and (3.18) are simultaneously solved for
both the primal and dual variable. This method has been shown to have quadratic

convergence [33].

3.3 Nonlinear Rescaling Augmented Lagrangian

The similarities of the NR and AL methods are striking. The classic, primal versions
of these methods are simply variations on the Uzawa algorithm [36]; an unconstrained
minimization followed by a prescribed update to the dual variables. In was recognized
as early as the 1960’s by Fiacco and McCormick [15] that penalty and barrier methods
can be combined into a single method in order to handle optimization problems with
both equality and inequality constraints.

A combination of the AL method for equality constraints and NR method for
inequality constraints was introduced in the late 1990’s by Goldfarb, et. al. [16].
Since both equality and inequality constraints are included the original problem (3.1)
may now be considered.

The Lagrangian for problem (3.1) is

Lz, Ap, Ag) = F () = Ay - (&) = Ag - g() (3.20)

where \; € R™ and Ay € R" are the same Lagrange multipliers introduced in Sections

3.1 and 3.2. At the solution z* we assume there exists )\} and )\Z such that

VoL(z*, A5, AL = Z)\*ZV filz ZAgjvzgz =0. (3.21)
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This NRAL algorithm begins by rescaling the original problem’s inequalities as
done in the NR method, and applying an augmented Lagrangian penalty term to the

Lagrangian.

Lule A Ag) = Pl = 3 M0k f@) = 3y 0(0) + @) ole)  (322)

=1

At z* it is known that L is strongly convex [16]. Define & to be the minimizer of
Li(z,Af, A\g) with constant Ay and Ay close to A} and A}, respectively. Then the

following must be true.
VaLi(®, A, Ag) = Vo F () = Y AW (kfi(£)) V. fi(2)

- Z AgiV29i(Z) + kgj(2)V,9(2)) (3.23)

=0

The intermediate variables \ s and j\g remain as defined in the previous sections.

=V (kfi(Z)) A (3.24)

Ay = g — k(&) (3.25)

Substituting A; and ), into (3.23) again shows that VL (2, Af, Ag) = Vo L(&, Ag, Af),
and therefore the minimizer of Li(x, Af, A;) remains a stationary point of L(z, ;\f, ;\g).
Just as in the NR and AL methods, the primal NRAL method performs an un-

constrained minimization of L(z, As, \;) under constant Ay and A,, followed by the
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Lagrange multiplier updates (3.24). And just like the primal NR and AL methods,
the primal NRAL method has been shown to have linear convergence when the bar-
rier /penalty parameter k is held constant [16]. A primal-dual NRAL method, which
incorporates a specific update strategy to k& has been shown to have 1.5-g-superlinear

convergence [18].

3.4 Function Space NRAL Methods

In the previous section the NRAL method were introduced in their classic finite di-
mensional form. Many of the mainline optimization methods (SQP, Interior Point,
Augmented Lagrangian, etc.) have been used to solve PDECO problems in the finite
dimensional form. In this method, commonly referred to as the Discretize-Than-
Optimize (DTO), the original problem (2.3) is approximated with a new discretized
version of itself. The space € is replaced with some triangularization €2, C €2, and all
functionals in the problem are discretized on the space €2, using a selected discretiza-

tion method such as a Finite Difference or a Finite Element methods.

. 1 o
minimize J(up, qn) = QHUh - uth%g(Qh) + §th”%2(9h)

subject to Apup, = qp
(3.26)

where uy, € Hy (Q)NH?(Q,), and Ay, : Hy (Q)NH?(Q2,) — L*(Q), and q,p, wap, 7r, and By,
are all in L?(2,). The primal NRAL method can also be utilized to solve this dis-

cretized problem.
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The alternative to this finite dimensional methodology is referred to as a func-
tion space, or Optimize-Than-Discretize (OTD), approach. In this methodology the
original problem is left intact, and the optimization method is formulated in the
same space the original optimization problem, and discretization of the space 2 is
performed only when required to numerically solve a set of equations. There are
advantages and disadvantages to both approaches, and one discussion of is included
by Gunzburger in [19].

In a function space primal NRAL method, the unconstrained minimization step
finding where V,Ly(x, Ay, Ay) = 0 would be the point at which discretization occurs.
When comparing problems (2.3) to (3.1) we see that there is now just one equality
constraint and two inequality constraints. The system of equations which is equivalent
to VuLi(z,A\g, A\f) = 0 becomes finding the @ and ¢ which satisfies the following

system of equations.
Vaud (u, q) = Nj, W' (k(n — u) — ATAg — kAT(Au— ¢) = 0 (3.27a)

Vo (u,q) = N fW'(K(B — q)) + qA\g — k(Au—q) = 0 (3.27b)

This unconstrained minimization is followed by the updates to Ay, A}, and X]{.

4 = XU (k(n — 1)) (3.284)
XL = X0 (k(8 - §)) (3.28D)
Ay = Ay — k(A — §) (3.28¢)

The following chapters discuss variations on primal dual methods associated with
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NRAL methods for solving problems similar to (2.3). Chapter 4 introduces and anal-
yses the PDAL method in function space which is used for solving problems with only
the PDE constraint. Chapter 5 introduces and analyzes a mixed primal /primal-dual
NRAL method which uses the PDAL method to solve the inner problem. Finally,
Chapter 6 introduces and analyzes a full primal-dual NRAL method for solving prob-

lems similar to (2.3) but with control constraints only.
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Chapter 4: Quadratic Convergence of a PDAL
Method for Optimization with Elliptic Equality

Constraints

4.1 Problem Definition

The general problem examined in this chapter involves a PDECO problem with no
additional inequality constraints. Let u, ¢, A, and Q be as defined in Section 2.1.
Additional, define J(u,q) : W x L*(2) — R be a twice continuously Fréchet differ-

entiable function, which is convex within €.
minimize J (u, q)

subject to Au = ¢ in €2

Let u* € W and ¢* € L? be the solution to problem (4.1), and define its La-

grangian, L(u,q,\) : W x L? x L* — R.

Due to the elliptic nature of A it is known that there must exist a A\* € L? such that
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the following first order optimality conditions are true.

VT, q") — AN
VI(u*, " A) = CAER —0 (4.3a)

qu(u*’q*) + )\*

Au* —q¢* =0 (4.3b)

The second order optimality conditions also hold for Problem (4.1), due to the

strong convexity of 7.

4.2 The PDAL Method

The AL method begins with the addition of a penalty term to the Lagrangian,
L(u,q,\). This results in the augmented Lagrangian, Lazx(u,q,\) : W x L*(Q) x
L*(Q) — R, with k£ > 0.

k
EAL,k(u7 q, >‘) = L(u7 q, )‘) + 5 (Au —4q, Au — Q)

(4.4)
k
The gradient of Larx(u, g, A) can be computed as the following.
VT (u,q) — AT\ + kAT (Au — q)
VLapk(u,q,\) = Vo J(u,q) + X — k(Au — q) (4.5)

Au—q

There are a number of important properties of L4y, at the solution, (u*,¢*, \*).
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The first of these can be trivially seen from its definition, and the second from its

gradient.

ﬁAL,k(U*>q*7A*) = L(U*7q*7>\*) - j(u*7q*) (46>

VuJ (u*, q*) — ATX*
VLapk(u*, ¢, \*) = VL(u", ¢*, \") = V,J W, q*) + A (4.7)

Au—q

We can therefore state that (u*,¢*, \*) is a stationary point for both L(u,q, \) and
Lark, and in fact is the solution to both the original problem and its augmented
equivalent. One additional useful property of the augmented Lagrangian is its con-

vexity, which is stated in the following lemma.

Lemma 4.2.1. Let (u*,q*, \*) be a stationary point for Problem (4.1). Then there
exists a neighborhood By (u*, q*), ko > 0, and p > 0 such that Lar x(u, q, \*) is strongly

convez for all (u,q) € By(u*,q*), k > ko, .

Proof. Define & = (ug, q¢) where ue € W, ¢ € L*(Q2), and \¢ € L*(Q). First compute

V2L L at the solution (u*, g*, \*).

Vi (W', ¢*) + kATA V2 T (u, ¢*) — kAT

v2*CALJe (U*7 9*7 A*) =

) EATA —LkAt
=V L(u", q*, \") +
—kA kI
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Using strong convexity of L(u,q) and recognizing that (4.8) can be written as

T
VQ,CAL,k(u*,q*,)\*):VL2(u*,q*,)\*)+k(A _]> <A _]) (4.9)

it can be directly seen that Ly, x(u*, ¢*, \*) is strongly convex. ]

Like described in Section 3.2 the function space AL method is a SUMT method.
Initial values for wus—g, ¢s—g, and As—g are selected. The first step of the SUMT

iterations becomes the unconstrained minimization

(us,qs) = argmin  Lark(u, g, As—1) (4.10)
(1) EWX L2(Q)

with a fix \;. The Lagrange multiplier is then updated throughout €2 using
As = Aso1 — k (Aug — ¢5) . (4.11)

In the PDAL method this SUMT method of unconstrained minimization followed
by the multiplier update is replaced with the solution of (us, gs, As) simultaneously at

each iteration. By examination of (4.5) it can be seen that
VL ari(ts, @5 Asm1) = VaT (s, ¢s) = AT Aoy = k(Auy — q))
= VuJ (us, gs) — ATX, (4.12)

- vuL(usa gs, )\s)
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and
VoLark(ts, s, As—1) = VT (us, gs) + As—1 — k(Aus — ¢5)
= VT (us, qs) + s (4.13)
= VyL(us, gs, As).

The PDAL method then becomes a method for solving (4.1) by solving the following

system of equations.
VuL(us> qs, )\s) = vuj(usa QS) - AT)‘S =0
VqL(“Sa sy As) = qu(us, qs) +As =0 (4.14)
As — Aso1 + k(Aus — q5) =0
This primal dual system (4.14) is solved using Newton’s method. The Newton

direction is solved for at each step by solving the system of equations derived by

linearization of (4.14) about (u,q, A). The linearization takes the form

ou
MAL,k(“sa s, As) oq | = aAL(uw s, /\S)a (415)
oA
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where

viuj(u& QS) viqj(us, qs) —Af

MAL,k (us> qs, )\s) = Vguj(us, qs) quj(us, qs) I>\ (416)
A ~1, L

and

_vuj(us’ QS) + AT/\S
aAL(u7 q, )‘) = —qu(us, qs) — A . (417)
_(Aus - QS)

Each iteration of the PDAL method becomes finding the Newton directions, (du, dq, 0),

from (4.15). This is followed by a simple update to the variables.
Usy1 = Ug + OU

Qs+1 = qs + 5(] (418)

Aos1 = As + OA

4.3 Local Convergence Analysis

The finite dimensional version of this PDAL method has been shown to have quadratic
local convergence under appropriate assumptions [33]. The local convergence analysis
shown here follows the outline seen in [33], but is presented here in the function space.

One key component in this analysis is the definition of the merit function v(u, g, \).

This merit function both defines the distance between the current point in the solution

33



and it will be used in the penalty parameter update strategy.
v(u, q, ) = max{|[VuL(u, ¢, M|, [V L(u, g, A) ||, | Au — g|} (4.19)

A second component of this analysis is lemma 4.3.1. This lemma provides a
bound on the norm of a Hilbert space operator’s inverse, which will be used to bound

|| My (u, g, \) ]| in the following analysis.

Lemma 4.3.1. Define A and B to be Hilbert spaces. Let F': A — B be an invertible
operator where |[F7'| < N < oo. Define a small 3 > 0 and G : A — B. If
|F — Gl < B then

|G~ < 2N (4.20)

and

|F~' =G < 2N?B. (4.21)

Proof. Invertibility of F' and the bounds on ||[F~!|| and ||F — G| allows G™! to be

bounded. First write G~! as
Gl=(F—-(F-@G)™*

1

=([[-F'F-G) F. (4.22)

Then recall the Taylor series expansion of (1—x)~! and apply it to (I—F~(F-G))™1,

which leads to

(I-FYF-G) " = <I+§: (Fl(F—G))J). (4.23)
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By inserting (4.23) into (4.22), one can then bound ||G™!|| using the stated bounds

on ||F~!]| and the Cauchy-Schwarz and triangle inequalities.

(1 - i (F~Y(F - G))j) F

g'(uz (o) )HHF l

~on )i

IN

1+ZH

1

Finally, by selecting a small enough 8 we can assert that N3 < 3, leading to the

initial claim of
IG7Y <N (1 + 22—1]) = 2N
With this result in hand, we can easily prove the second claim. By noting that
|F =G =||F (G- F)G
and using the previous result we can see that
1= =G < IFII(F = GG < 2N*8B

]

With Lemma 4.3.1 and the definition of v(u, ¢, \) the quadratic local convergence
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of the function space PDAL method can now be shown. In the following analysis the
linearization of (4.5) results in the Newton system of equation for solving problem
(4.1). Invertibility of the operator from this Newton system is known, and used
in conjunction with Lemma 4.3.1 to bound May x(u, g, A). This bound, along with
computed bounds on asr(u,q,\) are then used to bound the error after a Newton
step.

~

Theorem 4.3.2. Define (u*, g*, \*) to be the solution to (4.1). Further define (4, q, \)
to be the current solution after a single iteration using the Newton system (4.15) where

= v(u,q,\)"t. Then there exists a small parameter 0 < € < 1 such that for any

initial (u,q,\) € B.(u*,q*, \*) the bound on the error in (4, §, \) is

(@, ¢, A) = (', ¢", X< pll(u, g, ) = (u”,q", A2 (4.24)

for some p >0

Proof. First define the linearized system derived from the Lagrange system (4.5) for
problem (4.1).

Moo(“aQu )‘> 5(] = aAL(uaq)/\)7 (425)

where
Moo (u,q,A) = V2T (u,q) Vi T(u,q) I |- (4.26)
A -1, 0

The strong convexity of 7 and definition of A can be used to show that the operator
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My (u,q, A) is an invertible operator. First assume that M. (u, g, A) is not invertible.
Then there exists a w = (w,, wy, wy) € W x L? x L? such that My (u,q, \)w = 0 for

w # 0. See that My (u,q, \)w = 0 is equivalent to

vguj(uv Q) vgqj(uv Q) Wyq I/\

(A —Iq) "l =0 (4.27b)

Multiplying (4.27a) by (w, w,) and using the fact that (w,, ATwy) = (Aw,, w)) and
(4.27b) leads to

—Af Wy
(wu wq> wy = w) (A —[q) —0 (4.28)

Then the second term on the left had side of the modified (4.27a) reduces down to

\& ,a) VigJ (u, u

vgu‘7<u7 q) ngj(% q) wl]

Stong convexity of J implies that (4.29) can only be true if w, = w, = 0. Finally,
with w, = w, = 0, (4.27a) simplifies to —ATwy = 0 and wy = 0. The latter trivially
indicates that wy, = 0, and therefore M (u,q, \)w = 0 if and only if w = 0, and

therefor M (u, g, \) is invertible.
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Quadratic convergence of Newton’s method for (u,q, \) close to (u*, ¢*, A*) indi-

cates that there must exist a py > 0 such that

”(ﬂv G,X) - (u*vq*v Xk)” < pOH(u?q? )‘> - (u*vq*v >‘*)H2 (43())

where £ = & + 6¢ for € = u,q, \.

~

In order to find a similar bound for (4, ¢, \) we begin with the following algebraic

relations.

(ﬁijv 5\)—(“*7(1*7)\*) = (u7Q7 >‘> + ((SU,(S(], 5>\) - <U'*7q*7)\*)

Take the norm of both sides, recall the definition of (du,dq,d\) and (du, dq,6N), and

apply the triangle inequality.

1(@, @ %) = (" " A) | = @3, ) = (u",¢7, %) + (Ju, 6¢, 6A) — (§u, 3¢, SN)||
= @7, — (u*,q", A) + My . (u, ¢ Naac(u, ¢, ) = M (u, ¢, Naar (u, ¢, A
< 1@.q.A) = (', q" M) + Mg (u, ¢, Naar (u, g, A) = M (u, g, Naar(u, g, M|

<@, A) = (", " A+ 1M (u, g, A) = M (g M) laar(u, g, M)l

(4.32)

The using the bounds on ||(7, g, A) — (u*,¢* \*)|| the above term can be written
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without reference to (u,q, \).

H(ﬁ’ Cj? 5‘) - (U*7 C]*, )‘*) H SpOH(U, q, >\) - (U*> q*> )‘*) H2+
(4.33)
‘|Mglll7k(u7 q, )‘) - Mo?)l (uu q, >\) || Ha’AL<u7 q, )‘)H

My (u,q,\) is invertible, due to strong convexity of J and the definition of
A. Therefore we can state that there exists an N, with 0 < N < oo, such that

| M (u,q,\)|| < N. By definition of Mar x(u,q,\) and M, (u, g, A) we know that

1
||MAL,k(u7 q, )‘) - Moo(ua q, )‘) || = E (434)
Application of Lemma 4.3.1 then implies that
-1 -1 2N?
”MAL,k(uv q, )‘) - Moo (U,, 4, >‘)|| < T (435)

Since J and the elements of A are twice continuously Fréchet differentiable and

A € L*(Q) it is known that there must exist an Lo > 0 such that [|aar(u,q,\)|| <
Lo||(u, ¢, \)—(u*, ¢*, A*)||. These two bounds are then used to further bound || (@, g, \)—
(", ¢, AT

2

A A * %\ k * %\ k 2N
H(an7)‘)_(u 4 a>\ )H SpoH(”aQa)‘>_(u 4 7)‘ )H2+

k LOH(“: q, )‘) - (U*a q*7 >\*)H

(4.36)

Recognize that v(u,q,\) is Lipschitz continuous, and that v(u,q,A) = 0 if and
only if (u,q,\) = (u*,¢*,\*). Then there exists a L; > 0 such that v(u,q,\) <

Li||(u, q, N) — (u*, ¢*, A*)||. Also recall that k = v(u,q,A\)~!, and the second term in
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(4.36) can be further bounded.

TLDH(U;Q7/\) - (U »q ?)‘ )” = QNQLOU(uv(Za )\)||(an7)\) - (U 4 7)\ )”
(4.37)
< 2N2L0L1H (ua q, )‘) - <U*7 q*a )‘*)”2
Incorporating (4.37) in (4.36) results in the claim.
”(ﬁv qAa A) - (u*7 q*v >‘*>” < IO0“<U7 q, >‘) - (u*, q*, )‘*)||2
+ 2N2L0L1||(u7 q, /\) - (U*, q*a )‘*)||2
< p||(u, q, )‘) - (u*7 q*7 )‘*)”2
where p = max{pg, 2N?LoL, }. O
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Chapter 5: Linear Convergence of a NR-PDAL

Method for State- and Control-Constrained
Optimization with Elliptic Equality Constraints

The method analyzed in this chapter directly handles Problem (2.3) with all con-
ditions specified in Section 2.1. This method is a mixed method which treats the
inequality constraints in a standard primal NR methodology, but in each inner step

of the NR method the PDE constraint is incorporated using a primal-dual AL method.

5.1 The NR-PDAL Method

Before defining the NR-PDAL method, additional details of Problem (2.3) must be
defined, in additional to those shown in Chapter 2. Let u* € W and ¢* € L? be the
solution to Problem (2.3). Due to the strong convexity of 1[lu — uql|3. + $|l¢|* and
the assumptions of problem (2.3), it is known that there exists a Lagrange multiplier
tuple (A\*, 0%, 07, x5, x;) € L? x C* X C* x L* x L? such that the optimality conditions
(2.4) hold.

The derivation of the NR-PDAL method begins in much the same way as the clas-

sic NRAL method shown in section 3.3. Define the Lagrangian, L(u, g, \, 0w, 01, Xu, Xi1) :
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W x L? x L? x C* x C* x L? x L?> = R, be defined as

1 «
L(“v q, )\7 Ou; 015 Xu» Xl) :_Hu - ud”%2 Q + _||q||2 - (>\7 Au — Q)
2 @ "9

—(ouw, e — ) — (o1, u —m) = (Xus Bu — @) — (1,0 — B1)
(5.1)

The modified Lagrangian from the NRAL method must now be defined. Unlike in
section 3.3, the penalty and barrier parameters will be not be the same, resulting in
two k values. The parameter k, will denote the penalty parameter associated with
the AL modification. The parameter k;, will be the barrier parameter associated with

the NR modification. The modified Lagrangian from the NRAL method becomes

1 o'
Lk(uu q, )‘7 Ou; 015 Xus Xl) :§|lu - udH%ﬁ(Q) + EHQHQ - <)\7 Au — Q>

+ %(Au — ¢, Au—q)

1 1 (5.2)
- k—b(ou, @ (kp(n —u)) — k_b(al’ (ks (w = m))

1

- k—b(Xu, U (ky(By — q)) — kib(Xz, U (ky(q — B1))

As described in section 3.3, the classic primal NRAL method would alternate

between the unconstrained minimization step

(aan) = arg min Ek(uaqy)\aUmUquaXl) (53>
(u,q) EWXL2()
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over fixed (A, g, x), followed by the Lagrange multiplier updates

~

A=A—ky(Ad—q) (5.4a)
&u = Uuq—//(kb(nu — ?l)) (3'[ = O'lﬁp/(k’b(’ll — T]l)) (54b)
Xu = Xa¥' (ks (B — @) X0 = xa¥'(ko(G — B1)) (5.4¢)

In the mixed primal /primal-dual NR-PDAL method the unconstrained minimiza-
tion is replaced with a PDAL step. This PDAL step is formed very similar to the
PDAL method shown in Chapter 4. First the gradient of Li(u, q, A, 0w, 07, Xu, X1) With

respect to (u,q) is computed.
VouLr(w, g, N, 00, 01, X, X1) = (1 — ug) — ATA + kpAT(Au —q)
+ ol (ky(na — u)) — o' (ky(u — m))
= (u—uq) — AT\ = ky(Au — q)) + oW (ko (13, — )
— W' (ky(u —my)
VoLr(u, ¢, A, 0u, 01, Xus X1) = aq + A — ky(Au — q)
+ X (ko (Bu — @) = xa¥' (ko (B — q))

(5.5)

By inserting A and the updated @ and ¢ into VLi(u,q, N, 0u, 01, Xu, Xi) and setting
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the system of equations to 0 the following system of equations is found.

(0 — ug) — AN + 0¥ (ky(nu — 1)) — o (k6 — 1)) = 0 (5.6a)
g+ A+ xu? (ks (Bu — 4)) — ¥’ (ko(G — B1)) = 0 (5.6b)
A=A+ ky(Ai—¢) =0 (5.6¢)

This system of equations is the same as the primal dual system of equations (4.14)

seen in Chapter 4, with the following definition for 7 (u, q).

1
I (,9) = Sllu = wallFa@) + 5 lal* = o (ko — w)) = o (ko = m))
(5.7)

— Xu¥ (kb (B — @) — xa¥ (ko(q — B1))

Since ¥ is concave and i|ju — udHQLQ(Q) is convex we know that J(u,q) is strongly
convex. Therefore the assumptions from Theorem 4.3.2 all hold and the PDAL inner
step of the NR-PDAL step should have local quadratic convergence.

The NR-PDAL method can now be defined as a sequential constrained mini-
mization method, which first solves the PDAL system (5.6) under fixed Lagrange
multipliers ¢ and y. The Lagrange multipliers are then updated using (5.4b) and
(5.4c).

5.2 Local Convergence Analysis

In this section the local convergence of the NR-PDAL method is analyzed, and shown

to have linear local convergence when £ is held fixed.

Theorem 5.2.1. Define (u*, ¢*, \*, 0, 0/, x5, x]) to be the solution to Problem (2.3).
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Then there exists a kg > 0 and 6 > 0 such that for all k,, ky, > ko and 0 < € <

min{eo, € Ay, 01 € Ay, Xu € Aug, X1 € Aig} the following are true:
(i) There exists a solution (i, 4, \) to system of equations (5.6) for a given (o, ).

(ii) For the solution (@, G, \) from (i) the following are bounds on || (@, G, \)—(u*, ¢*, \*)||

and ||(&uaa-l7)%uv)2l) - (0-;,70-77XZ7X?<)||
max{[|& — u*, 1§ — [l 1A = X[, 16w — o5l 1161 = o7 11, 1% — Xl 1% — x5 1}

C * * * *
< 5, mexdllow = oull, llow = ol e =l I =i}

(5.8)

Proof. Begin with the following definitions. Define
T = (Tiy, Tuns Tu Ti3) (5.9)

where 7, = k; '(0; — 0}) and 75 = k; ' (xi — x}), for i = u,l. Also define the sets
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Se(0,6) =

D€75(0*, X*> kO) =

{r €Q | 7. <8} for e =un,ln,up, 1B and Des(of, 0F, X5, X, ko), where

kp > ko

ky > ko

oy > € o, — ol < kyd for z € Ay,
o, > € oy — o7 < ko for z € Ay,
ou < kyd for z € Py,

(5.10)
o1 < kyd for x € P,

Xu > € | Xu — X5| < ko for z € Ayp

X1 > €, |Xl —Xﬂ < ko for x € Alﬂ

Xu < kpo for x € Pug

X1 < kyd for x € Pig

The Implicit Function theorem is used throughout this analysis in order to develop

the bounds claimed by the Theorem 5.2.1. In order to use this an appropriate mapping

functional must be defined. Begin by defining O} (u, ¢, A, 64, 61, Xu, X1, T)-

A

] /A A N A A~ ~
®k(u>qa >\70U70l7Xu7Xl77—) =

Within P, it is known that o}, = 0, and therefore within this region 7, = &, l(au

(

ﬂ—ud—AT;\—i—éu—&l

ad— A+ Xu—Xi

A= A+ ky(Al — §)

Ky (ko Tuy + 020 (ko (19 — 1)) — (5.11)
—ky H(kymiy + o)W (ky(6—m1)) — Ky 16y

Ky (komup + X)W (ko (Bu — @) — Ky ' Xu

—ky (ko + X)W (ko(G — B1) — Ry ' X
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0}) =k, 'o,. This, along with the definition 6, = 0,%'(ky(n, — @)) implies that

Fy  (RoTun + )W (o — @) = "6 = Ky (Roky "0) ¥ (R — @)
— ky tou?' (ky(n. — @)
= k; 'o W' (ky(nu — @) — ky "o W' (ky(n, — Q)
—0

(5.12)

everywhere within P,,. Similar analysis can be performed for o;, x,, and x; in their

respective passive regions.
ky L (kymiy + o)W (ky(0 — i) — Ky ', = 0 in B,
Ky (kyTus + X)W (ks(Bu — §)) — Ky "Xu = 0in Pyg (5.13)

Ky M (kv + X)W (ko(G — B1)) — Ky 'xa = 0in Pg

Due to this behavior the last two equations in ©7(4,q, 5\,&“,6l,>2u,)21,7') may be
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altered to only apply to the active regions, resulting in a new mapping function.

(
ﬁ—ud—AT)\—l—&u—@

G — A+ Xu —

A=A+ ky(Ad — §)

Ok (it G, A, Gy 61, X X T) = { Ky (kg + ) (R (10 — 1)) — Ky 267 for @ € Ay
—k;l(lﬁibﬂn + U?)W’(k‘b(ft — 771)) — k’;lé'l for x c Aln
ky H(kyTus + X)W (ky(By — ) — Ky * X for € Ayg

—ky (kymis + X)W (ko(G = B1)) — Ky ' for @ € Ayg

0
(5.14)

In order to use the implicit function theorem for O(u,§, A, 6y, 67, Xu, X1, T) We
must show that the function satisfies the conditions of the theorem. The first of these

conditions requires
@k(U*aq*a)‘*70;701*79627)(770) =0 (515>
which can be seen using the definition of 7, &,,, d;, Xu, X1, and the optimality conditions
(2.4).
The second condition required by the implicit function theorem is invertibility of

VO (t,q, 5\,&“,6l,)2u,)21,7) at (u*, ¢*, \*, 0%, 07, x5, x;,0). First define the following

operators.
Wy = =(koTuy + 03)" (ko (nu — @)
Wiy = (kyTiy + 07 )W (s (@ — i)
(5.16)

qjub’ == _(kauﬁ + X;)Lp/%kb(ﬁu - qA))

Wi = (kv + x7)¥" (ks(q — 51))
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Then evaluate VO.

V@k(ﬂ, é, 5\, a'u, a-la )ACUJ )A(la T) =

I, 0 —Af I,
0 al, —1I, 0
kyA —kyl, 1 0
U 0 0
Uy, 0 0 0
0 U,z 0 0
0 U5 0 0

I, 0 0
0 I, ~I,
0 0 0
0 0 0
—ky ', 0 0
0 —ky ', 0
0 0 k',

(5.17)

Divide the third line of VO(1, ¢, N6, %, 7) by k, and the last four lines by k; and

evaluate at 7 = 0.

VGk(u*7 q*7 A*7 O"Z? O-l*7 X’Z? X;? 0)

L, 0 —AT
0 « —1,
A —1I, kT
= | —o2w”(0) 0 0
o (0) 0 0
0 —EP(0) 0
0 Xw"(0) 0

I, I, 0
0 0 I,
0 0 0
—k, M, 0 0
0 —k, ', 0
0 0 —ky ' I,
0 0 0
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The operator VO (u*, ¢*, \*, o, 07, x5, X7, 0) may be directly shown to be invert-
ible under appropriately specified A, but for the general case presented here Lemma
4.3.1 will be used to show invertibility. Recall that conditions of the Lemma re-
quires an invertible operator that close enough to VO (u*, ¢*, \*, 0, 0/, x5, X}, 0).
One potential operator can be found by evaluating VO (u*, ¢*, \*, o, o/, X%, X/, 0) as

ky approaches infinity.

V@oo(U*vq*vA*vg*vx*a()) = k;hm vgk(U*aq*a)\*aU*7X*70)
—00

I, 0 —AT I, -1, 0 0

0 a -, 0 0 I, -I,

A I, kK'Y 0 0 0 0

= | —o*w"(0) 0 O 0 0 0 0
o W (0) 0 o 0 0 0 0

0 —X"0) 0 0 0 0 0

0 X0 0 0 0 0 0

(5.19)

Define w = (wy, Wy, Wy, Wo, , Wo,, Wy, , Wy, ), Where w, € W, w, € L*(), wy € L*(Q),
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Wy, s Wy, € C*, Wy, , wy, € L*(Q2) and evaluate VO (u*, ¢*, \*, 0%, 07, X5, X7, 0)w = 0.

w, — ATwy, + w,, — W, =0 (5.20a)
awg — Wy + wy, — wy, =0 (5.20b)

1
Aw, —w, + —wy =0 (5.20¢)

kp
(0w =0 ol (0)w, =0 (5.20d)
—" (0w, =0 x;P"(0)w, =0 (5.20e)

If VO (u*,q¢", \* 0k, 07, x5, x;,0) was not invertible then there must exist a w such
that we = 0 for at least one of £ = u,q, A, 0y, 07, Xu, X;- By definition of ¥ we have
U"(0) < 0, and by the strict complementarity assumption we know that of > 0,
of >0, x& >0, and x; > 0. Therefore (5.20d) and (5.20e) imply that w, = 0 and
w, = 0. Equation (5.20c) then implies that wy = 0. One is then left with (5.20a) and
(5.20b) implying w,, — w,, = 0 and w,, — w,, = 0. Furthermore, as VO, operates
only in the respective active regions, the w’s associated with inequality constraints
in (5.20b) and (5.20a) are active in separate regions. Therefore either w,, = 0 or
Wy, = 0 in any given region. Similarly, either w,, = 0 or w,, = 0 in any given region.
Wy, = Wy, = Wy, = Wy, = 0. Therefore VO (u*,¢*, \*, 0, 0/, x5, x;, 0)w = 0 if an

u u

only if w = 0, and there must exist a py > 0 such that

IVOL (w7, X, 0%, 07, o X Ol < o (5.21)

Lemma 4.3.1 requires a bound on the difference between the two operators under
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consideration. This bound can be found by computing

VO (u*, ¢", X oy, 00, X0, Xi,0) = VO (u*,¢", X", 00, 07, X0, X1, 0) =

000 O 0 0 0
000 O 0 0 0

000 0 0 0 0 (5.22)
000 k'L, 0 0 0

000 0 k'L, 0 0

000 O 0 k'L, 0

000 0 0 0 k'L,

and therefore

Hv®oo(u*7q*7A*7o-Z7 O’f’XTL’X??O) _VGk(u*7q*7)\*70-:70-77XZ7X;<70)H - ”kb_lH (523>

Then application of Lemma 4.3.1 implies that VO (u*, ¢*, \*, 0, of, x5, x7,0) is in-

vertible, and is bounded.

IVO (' g N, 0% 7 X X O < 202057 < 23 (5.24)

At the solution it has now been shown that Oy(u*,¢*, \*, 0% 0F, x5, x;,0) = 0
and that VO (u*, ¢*, \*, 0%, 0/, X%, X7, 0) is invertible. This allows the second implicit
function theorem to be used to complete the proof of (i). First define &(7, k), for
£ =1u,q,\, 0u, 01, Xus X1, t0 be functions in S(K,0) = {(k,7) : ko < k < ky,||7]] < 6}
By the second implicit function theorem there exists a k; > kg such that for any

k € [ko, k1] there exists a 6 > 0 such that £(0, k) = &*, for & = u,q, \, 0w, 01, Xu, Xi-
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This completes the proof of claim (7).

(11): The claimed bound on the Lagrange multipliers within P,,,

Plna Puﬁa and Plﬁ
are considered first. From the previous section we saw that there must exist a § > 0

such that for any (ky, 7) € S(K,¢) there exists an €y > 0 such that

max{|[u(7, ko) — u[[, lg(7, k) = ¢"[|, [A(T, k) = A*[} < 0. (5.25)

In the passive regions it is also known that there exist a U,, > 0, Uy, > 0, U,s > 0,

and Uz > 0 such that

.Uy R U,
bumd>=7 Q- Pu> (5.26b)

Recall that in the passive regions o = 0, o =0, x;, = 0, and x* = 0, then &, d;,

Xu, and x; may be written as follows.

Gu = (00 — o)W (ky(n — ) 01 = (01— 0 W' (ks (Tt — 1)) (5.27a)

Xu = (Xu = XD (k(Bu — @) X = Oa— XD (k(q — B1)) (5.27Db)

By the conditions required of ¥(¢) there must exist a a,, > 0, a, > 0, a,, > 0, and
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ay, > 0 such that

' (ky(ny — @) < ag, (ky(n, — @) +1)7" (5.28a)
' (ky(a—m)) < ag, (kp(@ —m) + 1) (5.28b)
V' (k(Bu — 4)) < ay, (ks(Bu — @) +1)7" (5.28¢)
W'(k(q — Br) < ax,(ke(q — ) + 1)~ (5.28d)

Therefore

< (ao, (0w = 03)) (ks (11 — @)~ (5.29)

and similarly

(5’1 = (3'[ — O'l* S agl(al — U;)Q(Ulnkb)il (530&)
N = Xu — X <ty (Xu — X5)2(Unpks) ™" (5.30b)
X=X X < ay (i — x0)2(Uigks) ™ (5.30c)
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which confirms the bounds
max{||G, — oy, 51— of [, [|Xu — xull, X0 — X7 I}

Co
< 7, Tmaxllow = oull, or = o7l e =Gl lha = xill}

(5.31)

where Cj = max {agu%, Ug, =55 Oy,
The mapping O, will again be used in order to prove the claimed bounds for

(41,4, \) everywhere in Q and (64,67, Xu, X;) in their respective active regions. For

this usage the derivative of ©; with respect to 7 must be evaluated and set to 0. Set

VT@k (ﬁa (jv 5\7 &ua &la )A(ua )A(la 7_) = | 290 dOk() dOk() dOk() | = [07 Oa 07 0] (532)

dryn 7 dmy, 7 dryg 7 dmg

where
a‘l’un - ATS\TM, + OA-U,Tun - OA-Z,Tun
anTun + a-Tun + X'U/ﬂ'un - Xlﬂ'un
5\7'ur] + klp(AlllTun - qATun)
dOx (") X N 14
AT = | V' (ko(nu — @) — (koTuy + o))" (K (1 — u))umn — K, 1Uu,‘rm, (5.33)

O-l*wll(kb(a - T]l))a'run - kb_la-l:'run
_lep”(kb(ﬁu - Q))gTun - kl:lf(u,mn

X?W”(k/‘b(q/\ - /BZ))Q/\Tun - kb_ljgl?Tu’ﬂ
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~ _ TA ~ oA

uTln A )\Tln + aule’q Ul:Tln

QQTln + O-Tln + Xu,'rln - Xl,’rln
)‘Tzn + kp(AuTln - qﬂn>

dO(-
dk( ) _ — W (ki (1 — ) )i, — by G, (5.34)
Tln
W (ky (6 — ) — (komiy + 07 )" (ks (6o — m)) i, — Ky ' G1r,,
—qu—/”(kb<ﬂu - Q))QTln o kbiliuv"'ln
iV (koG = £1))dn, = Ky Rim,
7jl"l‘u,B - ATS\Tuﬁ + a-uﬂ—uﬂ - 6—177-“13
Oy + 5y + X — K
S\Tuﬁ + kp(A/&TuB o qATuﬂ)
don() i — k15
dTuB - _Oulp//(kb(nu - u))uTuﬁ - kb 10_“’7—“5 <535>
oW (ki (@ — m)Yury — Ky ' G1r,
W (kB — 0)) = (kg + X)W (kB = @)y — Ky R
X?W”(k'b(q - /Bl))qA’Tun - k:b_IXZVTUW
ﬂ’rl/i - AT)‘TM? + &“77'15 o oA-lleﬁ
Oz(jm + a’q—w + )A(u,'rlg - )A(lﬂ'lﬁ
)\—;—l5 + kp(Aﬁ'Tlﬁ - (j'f'lﬁ)
d@k() —1x

- _U;W//(kb(lr]u - ﬁ/))aﬂﬁ - kb O-’U, (536)

dTlg
Uz*ﬂp"(kb(ﬂ - nl))ama - kgl&l,flﬁ
_sz”(kb(ﬁu - d))@nn - kb_liuwn

W' (ko (4 — Br)) — (kemip + X7 (ko(q — B1))drys — Ky Xt

Recognize that (5.32) can be represented as a linear operator on (&,,,,8n,» §russ Enp)

for &€ = w,q, \, 004,01, Xu, xi- Rewrite (5.32) as the linear operator, moving the ¥'(-)
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terms to the right hand side since they are not multiplied by the dependent variables.

The variables &, 6;, X4, and x; are decomposed into their active and passive regions,

with the values corresponding to the active region are retained on the left hand side

and the portion corresponding to the passive region are moved to the right hand side.

~

u Tun

Ary,

A

Tun

Tk(an7 )‘70U70I7Xu7Xl:T) @Wm

Ol 7un

Xu,Tun

leTun

@ﬂn
Gn,
Ar,
5-u,n,7
6l,Tln

XU,Tln

leTln
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Ur, s

Gros

~

A

TuB
5-u,7ug
&l,TuB
Xu,rug

XlaTuB

uTlﬂ
QTZB

~

A

T8
a-u,n,,
a-l,nn
)%u,Tln

Xl’Tln

~

e tk(’&, qA, )\, a-uy a'l, )%'UJ Xl)

(5.37)



where

Tk(-) = (5.38a)
I, 0 —At I, —Io, 0 0
0 aly I 0 0 I, —Iy,
kpA —kpl, Iy 0 0 0 0
—(kpTun — o)W (ky(nu — @) 0 0 —ky I, 0 0 0
(ko1 — o)W (ko (@ —m)) 0 0 0 —ky s, 0 0
0 —(korup — Xx2)¥" (kp(Bu —4)) O 0 0 k', 0
0 (kyTig — X)W (kp(q — B1)) 0 0 0 0 —ky 'L,
- a'u Tun OA'un n - 6'u Tuf &un B
_a'lﬂ”, OA'lTLn _&l'ru[g é'lnfg
7)21“'“" )A(un,,] 7>A(u7'u5 Xu‘rlg
7>A(l7'ur, )A(lﬂ'l,,] 7>A(l7'u5 )A(l‘rlﬁ
te() = 0 0 0 0 (5.38b)
— 0 (ky (. — ) 0 0 0
0 =¥’ (kp (& — m1)) 0 0
0 0 =¥ (kp(Bu — G)) 0
0 0 0 —W' (ko (g — B1))
Within regions P,,, P, P,3, and FPjg recall that
Oy = kpTun¥' (kp(n, — @) (5.39a)
(5’[ = kaln@/Uﬂb(ﬁ — 77[)) (539b)
Xu = kymug®' (kB — @) (5.39¢)
)A(l = kalgwl(kb((j - ﬂl» (539d)
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Compute the derivatives of ., d;, Xu, and x; with respect to 7.
Guriy = o (V' (ko (0 — @) = Tun®” (K (0 — @)y, )
Oury = —Tug®" (kp(ny — 0))kptiry, X = In,ufB, 10
Gy = Ko (W' (ko (@0 — ) + 71" (ko (@2 — ) Ky,
Ol = Tig®" (kp (00— mp)) kptiry, X = un, uf, 1
Xurus = Ko (W' (ks (Bu — @) — Tup?" (ko (Bu — 4))Fvr, ;)
Xurx = —Tup?" (ko(Bu — @) koryc, X = un, In, 15
Xims = ko (P (ko (G — m)) + 110 @" (ko (G — m0)) vttr,, )

Xiry = 18" (ko(§ — B1))kvGry , X = un, In,uf

(5.40a)

(5.40D)

(5.40c¢)

(5.40d)

(5.40e)

(5.40f)

(5.40g)

(5.40h)

Recall that the goal of this step is to use the implicit function theorem by investigating

V.0, at 7 = 0. At 7, = 0 and 753 = 0 the following is known about the solution

variables.

~

a0,k) =u* G0k) =q"  AOk) =\
64(0,k) =0, >0in A,, 6,(0,k) =01in P,
6,(0,k) =07 >0in A, 61(0,k) =01in P,
Xu(0,k) = x5 > 0in Ay Xu(0,k) =01in P,s

)21(0, ]{5) = X? > 0 1in Am )A(Z(O, k‘) =01in Plﬁ

29
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The system T (u*, q* N\, 0%, 0F, x5, x5, 0)(-- )

now be evaluated.

Tk(U*aq*a )‘*7 O-';_kl,? O-l*v X;ku X?? O)

tk(u*uq*a A*uazaa;(vXZvX?uO) may

I, 0 —Af I, —1,, 0 0
0 ol, I 0 0 Iy, Iy,
k, A kI, Iy 0 0 0 0 (5.42)
—o¥w'(0) 0 0 —k'I,, 0 0 0
o’ (0) 0 0 0 —k, ', 0 0
0 —iP'(0) 0 0 0 —ky I, 0
0 Xj'(0) 0 0 0 0 —k; ',
te(u®,q" A oy, 07, X0, X1 5 0) =
— ko’ (K (19 — ) 0 0 0
0 kW' (K (@ — 1)) 0 0
0 0 —kp¥’ (ky(Bu — 4)) 0
0 0 0 kepW’ (K (q — 1))
0 0 0 0
— W' (kp(nu — 0)) 0 0 0
0 W' (kp(@ —m)) 0 0
0 0 —W'(kp(Bu — 4)) 0
0 0 0 V' (kv (q — B1))

(5.43)

Recognize that Ty (u*, ¢*, \*, 0k, 07, x5, X7, 0) = VOg(u*,¢*, X\, 0k, 0/, x5, x;,0), and
therefore it is known that there must exist a pg such that || Ty (u*, ¢*, \*, 0%, 7, x5, X7, 0) 7| <
2p3. The norm of the left hand side, tx(u*, ¢*, \*, 0%, 0F, x5, Xx;,0), may also be
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bounded by utilizing the known upper bounds on ¥'(t), n, — 4, @ — n;, B, — ¢, and

G — (- In particular, by applying (3.6a) and (5.26) one receives the following bound.

V(= ) £ e
< T =) (5.44)

S QQ(kbU{m)_l

A similar analysis may be performed for the remaining terms in #(-), which results

in the following bound.
e (", ¢" A%, 005 07 X X155 0) |
< max{||2aky(Uunks) ||, 12ake(Unks) 7|, 1120k (Upks) ~ ||, 1 2aks(Uigks) I,
12a(Unkis) |, 120 (Uigks) 711, 112a(Usks) ~ I, [|2a(Usks) (1}
< 2amax{ || (Uun) ™M1, | (Ua) 75 1) =1 1 (Ts) I

(5.45)

For some small § > 0, the smoothness of the map ©(, g, X&u,&l,)zu,)zl) implies
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that for (ky, Tun, Tin, Tug, Ti8) € S(k,0),

Ury,y  Un,  Ury Ty
Adry qdr dr, qdr
n n B B

A A

A

Tun Tin ATuﬁ

Tlﬁ
Ou,run a'uﬂ'ln 6'u,7'u6 6'u,7'lﬁ SHTk_l()HHtk(>H§2p%C3 (5.46)

O-lvTun UlaTln GlaTuﬂ alaTlﬁ

Xu,tuny  Xuy Xumug Xu,mig

)A(l,run )A(l,nn )A(l,Tu[; )A(l,ng

where C3 = 2amax{|| (Uuy) ™[I, [[(U) "1, 1[(Tug) =M, [1(Ti) 11}
The norm of the derivatives with respect to 7 is now bounded. To recover the

terms required for the claim we perform an integration step.

Ur,, Ury,, Ur, s Uy u a(r, k) — (0, k)
Gray  dry  Grus dmip q q(r. k) —4(0, k)
A A A A A A7, k) = A0, k)
Outuy  Oumy Ouwres Oump dlo, | = | 6u(r, k) —0u(0,k)
0 Olruy  Olmy  Olrus Ol oy o1(1, k) — 01(0, k)
Xsrun  Xuyrin Xtmup  Xumig Xu Xu (7, k) = Xxu(0, k)
Nivtuy Xy Xirus  Ximis X1 xi(1, k) — x:1(0, k)
(5.47)
a(r, k) — u*
(. k) —q
AT, k) — A*
= | 6u(r, k) — o
Gi(r, k) —of
Xu(T, k) = X3,
(T k) = xq
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It can therefore be seen that

* frd

AT, k) — A\
[ Tkl(',ﬁ)tk(-)déu

(5.48)

< / T () e

< / lo0Cs 1
0

< poCs|I7|

Recalling the definition of 7 in (5.9) we see that

|71l = max{|lk, " (ou — o) 1k, (o0 = ) 1y Oce = XD WKy O — XD

= Ky P max{|| (o — o), (o0 = o) O = XD 1 Oa = X1}
(5.49)

Noting that 7 is simply a function of o and y it can be seen that
max{[|t — (|, 1§ = ¢"[, [|1A = A"[], |ow — onll, lov — o7'[|, 1w — Xl X = X711}

poCs
max{[|o, — oyll, lov — o7 ||, Ixu — xull, e — X7 1|}

(5.50)

<
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Recognize that the term on the left hand side of this inequality is only over the La-
grange multipliers associated with the constraints in their respective active domains.

Inclusion of (5.31) therefore implies that
max{|[a@ —u*[|, [ = ¢"[l, [} = A*[I, 0w = ol Mo — o7l X = xalls %0 = X}

C * * * *
< o max{||oy — oy ||, lov — o7 ||, [[xu — Xa s Ixe = x7 |}

(5.51)

where C' = max{Cy, poC3}. This completes the claim.
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Chapter 6: Super-linear Convergence of a

PDNRAL Method for Control-Constrained
Optimization with Elliptic Equality Constraints

The subject of this chapter is a full primal dual NRAL method, this time for an
optimization problem with elliptic PDE constrained that has constraints on the just

control.
C . 1 2 Q2
minimize J(u,q) = §Hu — Udl|72(q) + §Hq”LZ(Q)
subject to Au = ¢ in Q (6.1)

B(g) >0 ae. in Q

where u € W, and A : W — L*(Q) is a uniformly elliptic, self-adjoint operator, and
q, ug, and B are all in L*(Q2). Furthermore 3 is required to be concave and strictly
monotonic, and a > 0.

Problem (6.1), assumed to satisfy strict complementarity. Furthermore, the strong
convexity of J (u, q) allow one to assume that the second order optimality conditions

are satisfied.
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6.1 Optimality Conditions

Begin by defining the Lagrangian for problem (6.1) in the usual way, with A € W
and let y € L*(Q).

1 Q
L(u, g0, x) = 5flu — wal| 720 + §HCJ||2LZ<Q) — (A Au—q) — (x, B(q)) (6.2)

The first order optimality conditions for this problem are known [23]. Let (u*,¢*)
be the solution to Problem (6.1), then there must exist a Lagrange multipliers A* € W

and x* € L*(Q) such that the following conditions hold.

VoL(u*, ¢*, N, x") = (u* —ug) — ATA* =0 (6.3a)
Vo L(u*, ¢", N, x") =aq¢" + X" — x*"V,6(¢") =0 (6.3b)
ViaL(u*, q*, N, x") = Au* —¢* =0 (6.3¢)
X0  Blg)=0  (xB(¢))=0 (6.3d)

6.2 The PDNRAL Method

The derivation of the PDNRAL method begins much in the same way as the NR-
PDAL method from Chapter 5. The Lagrangian is first augmented and modified in

the normal NRAL way.

1 «
Li(u,q, A, x) = §||U - Ud||%2(9) + §||(J||2L2(Q) — (A, Au —q)
(6.4)

Au— g, Au—q) — 7 (v (k5(0)))
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Compute the gradient of L.
VoL, g, N x) = (u— ug) — AT\ + kAT (Au — q)
= (u — ug) — AT\ — k(Au — q)) (6.5)

Vo Li(u, g, A\, x) = aqg+ X = k(Au — q) — x¥(kB(q))V,B(q)

Construct the variables A and x using the NRAL Lagrange multiplier update inspired

formula.

~

A= \—k(Ai—g) (6.62)

X = x¥'(kB(q)) (6.6b)

In the NR-PDAL method the A variable, along with the updated @ and ¢, was
inserted into (6.5) to construct the inner system to be solved at each PDAL step,
which was followed by the NR multiplier update. The PDNRAL method is a full

primal dual method which solves for all variables at once, doing away with the inner

optimization step. Therefore both A and ¥ are inserted into (6.5), which leads to the

following system of equations which must be solved.

(6.7)
A=A+ k(Aa—§) =0

X = x¥'(kB(q)) =0
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The PDNRAL method then becomes solving (6.7) using Newton’s method.

6.3 Local Convergence Analysis

The finite dimensional primal-dual NRAL method was first introduced as the Exterior
Point Method (EPM) in [18], where it was shown to have 1.5-g-superlinear conver-
gence under appropriate conditions. The analysis that follows is done in function
space over this elliptically constrained optimization problem with control constraints,
and confirms that the method retains superlinear convergence.

The first step in this analysis is the definition of the merit function v(u,q, A, x) €
W x L? x W x L2

v(u, g, A, x) = max{[|V,L(u, g, \, )|, Vo L(u, g, \, )|, | Au — ql,
(6.8)
—min(8(q)), [[xB(q)|], — min(x)}

This function serves as both a measure of error in the current solution as well as
an input to the update strategy for the barrier/penalty parameter k. After each

successful Newton step a new k& will be the be selected.

P (6.9)

/U(u7 q? A7 X)

The system of equations that is solved at each Newton step can be computed in

the usual way, by linearizing (6.7) about the solution u*, ¢*, \*, and x*. The Newton
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system is

ou
oq
Mk(u7Q7 )\7X) - ak<u7Q7 >‘=X>
oA
0X
where
I, 0 —Af
0  oly—xVZ,06(q) I,
Mk(u7Q7)\7X) = ! “
kA —ku —])\
0 kx¥"(kB(q))VyB(q) 0
and
—(u —ug) + ATX
—aq — A+ xV,B(q)
ak(“’v q, )\7 X) =

—k(Au —q)

X(W'(kB(q) — 1)

(6.10)

(6.11)

(6.12)

The convergence analysis requires the particular bounds on v(u, ¢, A, x), which are

proven in the following lemma.

Lemma 6.3.1. Define z = (u,q, A\, x) and z* to be the solution to Problem (6.1).

Define B.(z*) = {z : ||z — 2*|| < €}. Then there exists a small enough € > 0 such that

for all z € B.(z*) there exists a Ly and Ly such that Ly > L1 > 0 and

Ly[z = 2*|| < v(2) < Laflz = 27
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Proof. By definition of v(z) and its implication that v(z*) = 0 it is evident that there
must exist an Ly > 0 such that v(z) < Ly||z — 2*||.

The lower bound L[|z — z*|| is computed first for x in Qp. Within Qp it must
be that there exists a 7 > 0 such that (q) > 7. By definition of v(z) we have the

IIxB(q)|l < wv(z), and therefore

v(z) Z XA = [Ixmll = i (6.14)

In order to bound the remainder of the variables in ||z — z*|| the optimality condi-
tions (6.3) will be linearized about z*, with x only being considered within 4. After

incorporation of the known optimality conditions the resulting system of equations is

u— u* —(u — ug) + ATX
—q* —aq— \+xV
Moo (2) LR K xVal(a) (6.15)
A—)\* —Au+q
X — X" —6(q)
where
I, 0 —Af 0
0 al, —yV? I -V
Moo(z) _ g X qqﬁ(q> A qﬁ(Q) ‘ (616)
A -1, 0 0
0 _Vqﬁ(Q) 0 0

To prove that M. (z) is invertible one can use a contradiction by assuming it is not

invertible. Then there must exist a non-zero vector w = (w,, wy, wy, wy) such that
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Moo (z)w = 0. Write M (z)w = 0 as the following system of equations:

I, 0 Wy, —Af 0 Wy
+ = (6.17a)
0 ol — ngqﬂ(Q) Wq Iy =VyB(q) Wy 0
A -1, Wy, 0
= (6.17b)
0 —V,6(q) w, 0
Multiplying (6.17a) by (w,,w,) gives
L 0 wy, —Af 0 w) 0
) (o o) :
0 al;— ngqﬂ(q) Wq In  —V48(q) Wy 0
(6.18)

The second term on the left hand side of (6.18) can be rearranged to show that

—AT 0 W A —Iu Wy,
(wu wq) = (’LU)\ ’LUX) (619)
) Wy 0 —V,6(q) Wq

But (6.17b) is already known, and therefore the terms on both sides of (6.19) are

equal to zero. All that remains of (6.18) then is

(wu wq) = (6.20)
0 al,—xV2,6(q) wy 0

Since My (z) is constructed in Q4 it is known that x > 0. Additionally it is known
that V2, 5(q) < 0. Therefore al,—x V2, 5(q) > 0, and (6.20) implies that w, = wg = 0.
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With w, and w, equal to zero one is left with he second term in (6.17a), which is

equivalent to
—Alwy =0 (6.21a)

wy — VyB(qQ)wy, =0 (6.21b)

By the self-adjoint requirement on A we know that A' is also uniformly elliptic. This
fact, along with w,,, = 0 allows for the Weak Maximum Principle to be used to state
that wy = 0. With wy = 0 and recalling strict monotonicity of 5(q), (6.21b) requires
w, = 0. Therefore M (2)w = 0 only if w = 0, and M (z) must be invertible. Then
there must exist a pg > 0 such that || My (2)7!|| < po. This implies that ||z — z*|| is

bounded, and this bound will be used to form the lower bound on v(z).

—(u —ug) + ATA
. —aq — A+ xV,6(q)
Iz = 2" < po
—Au+q
—B(q)

o0

= pPo maX{Hu — Uqg — AT}‘HQA? ||qu + A= quﬁ((ﬁ”Qm ”Au - qHQA7 ||6(q>||QA}
(6.22)
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Using definition of v(2) and || - [, < || - ||lq it can be seen than

maX{Hu —Uqg — AT}‘HQA?HO‘q + A= quﬂ<q)||ﬂA7 HAU - qHQA}

< max{[lu — ug — Ao, lag + X = xV48(q)lle. [ Au — qllo}-

<w(z)
(6.23)
Within Q4 there must exist a 75 > 0 such that |3(¢)| < 72, and therefore
1B(@)| < 72 (6.24)
Finally then, v(z) can be bounded below by
L]z = 2%|| < v(z) (6.25)

where

Ly = max{|lu — ug — A"\|o, |ag + X = xVB(a) e, | Au — qlla, 72} (6.26)

]

The upper and lower bounds on v(z) now defined the convergence analysis of the

PDNRAL method for control constrained problems may proceed.

Theorem 6.3.2. Define z* = (u*, ¢*, \*, x*) to be the solution to Problem (6.1), and
define B.(z*) = {z : |z — 2*|| < €}. Let 2 = (4,4, ), X) be the solution to the single

step after the solution to the system of equations (6.10), where k = v(2)™%°. Then
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there exists a small positive € < 1 such that for any z € B.(z*) the error on Z is

R “ w2
12 = 2" < pllz = 2"||2 (6.27)

for some p > 0.

Proof. Define 0z = (0u,dq, 0\, 0x) to be the step taken at each PDNRAL step,
i.e. the solution to (6.10). To analyze this problem the system of equations will be
modified by splitting the y equations into both the active and passive regions. This

modified system of equations results in a new My (z) and ag(z).

I, 0 —AT 0 0
0 al, —DVeB(a) —ViBa) e, —ViB@)iar
Mi(z) = | kA —kI, —1, 0 0
0 kxa,¥"(kB(q)Vb(q) 0 L 0
0 kxe,¥"(kB(q)V,B(q) 0 0 Iop
(6.28)
—(u — ug) + ATA
—aq — A +xV,B(q)
a(z) = —k(Au — q) (6.29)

Xa. (P'(kB(q) — 1)
xap (W' (kB(q)) — 1)

Using Xa, = Xa, + Oxq, the equation for xq, can be rewritten as

Xar = X' (kB(q)) — kxa,¥" (kB (q))VeB(q)0q. (6.30)
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Using requirements (3.6a) and (3.6b) there must exist an a > 0 such that ¥'(k((q)) <
a(kB(q) +1)7!, and a b > 0 such that —¥"(kB(q)) < b(kB(q) + 1)~2. Additionally it

is known that within Qp there exists a & and & such that 5(q) > &;.
Xor < Xop (a(kB(g) + 1)7" + kb(k(B(q) +1)7*)V,B(q)0q)
< Xar (a(kB(a) " + kb(k(3()) *)V,B(9)d0) (6.31)
< Xapk T (afrt 4 b7V, 8(9)9q)
Continuity of 5(g) and boundedness of the space Qp imply there exists a & > 0 and

&3 > 0 and such that ||V,8(q)]| < & and ||0¢|] < &s. Then the norm of xq, can be

further bounded.
IRarll < [[xapk™ (a8t + b6 VeB(0)0q) |
<k MIxop |l ||a&it + 0672V, 5(q) 04| (6.32)
<k Ixapll f|a&rt + bg %8s

By definition it is known that ||x — x*|| < ||z — z*||. There exists an L; > 0 such that

Lo|lx — x*|| = v(z). But by the k update strategy k = v(z)"2, and therefore
k7t < (Lo||z — 2*]))2. (6.33)

Finally, within Qp x* =0, so ||x|| < ||z — z*||. This results in the claimed bound on

x within Qp.

IRapll < (La)? |Jag" + b€ %608s| ||z — 27|12 = Cu 1z — 272 (6.34)
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The remaining functionals (u, ¢, A, and xq,) will be treated via the primal dual
system ]\/Zk(z)az = ay(z) with the xq, equation eliminated. The A and g, equations

are also modified by dividing them by k& and kxq,¥"(k5(q)), respectively, resulting

in the reduced system of equations M, k(z)g); = ay, where

I, 0 —Af 0

_ 2 _
Mk(Z) _ 0 an quq/B(Q) IA vqﬁ(‘])]x,ﬂq (635)

A -1, —k71I, 0
0 I, 0 (kxa,P"(kB(9)~"
and

—(u —ug) + AT

. —ag — A+ xVyh(q) (6.36)
—Au+q
(k" (kB(q))) " (¥ (kB(q)) — 1)

The bounds on 9z will be formed by comparison with a single step, 0z, found via

Newton’s method applied to the subset of (6.3) where that subset consists of just Q4.
Define Z = z 4 0z.
12 = 2"l = lI(= + 82) + (02 = B2) - |

A | (6.37)

< |z = 2| + 92 — Bz
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This Newton step, 0z, is computed as the solution to My (2)0z = as(z), where

I, 0 —Af 0
Mo () = 0 al,—xV206() In —Vb(q)la,
A 1, 0 0
0 I, 0 0
and
—(u — ug) + AT
I R R AT C)
—Au+q
—B(q)

(6.38)

(6.39)

Invertibility of the operator My (z) has already been established, and there must

exist a py > 0 such that || My (2)7!] < po. Invertibility of Mj(z) is established using

Lemma 4.3.1. Recognize that

[ Moo — My|| =

0 0 0
0 0 0
0 ]{3_1[)\ 0

0 0  —(kxa¥"(kB(g) ™"

< max{|[E 72, | (kxa, ¥" (kB(g))) |1}

(6.40)

By the definition of ¥”(t) condition (3.5d) there must exist a & > 0 such that
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" (t) > &', and therefore

19 (k3 (@)~ < léll (6.41)

Additionally within €24 there must exist a 5 > 0 such that x4 > &s.

Therefore the bounds on ||M., — My|| may be written as

| Moo — My|| < max{ |||, || (kxo " (kB(g)) "1}
< max{||(La||z — 2*[)2 ||, || (Lallz — 2" )2 |15 | 1€a]l}
(6.42)
< max{L3, L&E |2 — 2*)2
= Cyl|z — 2*|3

The invertibility of M. (z) and bounds on ||My(z) — Mi(z)|| allow use of Lemma

4.3.1 to state that Mg(z) is invertible and the following bounds hold.

1M, ()] < 20 (6.43)
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With invertibility of M., (z) and My(z) (6.37) may be rewritten as
12 = 2|l < |z = 27 [l + 1M (2)ace () — M (2)an(2)]
=< |z = 2| + IMS (2)ase(2) = My (2)an(z) = My (2)ace(2) + My (2)ace(2)
<12 = 2+ 1M @M () [ Moo (2) = Mi(2)[|ass (2)
M (D) llaso(2) — ax(2)l]

A * PETES
< |12 = 2" + 205C2l1z — 27|12 laco (2)I] + 2p0llacs (2) — ax ()]

(6.44)
The definitions of v(z), ax(2), and Lemma 6.3.1 imply that
lace (2)]] < w(2) < Lallz — 2. (6.45)
The remaining bound that must be established on
0
0
lace(2) — ar(2)|| =
0 (6.46)
—B(q) — (k" (kB(q))) " (¥'(kB(q)) — 1)

= || = Bla) — (" (kB(g)) " (¥ (kB(q)) — )|

The Lagrange interpolatory equation will be used twice in order to construct a form

in which allows this term to be bounded. Let ¢y, t5, t3 and t4 be in R, then there
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must exist a #; and 0y € (0,1) such that

W'(t)) — V'(t)

W//<91t1 + (1 - (91)t2) - t t
1 — 02

(6.47)

and

Wll(tg) _ Epll (t4)

!p///<¢92t3 + (1 - 92)t4) ==
ts — 14

(6.48)

Recognize that with in Q4 we have 5(¢*) = 0, and that ¥/(0) = 1. Let t; = k5(q)
and to = k5(¢*). Then (6.47) becomes

V'(kB(q)) — 1 =" (61kB(q))kB(q) (6.49)

Equation (6.49) may then be inserted into (6.46).

laco(2) — ar(2)|| = ||=B(q) — (&D”(]f;/f@i%)()gf(q)) H
(6.50)
| gy B (EB(q) — ¥"(61K5(q))
S R —
Next define t3 = 6,k3(q) and t4 = kB(q). Then (6.48) becomes
W (0:kB(q)) — W' (kB(q)) = ¥"(ts5)(01 — 1)kB(q) (6.51)
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where t5 = (0201 + (1 — 62))kB(q). Inserting (6.51) results in

o) = an(2)] = ) P

v(kS(q))

< |61 — Uk B2 ) EB@ 12" (kB() Y| (6:52)

< 100 = LIIE %A@ 12" () 112" (kB (g)

Using the known bounds on v(z), k= = v(z)~2, it is known that

I8 < ((Lallz = =*1)7%) (v(2)
< ((Lallz = 2 1)72) (Lallz = 2°1) (6.53)

_1
< Ly 2Lz — 2.

Then using (3.7), (6.41), and (6.33)

lase(2) = ar(2)]] < 101 = L(Lallz = 21D (L3 " L3 ]12 = =" [])elléal

(6.54)
< Cyllz - 2*|2.
Finally, using (6.53) and (6.44) the bound on ||z — z*|| is established.
12 = 2%l < |17 = 2"[| + 20CaLallz — 27[|2 + 2p0Cil|z — 272
(6.55)

<z =2 + Csllz — 2|2

where C5 = 2p3Cy Ly + 2poCy. Since Z is the results of a single step of Newton’s
Method it is expected that the region B.(z*) is small enough such that the method
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must have quadratic convergence, and therefore there must exist a Cy > 0 such that
|z — 2*|| < Csllz — 2*||*. Define C' = max{Cs, C5} and recognized that ||z — 2*[|* <

|z — 2*||2, then (6.55) becomes

12— 2| < Cllz — 2*||2 (6.56)

which completes the claim.
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Chapter 7: Numerical Investigations of Analyzed
Methods

Thus far in this document the PDAL, NR-PDAL, and PDNRAL methods have been
used exclusively in their infinite dimensional form. In the remainder of this document,
the implementations of the three methods will be described. The implementations
are used for sample problems relevant to the method, and the predicted convergence

rates from Chapters 4, 5, and 6 are confirmed.

7.1 Implementations Background Matter

The infinite dimensional form of these methods can only be used for actually solving
these constrained problems for very limited cases. In order to implement a more
general solver some portion of the method must be modified such that the infinite
dimensional systems of equations are replaced with discretized versions. Multiple
discretization methods, such as the finite difference, finite volume, and finite element
methods are available and can be used for this purpose. In this work the finite element
method was selected as the discretization method.

All following implementations use the libMesh [25] C++ library to aid in con-
structing the Finite Element solvers. The 1ibMesh library is a collection of data man-
agement and numerical routines designed to ease the process of creating finite element
implementations for solving PDEs. This includes many of the required features of any
similar library, including definitions of many element types and quadrature methods,

and the ability to create, store, query, and manipulate meshes.
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7.2 PDAL Implementation and Example

In order to numerically verify quadratic convergence a sample problem was con-
structed and solved using the PDAL method. The following problem (7.1) is a pa-

rameter estimation problem with an elliptic PDE constraint.

.1 2 2 2
minimize 7 (Hu — uall 720 + 04||C]HL2(Q)>

subject to — V*u = ¢ in Q (7.1)
u =0 on 02
By denoting
1 9 ) 2
T (u,q) = 7 (lu = wallfz 0 + allaliEzqe)) (7.2)

and A = —V? we see that this is the same form as Problem (4.1).

The first order optimality conditions (4.14) for this problem will be derived, along
with the Newton system (4.15). In this problem statement, u € W is the state, ug is
the desired value of u, ¢ € L*(Q) is a coefficient of the PDE and is the control which
is to be found. The domain €2 is the space on which the PDE is to be evaluated. 0f2
is the boundary of €.

The Lagrangian for this problem is

L(u,q,A) = < (Jlu — ual)? + allg]?)* = (A, V2u +q)

o

where A\ € H}(Q2) and )y are the Lagrange multipliers associated with the PDE and
boundary constraints, though because u = 0 is enforced on the boundary the final

term is not required and can be dropped. The first order optimality conditions for
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this problem

VuL(u,q, A)(h) = ((u — ug)® + ag*(u — ug), h) — (A, V*h) =0 (7.3a)
V,L(u, g, A)(h) = (agq(u — ug)* + o*¢*, h) — (\,h) =0 (7.3b)
VaL(u,q,\)(h) = (V?u,h) + (q,h) = 0 (7.3¢c)

Since (7.3) must be true for all h € W we can choose h € W,. Application of the
Fundamental Lemma of the Calculus of Variations to (7.3b) and (7.3¢) immediately

leads to the following two equations.
aq(u—uqg)® +a’¢* — A =0
Viu+q=0
Equation (7.3a) cannot be directly dealt with in a similar way due to the Laplacian
of h. But Green’s second identity can be used to transfer the Laplacian onto A,

resulting in

(v —uq)® + aq®(u —ug), h) — (VX h) =0 (7.5)

which does allow use of the Fundamental Lemma of the Calculus of Variations, leading

to the adjoint equation

(u — ug)® + ag*(u — ug) — VA =0

as the optimality condition in 2 derived from (7.3a). Finally, the complete set of first
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order optimality conditions is then
(u — ug)® + aq®(u — ug) — VA =01in Q
aq(u —ug)®* +a’¢®> = A =0in Q

V2u+q¢=0=0in Q
The augmented Lagrangian for (7.1) is
Lo g N) =+ (lu—wallZe + Slal22)” = (A V2 Mg (7
e(,4,0) = 7 (e =wallie + Slallzz) = (A Viu+a)g+5IVu+al>  (77)

The first order optimality conditions resulting from (7.7), when using the dummy

variable \ is

(i — ug)® 4+ ag* (i — ug) — VA =0 in Q (7.8a)
ag(i—ug)?* + % —A=01in Q (7.8b)
A=A+ k (V2 +¢)=0in Q. (7.8¢)

In order to derive the Newton system equivalent to (4.15), equations (7.8) are lin-
earized about the solution, which leads to the following system of equations. Note

that the hats () are removed for clarity, as the Newton system always refers to the
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current u, ¢, and A.

(u+ 0u — ug)® + alg + 6¢)*(u + du — ug) — VZ(A+6A) =0 (7.9a)
aq(u+ 6u — ug)® + a*(g+69)> — (A +6X) =0 (7.9b)
SN+ k (V*(u+ 0u) + (g + dq) = 0. (7.9¢)

By dropping the second order terms and reallocating terms to their appropriate side

we get the final Newton system that is solved in each PDAL step.
3(u — ug)* + ag?)ou 4 20q(u — ug)dq — V2N = —(u — ug)® — ag*(u — ug) + VX (7.10a)
20q(u — ug)du + a(u — ug)? + 302¢*)dq — A = —aq(u — ug)* — o?¢> — A (7.10b)

V26u + dq + %& =-—Vu—gq (7.10c)
The general method for solving (7.1) with the PDAL method is an iterative
method, and is shown in Algorithm 1. This algorithm, like any Newton based method,
iterates by solving (7.10) and updating the variables with the resulting solution. This
method, still in its function space description, is of limited direct use due to the na-
ture of (7.1).This system of equstions is a non-linear system of PDEs, for which there
is generally no analytical solution. This system of equations must therefore be solved
numerically, using some choice of discretization methods.
Multiple discretization schemes may be selected to solve (7.10), and the Finite
Element Method was chosen here. The first step required to solve (7.10) using a
standard Galerkin Finite Element scheme is first representing the equation in its weak

form. Let ¢ € W, and multiply all equations (7.10) through by ¢ and integrate over
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Algorithm 1 Function Space PDAL Algorithm

Choose initial values for u, ¢, and .

Pick k& > 0.
repeat

Solve (7.10) for du, dq, and JA given current values of u, ¢, and A
Update the variables

u=1u-+ou
q=q+dq (7.11)
A= A+0A
Compute the error:
€= |(u—ua) = VX = A + [lag — Aul| (7.12)

until £ < tol

((3(u — ua)* + ag*)du, ) + (20q(u — ua)dq, ) — (VoA @)
= —((u—uq)’, ) — a(g®(u = ua), 0) + (V2 9) (7.13a)

(20q(u — ug)du, ) + (a(u — ug)* + 3a%¢*)dq, ) — (O, ¢)
= —(agq(u —uq)*, @) = (@°¢°, ) = (A, ) (7.13b)

(V6u,) + (6,60 + (60, 9) = ~(V?u,) ~ (4,) (7130

Apply Green’s identities to reduce all differentiation to first order and we arrive at
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the following system of equations.
((3(u — ug)® + ag*)ou, p) + (2aq(u — ug)dq, ) + (VIX, V)
= —((u—ua)’, ) = a(¢g*(u — ua), ) = (VA, V) (7.14a)
(2aq(u — ua)du, ) + (a(u — ua)® + 30¢*)dq, @) — (6, )
= —(aq(u —ua)’, ) = (’¢", ) — (A, ¢) (7.14b)

~(V0u, V) + (50,9) + 10N 9) = (Vu. V) = (g.9)  (T.140)

The system of equations (7.14) solves equations (7.10) in the weak sense if (7.14) is
true for all ¢ € Wj.

The second step required for solving (7.10) using the Finite Element Method is
to discretize the domain. Let the domain €2, be defined to be a triangularization
of the full domain 2. Similarly, uy, dup, An, 0An, qn, and dq, are defined to be the
discretized versions of u, du, A, 0\, ¢, and dq, respectively. The Lagrange interpolation
functions were chosen to represent the test function ¢ from (7.14). Therefore we set
p(z) =3 7, pj(x) for all z € Q, where n is the number of elements in €2,.

The standard continuous Galerkin method [35] was followed by defining the dis-

cretized representations of u, du, q, dg, A, and d\.
E(x) = &(x) = ijgpj(x) for & = u,0u,q,dq, A, 0\ (7.15)
j=1

Finally, equations (7.14) were discretized by inserting these approximations and the

interpolatory test functions. To simplify the resulting equation the homogeneous
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Dirichlet boundary conditions on v and A were imposed, which then lead to the

following linear system of equations.

((3(us — ua,i)? + gl )i ¢;5) (2aqi(u; — ua,i)pi, v;) (Vei, Vj) duy;

(2aqi(u; — ua)pi, p;) ((e(ui —uaq)? + 302 ) pi, 05)  —(0is05) éqi | =

—(Vei, Voj) (i #5) 2 (@ieg) |\ O\
(7.16)
—((ui —uaq)®, ¢i) — (g (ui — uai), i) — (VAi, Vi)
—(ag;(ui —uai)? ¢i) = (@%¢}, i) — (i, 1)
(Vui, Vi) = (4, i)
For ease of implementation (7.16) will be redefined as

Kuu Kuq Ku)\ 5“1 bu

Ko Kq Koy dg; | = | b (7.17)

Ky, Ky K N by

90



where
Koy = ((3(ui — uai)® + ag?) i, 5)
Kuq = (20qi(wi — uai)ei, ¢;)
Kux = (Vi, Vj)
Ko = (20qi(ui — ua )i, p;5)
Ky = ((a(u; — uagy)® + 3¢ i, ;)
Ko = —(¢i, j)
Ky = —(Vi, Vo)
Ky = (i, ¢5)

1
Ky = E(%,%’)

and

b, = —((Uz - Ud,i)3a ‘Pi) - a(Qz‘Q(ui - ud,i)> SOz’) - (V&, V%’)

by = —(aqi(u; — uqi)?, ¢i) — (¢, i) — (Ni,5)

by = (VW’ V%‘) - (qi7 902')

(7.18a)

(7.18b)

(7.18c¢)

(7.18d)

(7.18e)

(7.18f)

(7.18g)

(7.18h)

(7.181)

(7.19a)

(7.19b)

(7.19¢)

The Finite Element library libMesh [25] was used to implement the discretized

system of equations (7.17) using second order elements. The resulting implementation

is documented in Algorithm 2. The MUMPS direct solver [1] was used through its
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interface within PETSec [3] to solve (7.14) at each step. The variables u, ¢, and A were

initialized to zero throughout €2, and homogeneous Dirichlet boundary conditions on

the Newton directions du and 0\ were imposed on the solution at each PDAL step.
Problem (7.1) was solved using the PDAL method in the two dimensional space

Q = [—1,1]. The desired state uy was defined as
ug(z,y) = e “(cos(mx))(x — 1)*(z + 1)

The regularization parameter o was set to 107°.
The resulting implementation of the PDAL method was run with multiple mesh
1

densities, with edge lengths ranging from 5z to 5% The convergence parameter

€ = maX{Huk - Uk—1HL2(Q)7 ||Qk - Qk—1HL2(Q)}

was monitored during each run to confirm quadratic local convergence and to check
for mesh independence of the PDAL method. The iterations ended when e, < 1072
The resulting state, control, and Lagrange multipliers are seen in Figure 7.1.
The results in Figure 7.2 do demonstrate the desired quadratic convergence start-
ing between iterations 18 and 22, depending on the mesh case. In addition, the
behavior of the method under different mesh densities remained nearly constant, re-

quiring only one additional iteration per mesh as as the meshes became more refined.

7.3 NR-PDAL Implementation and Example

A second parameter estimation problem with elliptic constraints was constructed in
order to verify the predicted linear convergence of the NR-PDAL method. But in this

case state and control constraints were added. For this problem the linear operator,
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Algorithm 2 PDAL Implementation

Construct vectors u, g, A\, du, dg, and oA and initialize them to 0
Initialize k = kg
Compute the initial error £

while £ < tol do
for each element n do
Compute the elemental matrices

for each quadrature point p do
Get values of JxW, ¢, and Vi at point p
Compute the values of u, ¢, A, and VA at point p

Ky, =2 Z”“ JxVV(( (v —ua(p))® + ag®)pli], ¢lj])
K =300 D0t IXW (2aq(u — ua(p))elil, ¢lj])
3)\ =Dy 22 IXW(Vli], Vlj])
= > IXW (= ((u —ua(p))?, ¢li]) — alg®(u —ua(p)), ¢li]) — (VA, Vli]))
KZ}U =it 2ito IXW (2aq(u — ua(p))¢li], ¢lj])
Kpo=3>0" ?"o IxW ((a(u — ug(p0 =))* + 3¢*)¢[i], [j])
K = 32000 22720 IXW (=il ¢[5])
by = >0t IXW (= (aq(u — uqg(p))?, oli]) — (%, oli]) — (A, ¢[i]))
KR, = 3220 2520 IXW (=Voli], Vo))
K3, = 22020 22520 IXW (i, ¢lj])
K\ = 22020 22720 IXW (9l 0li])
(

bR =22 TXW((Vu, Vielil) — (0, 01])
end for
Add elemental K™ matrix and b" to the global system (7.17)
end for

Zero out the off-diagonal elements in each row corresponding to the homogeneous
boundary conditions on du and J\.

Solve (7.17) for (du;, 6q;, 0A;)T using the MUMPS direct solver

Update the variables

¢ = qi +0g; (7.20)

Compute the error £ and merit function v(u, g, A).
Update k = v~ (u,q,\)
end while
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Figure 7.1: State, Control, and Lagrange Multiplier for the PDAL Example
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Figure 7.2: Convergence for the PDAL example

A, is set to be —V? and the domain € is the real line [—1,1]. A single lower bound
m = (z—8))/10 (7.21)

and a single upper bound

B, =12 (7.22)

are used in this example. The resulting problem can then be generally stated as
o 1 2, Q2
minimize J(u, q) = §||u —ugl|® + §||q||
subject to — VZu = ¢ in Q
(7.23)

u > a.e. in 2

By > q a.e. in €}
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where u,uq € W and ¢, 1, 3, € L2. The desired state is set to be
ug = e “cos(rx)(x — 1)*(x + 1) (7.24)

Finally, the regularization parameter « is set to le-7.

The Lagrangian for this problem is
1 2, Ay 2 2
Lot 0,0,%) = gllu—uall+ S gl ~ (8, ~V*u—g) = (o1, u=n) ~ (o fua) (725

where A € L% o, € C*, and x, € L?. The Lagrangian will be modified using the
method described in Chapter 5. Let ¥ be as defined in in Section 3.1. k, and k
are defined to be positive barrier parameters for the PDE constraint and inequality

constraints, respectively. The resulting modified Lagrangian becomes

1 Q k
Li(u,a: A, 00 xu) = 5llu— uqll + §||61H2 - (A =V2u—q)+ EP(VQU — ¢, Vu —q)

1

— k—b(O'l, W(kb(u — 77t)) - kib(Xua !p<kb(ﬁu o q>>

(7.26)
Following the construction of the NR-PDAL method described in Chapter 5, the

inner step is the solution to the constrained elliptic constrained problem, which is

followed by the Lagrange multiplier updates. The constrained problem for this system
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at iteration s, as defined by the primal-dual system (5.6), becomes
(us — ug) — V2As + 0y s 1 (kp(nu — us) =0
ads + /\s + Xu,sfllpl(kp(ﬁu - q$> = O (727>

>\s — )\3_1 + kb(Vzus - qs) =0

and the Lagrange multiplier updates, (5.4b) and (5.4c), are the following.
Ou,s = O-u,s—lgp/(kb(nu - us)) (728&)
Xis = Xts—1¥ (ko (B — qs)) (7.28Db)

For this problem, the Newton system to be solved at each PDAL step is found via

linearization of to (7.29) about us, gs, and, As.
Su — ok V" (ky(u —mp))0u + V20N = —(u — ug) + o’ (ky(u — 1)) — VX
adq + Xk W (kp(Bu — q))0q + 0N = —aq + x ¥ (kp(Bu — q)) — A (7.29)
k,V20u + kydq + 6\ = k,(V?u + q)

The NR-PDAL method, which can be described as a sequentially constraint mini-
mization technique, is composed of the inner PDAL step, which solves for (7.27) using
the linearization (7.29). The functional space algorithm is shown here.

As in Chapter 4 this Newton system is still only defined in its infinite dimensional

form, and must be discretized. The Finite Element method is again chosen to solve

this system of equations. Therefore the system (7.29) must be first written in its weak
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Algorithm 3 Function Space NR-PDAL Algorithm

Choose initial values for u, ¢, A\, o,, and x;.
Pick k, > 0 and &, > 0.

repeat
repeat

Solve (7.27) for du, dq, and A given current values of u, ¢, A, o, and ;.
Update the variables

u=u-+ou
qg=q+dq (7.30)
A= \+0A

Compute the error in the inner step: abc
€= [(u—ua) = VA + 0.0 (kp(1 — w))|| + llag — A+ x¥' (K, (B — )|
(7.31)

until £ < tol
Update Lagrange Multipliers on the inequality constraints

Oy = ng}/(kpmu —u))

(7.32)
xi=x1¥" (ko (B — q))
Compute the total error, &
Update the k; and k, parameters.
until & < tol
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form. Let ¢ € Wy and multiply (7.29) through by ¢, then reduce all differentiation

to first order.
(Ou — ou,sko?” (ky(us — m))ou, ©) — (VOX, Vo) = —(us — ug, ) + (0us ¥ (ko (us —m)), ) + (VAs, 0)
a(0q + xi,sko®" (ko (Br — 45))0¢, @) + (0A, ) = —a(as, ) + (xe,s¥ (ko (Bs — 45)), %) — (As, )

—kp(V(Su, v@) + kp(5Q7 (,0) + (5>‘7 (P) = k;,,(*(Vus’ VQD) + (‘197 90))
(7.33)

The domain €2, is defined to be a triangularization of the full domain 2. The La-
grange interpolation functions are chosen to represent the test function ¢, and the
standard continuous Galerkin method [35] was followed in by defining the discretized

approximations. Let
(x) m &u(x) = &pj(x) for all z € Q (7.34)
j=1

for £ = wus,0u,qs,0q, A5, 0, 045, and x; 5. These discretized variables are then in-
serted into (7.33), resulting the following system of equations, which was implemented
using the FE software library 1libMesh [25]. Note that the iteration count, s, is

dropped for clarity from here through the remainder of this section.

(0i = o, koW (ks (wi — m)pi, 5) 0 —(Vei, Vog) | [ oun
0 al; + X1,k " (ko (81 — @) ir ©5) (@i, 5) ogn | =
—kp(Vei, Vipj) kp(0i, 05) (@i, ;) 6An

—(ui = ug, i) + (00’ (ko (us — 1)), i) + (VAi, 1)
—a(gi, i) + (X% (ko (B — @), ) — (Ni i)
kyp(=(Vui, Vi) + (4, ¢i))
(7.35)
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The results from each solution are used to update the current values of u, ¢, and .

Redefine (7.35) as the following in order to ease the description of the implemen-

tation of the NR-PDAL method for this example problem.

Ky 0 Ko\ ou; by,
0 K, EKpl||loal|=]0
Ky, Ky K O\ by

where
Kuw = (1 = 0w ik (ko (u; — m)))ir ¢5)
Ky = —=(Vei, Vij)
Kog = a((1+ xiiko" (ko (B — @) i )
Ko = (i, ;)
Ky = —kp(Vgi, Vi;)
Kxg = ko1, 9;)

K = (i, ¢5)
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(7.37a)

(7.37b)

(7.37¢)

(7.37d)

(7.37e)

(7.37f)

(7.37g)



and

by = — (i — ug, i) + (0w (ks (ui —14)), 05) + (Vi 05) (7.38a)
by = —alqi, 0i) + (X' (ko (B — @), ©) — (Nis i) (7.38Db)
bx = kp(=(Vui, Vi) + (i, i) (7.38¢c)

After each inner PDAL step completes, the discretized Lagrange multipliers asso-

ciated with the inequalities are updated in the standard NR way.
Oui = O-u,iy—//(kp<ui - nu)) (741&)

Xii = X' (kp (B — @) (7.41b)

It can be seen from the convergence analysis that the linear convergence should
hold when problems have either a state constraint, a control constraint, or indepen-
dent constraints on both. Therefore this example problem was modified in three ways.

In each version of the problem the step size was monitored by evaluating

ej = max {||u; — uj_1l[ze, [|¢5 — ¢5—1llz2} (7.42)

at each NR-PDAL iteration.

The space [—1,1] was discretized with multiple mesh densities, with element
lengths ranging from /128 to 1/512. Multiple values of k were also used to confirm
that the convergence constant depends on k. These same configurations were used
for the case with both the state and control constraint, the state constraint only, and
the control constraint only. The initial values for u, ¢, and A were all set to zero. The

initial values of the inequality constraint Lagrange multipliers were set to le-4.
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Algorithm 4 NR-PDAL Implementation

Construct vectors u, q, A, oy, B, du, dq, and dA
Initialize k, = ko and ky = ko.
Compute the initial error £
while &; < tol do
while £ < tol do
for each element n do
Compute the elemental matrices and associated parameters (notably JxW, which is the
Jacobian transformation multiplied by the weighting function of the element).
for each quadrature point p do
Get values of JxXW, ¢, and Vi at point p
Compute the values of u, g, A\, VA, oy, and x; at point p
Koy = 22120 22520 IXW (1 = oulilkp 0" (K (uli] — m(uli])))elileli])
Koy = 2000 2520 IXW (= V] - Velj])
by = 325 IXW (—(u — u(z, y)pli]) + VAV[i] + duepli])
Kg, = Z?:qo ;Llo JxW (Apli]pld])
K;Lq = Z?:qo ?io JIxW (ap[i]p[j]
K2, = Y00, Y IxW (k]

)
it D Vo[j] + (kaelieli])
by = Y00 IXW (—a(u — ug(z,y))eli] + VA - Voli] + Augli])
K3, = 22020 20 IxW (kV il V(] + (kgplileli]))
K3, = 3720 22020 IxW (uei]p[j]
KRy = 22020 20720 IXW (¢li]p[5])
by = 3220 IXW (= VuVeli] — queli] + f(x,y)eli])

end for
Add elemental K™ matrix and " to the global system (7.17)

end for
Account for boundary conditions on du and dA.

Solve (7.17) for (du;, dq;,d\;)T using the MUMPS direct solver
Update the variables
Ui = Ui + 0u;

¢ = ¢i +0q; (7.39)
Ai = A + 0N

Compute the error £
end while
Update the Lagrange multipliers associated with inequality constraints

Ou,i = Uu,iwl(kp(u’i - nu))

/ (7.40)
Xt,i = X1, (kp(B1 — ai))

Compute the error &
end while
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Table 7.1: State and Control Constraints

1/128 1/256 1/512

k = ky = k, | Inner  Outer  C Inner | Outer 1 C Inner | Outer 1 C
100 | 96 |, 42 0.628| 598 | 461 |, 0.977 | 4666 , 4397 | 0.998
1000 | 44 21 10350 | 198 ' 111 '0.863 | 835 ! 651 ! 0.981

|
10000 | 71 19 10403 | 140 51 10.678 | 230 ' 135 10.905

| |
| |
| |
| |
L L

The resulting state, control, and Lagrange multipliers for the case with state and
control constraints are seen in Figure 7.3. The characteristic spike in the highly
non-regular state inequality Lagrange multiplier, o, is quite evident. Evidence of
oscillations in the solution can be seen in the control, ¢, which can result from the
continuous Galerkin method with solutions with the steep gradients seen in the o and
q.

Tables 7.1, 7.2, and 7.3 provide the iteration counts and convergence constants for
the three cases. The convergence rates are comparable for either of the case which
included state constraints, and the convergence rate is slow, approaching values near
one as the mesh density increases. In the case with only the control constraint, on the
other hand, demonstrated improved convergence for all values of k£ and mesh density,
and actually experienced improved convergence rates as the mesh density increased.

Despite the slow convergence rates experienced in these cases, it should be noticed
that all cases which converged the results do indicate the predicted linear convergence.
The author believes that this indicates the function space NR-PDAL method to show
promise as a method for solving state constrained optimization problems. The rapid
linear convergence experienced and improved performance on refined meshes in the
control constrained problem show that the NR-PDAL method should perform well

for these types of problems.
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Figure 7.3: State, Control, and Lagrange Multipliers for the NR-PDAL Example
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Table 7.2: State Constraint Only

1/128 1/256 1/512

k = ky = k, | Inner  Outer  C Inner | Outer 1 C Inner | Outer 1 C
100 | 78 | 42 0.628 | 577 | 461 | 0.969 | 4592 | 4346 , 0.998
1000 | 56 21 10349 | 180 ' 111 '0.863 | 781 ! 620 ' 0.980

10000 | 47 19 10402 | 123 51 1 0.678 | 222 : 143 1 0.910

|
|
|
|
L

Table 7.3: Control Constraint Only

1/128 1/256 1/512
k =k, = k, | Inner  Outer + C Inner | Outer 1 C Inner | Outer 1 C
100 44 | 9 0054 64 |, 19 0515 44 | 9 |0.054
1000 | 39 8 10.064| 53 14 0514 | 39 8 !0.064
10000 | 38 7 10144 | 48 10 10511 38 6 10.143

| | |
| | |
| | |
| | |
L L L

7.4 PDNRAL Implementation and Example

The third elliptically constrained parameter estimation problem, only this time with
just control constraints, was constructed in order to verify the predicted super-linear
convergence of the PD-NRAL method. As in the other problem, the linear operator
A is set to —V?2, and the domain (2 is the real line [—1,1].

The desired state is set as
ug = e “cos(rx)(x — 1)*(x + 1) (7.43)

and a single upper bound

Blg) =10—g¢ (7.44)

is placed on the control.
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The resulting problem is then stated as

1
minimize J(u, q) = 3 u = wa|* + 5 al?
subject to — VZu = ¢ in Q (7.45)

B(g) >0 a.e. in Q

where u,ug € W ,and ¢, 8(¢) € L?. Finally, the regularization parameter « is set to
le-7.

The Lagrangian for this problem is

1 o
L(u,q,\, k) = §Ilu — ugl|* + §|IQ||2 — (A V2u+q) — (xu: B(q)) (7.46)

where )\, x € L?. The Lagrangian will again be modified by following the steps in
Chapter 6. Let ¥ be define as in Section 3.1. A single positive barrier parameter,
k, is used on the PDE constraint and inequality constraint. These steps define the

following modified Lagrangian.

1 o k
Li(u,q, )\, Bu) = =llu—wall> + = lall* = (N, V2 + q) + =(V?u + q, Vu + q)
2 2 2

(7.47)

— L P R(()

Unlike the NR-PDAL method, this method is a full primal-dual method, and

as such the inner system solution followed by a Lagrange multiplier update step is

replaced by the solution of a single set of equations. This primal dual system is
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defined by (6.7), which for this specific problem becomes

—x¥'(k(B(q))) =0

(7.48a)

(7.48b)

(7.48¢)

(7.48d)

In order to solve for (7.48) using standard Newton iterations it must be linearized.

The linearization of (7.48), is show below, with the hats () removed as all variables

(u, q, A, and x) are considered to be at the same update level in the Newton system.

ou
oq
Mk(u7Q7 )‘aX) - ak(u7Q7/\7X>

oA
ox

I, 0 —V?

0 al, —1

Mk(u7Q7>\JX) - !
EV? k1, I

0 —kx¥"(k(B(q)) 0
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and

—(u — ug) + VA
—aq+ A —x
(lk(u,q,A,X) - (751)
—k(V?u + q)

X(P'(k(B(q)) — 1)

where My (u,q, A, x) and ag(u,q, A, ).

In order to solve the infinite dimensional (7.49) for this example problem, it must
be first discretized. Again the Finite Element method is selected as the discretization
method used to numerically solve this system of equations. Begin by defining ¢ € W),
and rewriting (7.49) in its weak form with appropriate reduction of differentiation to

first order.

(6u, ) + (VON, V) = —(u — ug, ) — (VA, V) (7.52a)

a(dg, ¢) — (OA @) + (Ox, ) = —alg, ) + (A = X, ¥) (7.52b)
—k(Vu, Vo) + k(udq, ¢) + (6X, ¢) = —k(Vu, Vo) = (¢, ¢) (7.52¢)
k(" (k(B(2))), ) + (0x,9) = (X(¥'(k(Bq)) — 1)), ¥) (7.52d)

The domain 2, is defined to be a triangularization of the full domain 2. The
Lagrange interpolation functions are chose to represent the test function ¢, and the
standard continuous Galerkin [35] is again followed by defining the discretized ap-

proximations. Let

£(x) = & (x) = Zgjgoj(x) for all = € Q (7.53)
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for &€ = u, du, q,0q, A, 0\, x, and dy. These variables are inserted into (7.52), resulting

in the following system of equations, which was implemented using the FE software

library 1ibMesh [25].

(Spia 90])
0

—(Vei, V,)

0 —

0
(i, ¢;)
(i, ;)
kOa¥" (k(B(@:)))ei, #5)

(Vei, Vpj)
— (15 05)
k(i 05)
0

0

(s, ©5)
0

(9013 90])

8ui
Jq;
o\

oxi

—(ui — ug, pi) = (VAi, Vi)
—algi, i) + (X — X, @i)
—(Vui, Vi) — (a1, ¢5)
OG¥' (k(B(a:)) — 1, 00)

(7.54)

Like in the previous section, this system of equations will be recast into the fol-

lowing simplified system of equations to allow for a better algorithmic description of

the PDNRAL method for this example problem.

Ko, 0 Ky 0

0 qu Kq)\ qu
K)\u

Ky, Ky 0

0 Ko O
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(5ui

O\
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where

Ky = Ky = Koy = =Koy = Ky = (91, 9)) (7.56a)
Koq = alpi, ¢5) (7.56b)
K =k (s, 05) (7.56¢)
— Ky = Ky = (Vi, Vo) (7.56d)
Ko = —0a¥" (k(B(q:))) @i, #5) (7.56¢)
and
by = —(u; — ug, 0:) — (VAs, ;) (7.57a)
by = —algi, i) + (N — Xi, 1) (7.57b)
—(Vui, Vi) = (4i, ¢5) (7.57c)
(' (k(B(@:) — 1, 1) (7.57d)

As with the previous problem, the space [—1,1] was discretized with multiple
mesh densities (with element lengths ranging from 1/128 to 1/2048). The initial
value for u, ¢, and A\ was set to 0. The inequality constraint Lagrange multiplier, y,
was set to 1.0. The resulting state, control, and Lagrange multipliers for the case with
state and control constraints are seen in Figure 7.4. The convergence rates for the
different discretizations is shown in Figure 7.5, which demonstrates the predicted non-
linear convergence rate. Also demonstrated in this graph is nearly mesh independent

convergence rates, which shows that the PDNRAL method can be a good choice for
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Algorithm 5 PDNRAL Implementation

Construct vectors u, q, A, x, ou, dq, 6, and dx
Initialize k = k.
Compute the initial error £

while £ < tol do
for each element n do

Compute the elemental matrices and associated parameters (notably JxW,
which is the Jacobian transformation multiplied by the weighting function of

the element).
for each quadrature point p do
Get values of JxW, o, and Vi at point p
Compute the values of u, ¢, A\, VA, o, and x; at point p

= IxW (lifilj])

u>\ =it 220 IXW(=Vli] - V[j])
by = >0 IXW (= (u — u(x, y)eli]) + VAV[i] + Auli])
iy = 30020 2520 IxW (aplilpli])
K =20020 20720 IXW (pli][5])
K7 o= ?"o IXW (p[i]e[5])

= >0 IXW (—aqli]e[i] — (A[i] + x[i])eld])
K3, = 22020 20 IxW (Vi Ve i])

K3, = 22120 22520 IXW (—¢lilp[5])
K3, = Z:Mo ;MOJXW(SO[Z] J1/k)
by = 320 IXW (= Vu[i] Vol + qli]»li])

K3y = 3220 20520 JxW (kx[i" (k(B(qli]) ¢li] el5])
Ky = 3220 22520 IXW (¢l el])
by = 3220 IxW (X [i]9" (kB(qlil)) — 1)eli]))

end for

Add elemental K™ matrix and b” to the global system (7.17)

end for

Zero out the off-diagonal elements in each row corresponding to the homogeneous

boundary conditions on du and .
Solve (7.17) for (du;, 8q;, dN;, 0x;)T using the MUMPS direct solver
Update the variables

¢ = g + 0g;
A =N +0O0\
Xi = Xi +0Xi

Compute the error &£
end while
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Figure 7.4: State, Control, and Lagrange Multipliers for the PDNRAL Example
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Figure 7.5: Convergence Plots for PDNRAL Example Problem

solving problems of this type.
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Chapter 8: Conclusion

Function space optimization methods based on the Nonlinear Rescaling method have
been examined here. A new variant of these methods, the NR-PDAL, was proposed
and analyzed. This method was proven to have linear convergence rates for elliptically
constrained problems with state and control constraints. An example problem was
constructed which confirmed that the NR-PDAL method can experience the predicted
linear convergence.

Two other methods were considered. The first of these is the PDAL method, which
is a key component of the NR-PDAL method, was analyzed for elliptically constrained
optimization problems. This method was proven to have quadratic convergence rates
for problems of this type. In addition, the discretized problem was demonstrated
to retain the quadratic convergence. Additionally, the PDAL method showed mesh
independent convergence rates. These items all imply that the function space PDAL
is an excellent method to use for problems of this type.

The last method examined was the function space PDNRAL method for ellip-
tically constrained problems with control constraints. It was proven that for these
problems the method is capable of superlinear convergence. An addition, a test
case was constructed which demonstrated that the discretized implementation of the
PDNRAL does retain superlinear convergence, and has little mesh dependence in the
convergence rate.

It should be noted that while the NR-PDAL implementation for problems includ-
ing state constraints did exhibit linear convergence rates, those rates were slow in

the more refined mesh cases. In addition, the algorithm did not converge with lower
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k values for the more refined mesh cases. This is not unexpected behavior, as the
convergence analysis for the NR-PDAL method requires k to be large enough. For
the refined mesh cases, k needed to be larger in order to attain convergence. There
was a limit to how high the £ could go in the implementations. The author believes
that these issues are a function of the method used to discretize the function space
algorithm. The standard continuous Galerkin method used for the finite element dis-
cretization may not be appropriate for the highly non-regular Lagrangian associated
with state constraint. This method was chosen for its simplicity, and in the end was
sufficient to demonstrate the linear convergence rate of the model. But future work
could be performed to modify the discretized implementation of the NR-PDAL to
improve the stability and convergence rate that result from the state constraint.

The excellent performance of the NR-PDAL and PDNRAL methods for problems
with only control constraints indicates that the method may be promising for solving
regularized state constrained problems [2, 40, 28] as well. The regularization is often
performed by replacing the pure state constraint, such as 7, > u, with the following
mixed control-state constraint,

Nu 2 U+ €q (8.1)

for some small regularization parameter ¢ > 0. The inclusion of the regularization
term, £q, has a rather profound effect, in that it converts the Lagrange multiplier
from the simple measure (o, € C*) to a function in L?. The author expects that
using the NR-PDAL method on regularized state constraints should lead to similar
performance as control constrained problems.

In the end, methods derived from the NR principle have been proven and demon-
strated to work both in theory and in practice for elliptically constrained problems

with state and/or control constraints.
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