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ABSTRACT

NEW METHODS OF SPECRAL-DENSITY BASED GRAPHCONSTRUCTION
AND THEIR APPLICATION TO HYPERSPECTRAL IMAGE ANALYSIS

Jeffrey Stevens”h.D.
George Mason Universitg017

DissertatiorDirector: Dr.John J. Qu

The past decade has seen the emergence of many hyperspectral imagendlySi§ a
algorithms based on graph theory aretivkd manifoldcoordinates.Yet, despite the
growing number oélgorithms there has been limiteludy ofthegraphs constructeidom
spectral data themselved/hich graphs are appropriate for various H8halysed and

why? This research aims beginaddresig these questionss he performance ajraph

based techniquas inextricably tied to the graphical model ctrosted from the spectral

data We begin with a literature review providing a survey @daml graph construction
techniques currently used by the hyperspectral community, starting with simple constructs
demonstrating basic concepts and then incrementally adding components to derive more
complex approaches. Throughout this development, veeigisalgorithm advantages and
disadvantages for different types of hyperspectral analysis. A focus is provided on

techniques influenced by spectral dengityough which the concept of community



structure arises. Through the use of simulated and real &&|\de demonstrate density
based edge allocation produces more uniform nearest neighbor lists thdensdy based
techniquesthrough increasing the number of intracluster edgkilitating higher k-
nearest neighbork{NN) classification performancdmposing the common mutuality
constraint to symmetrify adjacency matrices is demonstrated to be beneficial in most
circumstances, especially in rural (less cluttered) scéviary complexadaptiveedge
reweighting techniques are shown to slightly degrageesineighbor list characteristics.
Analysis suggests this condition is possibly attributable to the validity of characterizing
spectral density by a single variable representing data scale for each pixel. Additionally, it
is shown that imposing mutualithurts the performance of adaptieelgeallocation
techniques oany technique that aims to assign a low number of edgpst{to any pixel.

A simple k biasaddressethis problem.

Many of the adaptivedgereweighting techniques are based on the conckpt
codensity, so we explore codensity properties as they relate to demséyy edge
reweighting. We find that codensitgay not bethe best estimator of local scale due to
variations in cluster density, so we introduce and compare two inherently ewagityted
graph construction techniques from the data mining literature: shared nearest neighbors
(SNN) and mutual proximity (MP). MP and SNiXe not reliantipon a codensity measure,
hence are not susceptible to its shortcomings. Neither has been ussgdmpectral
analyses, so this presents the first study of these techniques on HSI data. We demonstrate
MP and SNN can offer better performance, but in general none of the reweighting

techniques improve the quality of these spectral gragptisr neighbdhood structure tests



As such, these compledaptiveedgereweighting techniques may need to be modified to
increase their effgiveness

During this investigation, we probe deeper into properties ofdiigiensionatlata
and introduce the concept corcentrationof measure (CoM) the degradation in the
efficacy of many common distance measwvéh increasing dimensionalidy as itrelates
to spectral graph construction. CoM egist pairwise distances betweétSl pixels, but
not to the degree experiencé&d random data fothe same extrinsic dimension; a
characteristic welemonstrate is due to the rich correlation and cluster structure present in
HSI data. CoM can lead to bres® acondition wherein somnodes have short distances
(high similarities) to aexceptionally large number of nodese\study hub presence in 49
HSI datasets of varying resolutions, altitudes, and spectral bamdsnonstrate hubness
effects arenegligible in ak-NN classification example (generalized obog scenarios),
but we nog its impact on methods that use edge weights to derive manifold coordinates or
splitting clusters based on spectral graplotheequires more investigation

Many of these new grapielated quantities can be exploited to demonstrate new
techniques for HS¢lassification and anomatietection. We present an initial exploration
into this redtively new and exciting field based on an enhanced Schroedinger Eigenmap
classification example and comparesults to the current stadéthe-art approach. We
produceequivalent results, but demonstrate different types of misclassifications, opening
the door to combine the best of both approaches to achieve truly superior perfodnance.

separate less mature hubnassisted anomaly detector (HAAD) is also presented.



INTRODUCTION

Remote sensing is the field of study concerned with acquiring information about
objects of interest without physical contact (Schott, 2007). Remote acquisition of
information has many military and civilian applicaticasswell as an evegrowing set of
commerciausesas evidenced by the explosion of imageoypsumersand providersuch
as Google Earth, precision agriculture markets, and financial institutions. The list seems
endless as any smart phone user can seehibr@ie from space or the road at the touch of
a button. Remote sensors have continued to evolve and applications can be found across

the electromagnetic spectrufigurel-1).
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Figure 1-1. Electromagnetic spectrum; image courtesy\iimedia.org
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Thisresearcliocuses on data from the visihlaear , and shortwavénfrared parts
of the spectrundominated by solar reflected radiati@®4-2.5 mm), but can easily be
extended to the thermal regime&pecifically, we focus our attention on hyperspectral
imaging systems (imaging spectrometers) that acquire (hundreds) of bands across the
spectral rang. The rich spectral content of these data enable finer material discrimination
than possible with the more common multispecinalging data (MSl)comprised of fewer
broader bands (tens of bands or less).

The remainder of this chapter will provide r@elbintroduction to HSI and common
data analysis algorithmeiting the need to explore nonlinear methods over the more
prevalent linear technique¥/e provide a smooth transition from tbemmonstatistical

and geometric techniques of the past sevei@ates into analyzg graphs built from HSI



data andconclude with the specific spectigdaph related questions addressed by this

research andetailedin subsequenthapters

1.1 Hyperspectral Imaging
HSI sensorsacquire hundreds dSpectral radiance measments for eactwo-

dimensional (D) spatial location in the acquired scene. The spectral measurement for a
particular scene location (pixel) is calledspectrum (plural; spectrg and contains
information about thehemical and physicgroperties of th sensed areand is the basic

unit of measure in HSIit may be thought of as a vector irdalimensional spaceq ,

where d is the number of spectral bands (Schott, 2007). The spectsum,

who B o |, is thus a vector comped of théndividual brightness measurements from
each band, and trazeut a curve known as a spectral signature when plotted as a function
of wavelength igure 1-2 bottom). The aggregate collection of all such measurements is
called a hypercube, a three dimensional structure comprised of two spgtidiniensions

and a wavelength dimensian) (Figure1-2, top; Shawand Burke 2003.
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Figure 1-2. A hypercube is @-D spatialarrangement of spect(e) typically collected a line at a tin@,b)(Shaw and
Burke, 2003.

Spectra may represent physical units such as reflectivity, emissivity, or absorptivity
or spectral radiance data which also contains information about the atmosphere and the
sensorWe adopt apectral reflectance conventirom here orwithout loss of gnerality.

The termspectral has multiple definitions based on thaliscusseddiscipline.
Spectral remote sensing involves the usseseralwavelengthregimesfor information
acquisition so spectral inferspectroscopin this caseGraphs built fromspectral data in
this sense can be called spectral graBesaédettaet al, 2012). This is not to be confused

with spectral grapttheory which isconcerned with the analysis of eigewompositions of



matrices associated with graph characteristics. Theegmonding definition should be
clear from the context of the discussion.
Pixels composed of predominantly one material iniftstantaneouseld of view
(IFOV) will display spectra very similar to that of pure materi&dgre 1-2, botton),
while pixels composed of many materials will present as a composite spectengthe
mixing relationships determined by the areal distribution and physical structureoskth
constituents. The goal of hyperspectral imaging is to analyze these spectra and separate
them into their constituent parts so that quantitative statements can be made about pixel
composition. Composition is a general term that may refer to solid alatetien sensing
the ground or gaseowspecies when sensing the atmosphereame a fewManolakis
Jairam, Zhang, and Reacci,2007 Griffin, Kerekes, Farrar, and Burk2Q01; Theiler,

Foy, and Frase005).

1.2 Hyperspectral Data Analysis
Many different approachedor processing HSI data exist, thdiffer in their

perspective on what thgpectrumrepresents. As such, these methatlbze different

means of characterizing spectral space and the subsequent techniques used in data analysis.
We review thethree most common spectrum perspectives and #pmactralspace
characterizationsy Chapters 1.2.1 and 1.2.2 respectivielprovide the requisite context

of common datanodels only to build out from there towards a graphical representation

of HSI data



1.2.1 Common Perspectives on Spectra
There are three prevailing ppesctives (or interpretations) @pectra from which

algorithms have been developedeometri¢ statistica] and spectroscopic Each
perspective results in a suite of methads datanodelsfor processing spectral data that
address a broad range of applications to include target detection, anomaly detection,
classificationguantification,and change detection. A brief qualitative description of these
models is provideth the remainder ahis sectiorandthe reader is referred to Manolakis
et al. (2003; Manolakis, Lockwood, Cooley, and JacobsgaaQ9; Matteoli, Diani, and
Corsini (2010);and Eisman (2012 for excellentreviews of common statistical and
geometric data models.

The GEOMETRIC perspectivanodelseach spectrum as a singleterministicpoint
ina . Spectra from a hypercube migrefore be thought of as a scattered set of points in
d-D hyperspace. However, significantndto-bandcorrelation exists and the datside
in a lower dimensional subspace,, wheren L 'Q(Schlamm,Resmini, Messinger, and
Basener2010) Basis vectors for this subspace can be obtdnoead eigenvectorsf the
spectral covariance matrix (Manolakiset al, 2003; Boardman, 1990; Schott, Z00or
by finding the pure materialéendmembers)n the scengKeshava, 2003; Boardman,
1994) These methods are callegctor subspace models ahdear mixture models
respectively. In the former caswthogonalbasisvectors arguaranteedby the égen- or
singularvalue decompositiofSVD) of the spectral covariance matrix, whereas in the
latter, the basisrectors araypically not orthogonalAlgorithms based on these geometric
models treat either the background spectra, target spectra, or bothstasy exithin

subspaces. Some common examples are the adaptive and generalized likelihood ratio test



subspce detectors (Manolaket al, 2003)and orthogonal subspace project{efarsanyi
and Chang, 1994).

Eigenvectors of the covariance may be obtaineanfprincipal components
analysis (PCA)(Eismann, 201p independentomponentanalysis (ICA), or theSVD
(Boardman, 1990hrough maximizing data variance along each principal direciibese
basis vectors do not represent real materials, but rather linear combinations of the canonical
orthogonal spectral axes that best span the qEoz@dman, 1990)A two dimensional

subspace existing in three dimensions is shown in the left skiguiel-3.

Linear Subspace Model Linear Mixing Model
(non-orthogonal basis)

Band 2
1 Subspace basis

basis hyperplane vector 1
vector 2

> Band 1 Band 1

Mixtures constrained
Band 3 Band 3 to simplex (convex)
defined by the endmembers

Figure 1-3. Geometric interpretation of spectra leads to subspace algorithms or those exploitingsetmemetry
(modified from Manolaki®t al, 2003)

A second common geometric model is timearmixing model (LMM). The linear
mixing model states spectra can be represented as linear combinations of scene
endmembers (pure materials in the scene). These endmember spectod |exearly

independent and form the vertices gi-4dimensional simplex in speat spacewherer)



is the number of endmembefSonvex set theory states if spectra are linear combinations
of endmembers, then all spectra must reside inside within this sifgdexdman, 1994)
(Figure1-3, right). This modeis the mostommonmodel for representing the synthesis
of mixed pixels from distinotndmembergeshavaand Mustargd2002)

Both geometricrepresentations have been used imynanomaly and target
detection algorithms over the past several dec@dasolakiset al, 2009; Steiret al,
2002; Boardman, 1998; Matteet al, 2010)

TheSTATISTICAL perspective consideeach spectrum asaD random vector, i.e.,
a realization of a random spectral distribution and thus lives within a region of spectral

space delineated by a probability density functieigure1-4).

Probability Density Model

Band 2

A

cluster 1 pdf

» Band 1

cluster 2 pdf
Band 3

Figure 1-4. The statisticaperspectivenodelsspectraasarandom vectas:.

Many parametric probability density functions possess elliptical symmetry, are

quickly computed, and are simpleinoplement (Manolakist al, 2003 Willis, 2009),with



the multivariate normal modelMVN) modelbeing most prevalent in the HSI literature
(Schlammet al, 2011). Stochastic expectation maximization (SEM), the Raaadli (RX)
detector, and the spectrahtohed filter (SMF) are common statistical methods making use
of the MVN for classification,anomaly detection, and target detection respectively
(Manolakiset al, 2003; Eismann, 2012; Steshal, 2002; Matteolet al, 2010). However,

as the spatiadnd spectral resolutisrof hyperspectral data increase, parametric statistical
models, especially the MVNare less able to represent the actual data distributions
(Schlammand Messinger2011; Ziemanmand Messinger2014). As a result, techniques
not rdiant on parametric models need to be developed.

The SPECTROSCOPICperspectiveis physicsbased(Eismann, 2012)where each
spectrum represents a material 6s chemical
of electromagnetic radiation with ntett (e.g., reflectivity, emissivity, transmissivity, or
absorptivity). A material s spectral resp
examining the locations and depth of features in the spectrum. Each feature represents an
identifying (diagnosticlaspect of the material due to its chemistry or physical structure.
Figurel-5 shows a spectroscopic markup of an infrared transmittance spectruntimgdica

some important vibrational modes.
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Figure 1-5. Spectroscopic analysis of spectra identifies key electronic, vibrational, or rotational features in the
spectrumEdwards and Galuska)

Some @ectroscopic methods rely heavily on derivative analysis for the
identification of these featureso aremost commonly found in laand other terrestrial
systems that have high sigrtetnoise (SNR) ratiosThe presence of these features at
particular wavkengths are the data requiredperform various HSI analyses

Physical quantities may also be derived from these Bateexamplethe quantity
of a gaseous species within an IF@\directly attributable to a differential radiarsignal
caused by theresence of thgas.Analysis of thedifferential magnitude can be used to
estimate the quantity in mass or number of molec(lfescotteand Davenport2010)
Other commoranalyses include water depth extraciGillis, Bowles Lamela, Rhea, and

Bachmann2005 andtemperature extractiofdellisonand Miller, 2006.
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1.2.2 Hyperspectral Data Models
Hyperspectral analysis algorithms need to autonomously characterize spectral

space in order to adapt to scene content. There are tled@mnant means ohodeling
spectral space: parametric statistiosrstatistica] and nonparametric statistics; in the
order of greatest to the least occurrence in the literature.

Parametric statistical models are analytic constructs with inherentetyimsnand
smoothnes due to their functiondrms Both are elliptically symmetric hence share many
of the same advantages and optimal perforce under the assumption syimmetric
probability distributiols described by thepectralcovariancematrix (Manolakiset al,
2003 Willis, 2009)

The mostubiquitous model found in the literature is tMVYN () due to its
simplicity and ease of ugManolakis,Rossacci, Giar, Lockwood, Cooley, and Jacobson,
2005. In (1),0 represents the data mean and all other termasapeeviously described.

» . e A e[
Qe — Q (1.0

A limitation of the MVN model is that hyperspectral data typically violate the
assumptions of multivariate normalifilanolakiset al, 2003. This non-normality is
easily observed in the scatter plotradure1-6 where the level sets (isocontours) of equal
multivariate normaprobability(Mahalanobis distanca@yeshown as concentric ringbhe
red triangles are considered more anomalous than the green square to theftpwer le
contrary to human interpretatioffhis situation arises because the data arebest

described by a MVN, albeit these models have been very successful despite this limitation.

11



Figure 1-6. Two-bandscatter plot of hyperspectral data shown with isocontours of Mahalanobis distance

The degree by which data deviates from MVN has been an actgef research,
and various screening methods have been developed indicating when this model is
appropria¢; seeSchlammand Messinge(2011) for details. Manolakist al.(2003) has
suggested these data are better modeled hydik&ibution instead of the MVN.

The nonnormal distribution of HSI data has been described in many publications
(Manolakiset al, 2003 2006). A few investigatorsave utilized non parametric statistical
models to characterize spectral data under the preh@sa more realistic descriptions of
the nonnormal HSI data will result in better analysis algorithms. Automated learfiing o
these nonparametric models has proven to be a limiting factor (Matteddicini Diani,
and Corsin2013).

TheLMM is a physicdhased model where each spectrum@band hyperspectral

image can be represented as a weighted linear sum of no mor@ tharendmembers.

12



Representing the abundance of fieendmembery; as®, the linear mixing model for

r endmembers is given by

(1.2)
ov {4

where 4| represents a matrix oéndmemberbasis vectors Yhv 8 hv hand

WM hd  is a matrix of weights (or coefficients) applied to #meimembebasisto

reconstruct the pixel spectryma8Underthe LMM assumptionany pixel must reside

within the convex hull of the endmembers as showFigare1-7.

Endmember 2

Band 2

Endmember 1 (sh Endmember &

Band 1

Figure 1-7. Linearmixing between three endmembers

Note thatEqg. (1.2) also represents the subspace model, with simple substitution of

the orthogonal basis vectors derived from PCA with those of theortbagonal basis
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determined from endmember estimation atpons and swapping the abundances with the
projection of each spectrum on the corresponding eigenvector.

Many researchers have examined segmenting imagery into clusters, and then
modeling each cluster separately via the methods described above. Thiachpisro
intuitively appealing upon inspection Bigure1-6 where one can argue the scene is better
modeled by a mixture of many clusters with diffgricharacteristic§Funk and Theiley

2001)

In summary, hyperspectral data

1 arenot linear
1 arenot best described by multivariatenormal model

1 are clustered into regiomd similar materials

These points havaotivatedinvestigatorgo continue exmration of newdatamodels and

analysisotherthan those previously described.

1.3 Graphs as aMeans for HSI Data Analysis
Most of the statistical and geometric algorithms discussed thus far are linear

methods, hence may be ineffective modelinglinearities present in HSI dataost
commonly caused by three phenomef®) variations in material reflectivity with
illumination and viewing angle, i.e., the bidirectional reflectance distribution function

(BRDF); (2) transnissive media such as watard (3) intimate mixing found in many soils

14



(Keshava, 2003Bachmann Ainsworth, and Fusina2005). New methods are therefore
required to analyze data exhibiting nonlinearities.

In 2005, Bachmanmt al. from the NavalResearch Laboratory explored a new
geonetric perspective i S| dataanalysis. They viewed spectra as vertices (nodesjlin a
D graph, with edges connecting similar pixels. Their method models hyperspace geometry
(or Astructureo) without t he | 1 misgaees.i ons
Bachmannet al. first applied methods derived from thesgectralgraphs towards the
classification of wetland HSI imagery exhibiting nonlinear behavior. Several researchers
have continued the developmengodphbased techniques, building on teas presented
i n Bachma npages (Zermanand Mdssinger2014; Albano,Messinger, and
Rotman,2012hb).

Hyperspectral data do not inherently exist as a grapmust be converted into
graphical form by selection of a function or heuristictalde graptbased analysiS.he
next couple chapters describe algorithms for this thskvever, review of some basic
graphterminologyis in order before discussion can bedihis material provides the basis
for understanding thanany common graplconstruction techniques found in the
hyperspectral remote sensing literat(@apter2) as well as new methogsesented in
this work (Chapter 3)

A graph™O O in its simplest form is defined as a pair of two finite sets: a
vertex (or node) set arah edge set, denoted andE respectively. Vertices are points in
d-D space determined by the coordinates of each spectrum. The size of the vegl#x set,

is the number of pixels in the hyperspectral image. We denote a general vetiex by

15



whereas spefic vertices (pixels) are indicated using subscripts, &.gNote that the terms

node, vertex, and pixel are used interchangeably throughout the text based on the context
of the discussion. Directed edges (and hence graphs) utilize ordered pairsitef po
indicating the source and sink of the edge, ., 0 ) represents an edge fram

tou (Figurel-8).

VertexSet: @ 0O MR
Edge Set: O QRQ B h

in-degree QL) ¢
out-degree QW o

node degree: QL) v
edge(,j)=g;

Node ~ vertex ~ pixel ‘BA

1? @) @ Path(,j) 2l
9

Primitives
Characteristics

o u Cyle  VertexSet & U B
) 07 © L% Edgeset 0 (b Fd D F )R b B
e 0 0 WO o ) o o8
o 12 Q I ORL RO )R )

> @6

Figure 1-8. Primitive graph elements and bagiaphcharacteristics.

A path 0 his an ordered set of edges tracing a path ftorto 0 along edges
existingwithin ‘0. 0 is shown in blue to the bottom left Bfgure1-8. If the path comes

back to the original vertex, it is called a cycle. In this case the ayclegequence for the

vertex to itself is called a loop, i.€3 0 b 8Some graphs camlsohave multiple

edges between the same two vertices.
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There are several qutities related to the number of edges to a given node. The
node indegreeéQ 0 is the number of edges incident upon a vertex, the noddeguee
‘Q U isthe number of edges leaving a vertex, and the node dagrees the sum of the
two. An examte is provided to the upper right Bfgure1-8.

The edge set may be either directed or undirgétigmire1-9). Directed edges (and
hence graphs) utilize ordered pairs of points indicating the source and sink of the edge, i.e.,

O R represents an edge from to0. The ordering is irrelevanfor undirected

(bidirectional) edges, i.e., these edges simply indicate a relationship betweenapixels
shown inFigure 1-9b, with bold edges indicating bidirectiality. Undirected graphs
without loops @ "Qand multiple edges between the same endpoints are called simple
graphs(West, 2001pnd are most common in the HSI literature. Many methods to define

these relationships are discussethmfollowing subsdmons

5 5
(@) (b)

Figure 1-9. 2-D directed(a) andan undirectedbidirectional)simplegraph (b)

Central to all spectral graph construction techniques is the concept of a vertex

neighborhood. A neighborhood, 0 h is a set of vertices that are related (deemed

17



Asimilaro) to the vertex being examined by
constructed between a vertex and all vertices in its neighborhood. Vertices with edges
between them are said to lagljacent. A multitude of methods exist to define this
neighborhood, and the size of the edge%#, can vary greatly between methods for the
same set of vertice®ne of the simplest methods of neighborhood construction is to define
the neighborhood akek most similar pixelgfixed k). This is called airectedk-NN graph
as each pixel is the source node of its nearest neighbor (NN) list and all neighboring pixels
are the sink nodési.e., the edges are directed.

Vertex adjacency may be represented by multiple data structures. Of particular
interest in spectral imaging is the adjacency matsgx, & , wheredd  pif an edge
exists between andv , and zero otherwises is therefore am x nbinaryasymmetric or
symmetric matrix fodirected andindirected graphgespectively wheren is the number

of pixels in the imagéTablel-1).

I We will sometimes denote the k nearest neighbotslas

18



Table 1-1. Adjacencymatrices for the directed and simple graphBigfire1-9.

Sink Node Number Sink Node Number

112|345 112345
gl1lololo|o]o gl1lof1/1]1]1
£ £
3l2|1|o|o|o|oO Sl2|1fof1|1]o0
sl3f1|1]o0f1]2 sl3f1]1]0]1]1
2 2
alal1l1|0|0]|0 wlal1]1|1|0]1
gls|1|ofof1]o0 g|s|1jof1]1]o0

(a) (b)

Each row inTable1-1 represents the neighborhood for the prepresented by the
row number Natice that the first pixel does not have a neighborhood, i.e. it is an isolated
vertexfrom an outdegree perspectivélodes can have no edges (in or out) and be truly
isolated.This concept will be important vem we discuss anomaly detection, and is a
comnon occurrence in many of the methods to be discussed.

An HSI image with0 p 1t pixels has an adjacency matrix of sizep 1 . The
need for efficient encoding and/or approximation is evidedfacency matrices are sparse
(mostly zeros) becausg USL €, and itis common to find sparse matrix methods used to
reduce storage and improve computational efficiency.

Edges may also be encoded withitegnitudeof the relationship between vertices
by replacing the unitary edge contributions=nwith the valueof a distance (similarity)

measure This weighted adjacency (affinity) matrixg 0 , is composed of nen

negative scalar values wherghd ~ ‘O, and zero otherwisgero distances do not occur
in practice due to natural spectral variability awvise) A graph may therefore be defined

as’'O oo , where w is a mapping associating each edge of unitary contributen in
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with a positive number representing vertex distance (similarity), dgfQ° 1tHb |, or
simply"O ().f\f 8We will see that this weighting matrix can be constructed from many
differentmeasuresespeciallythose influenced by locabpectralktructure of the data.

Many common HSI graph construction methods resuttinmple graphs, so the
asymmetric adjacency re resulting from the directelkNN relationship(Figure 1-9a)
must be modified. There are two basic criterion for creating simple graphs from directed
k-NN graphsresulting insymmetric adjacency matrices: superset symmetry and mutuality.
The resultant graphs from these adjacency matrix symmetrification methods have very
different characteristics. For examptegure1-10 displays the adjacency matrices for
directed, superset symmetric, and mut8a&N grapts (top row) The directed 3NN
adjacency matrishowsamod e 6 s nei g h b eoiththeeeentrids,i.eQt 0 (a r ow)
o8The column to the right and the row to the bottom of each adjacency matrix display the
out and indegreesQ U a n@ 0 respectively.The correspondinglirected graph is
shownbelow the adjacency matriwhere directional edge arrows are shasiedlarly to
their source node. Application of the superset symmetric and mutual criteria result in the
adjacency matriceand graphs shown in the center panel and right panels respectively.
Li ght |l y srhthedcenter colunmsidgpresent new adjaceneyatrix entries that
symmetrify the directed-BIN adjacency matrix by adding edges so that all directed edges
become bidirectionafbold, no arrows) i.e.,’ Q 0 Q 0 8Notice edges span large

regions of space and some nodes have more than three incigest(ed)., node four has

2 Simple and undirected graphs are not exactly the same, becalieted graphs can have sklbps
and multiple edges between verticdewever, we use theinterchangeablfrom this point forward.
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six nearest nei gh bright @pumnre@esenkdirestbdaedgesdhat@@ s 6 |
removed by enforcing the mutualityiterion. Notice the lack of edges spanning large
regions of spacenp edgesto nodes six or seven) and no nodernase than three incident

edges, i.e.QU  o8Notice the drastically different node in and out degrees for each

adjacency matrix varianthis will be important in future chapters.

Snk Node Number ° Snk Node Number ° Snk Node Number o
1|/2(3[4|5|6[7| m 1(2(3[4|5(6|7| m 1(2|3[4|5(6|7| m
_l1|of1|1|1]|0]|0|0]| |3 _l1joj1]1]|1fafa|o| |5 1/o|1|1|1]|0|0|0] |3
§210110003 §210110014 éZlO 1/olofo]| |2
2|3[{1|o|of1]|1]|0|0] |3 2(3|1]2]o|1][1]|0|0]| |4 2(3|1]|0]0 1{0|0]| |2
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Figure 1-10. Directed, superset symmetric, and mutudl!8 graph construction.

Generation of thesupersetsymmetrick-NN graph is a trivial extension of the
directed k-NN graph, where all vertex pairs,0 ) , are connected ifo N
06 0 ol NO0 U hwhereG() U represents thienearesheighborhoof vertex

0,ie,® [ A@ho 8As aresult, each node will have at Ielasteighbors with the

nodé s1-degreeb ei ng proportional tothhe nhbdebsedéeod
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degree is fixed ak) (Figure 1-10, cente). Forcingadjacencymatrix symmetryin this
manned adding edges to create a bidirectional géapfey comect clusters of varying
density, andpermits edgespaming large regions ofpectralspaceto overly connect
outlier nodes. Stringers, long chains of single nodes, can also extend from virtually
anywhere if the conditions are right. This can producegetssubgraph diametshould

they extend from cluster edges.

Generation of the mutu&NN graph is also a trivial extension of the diredted
NN graph, where allvertex pairs U , are connected iD ¥ 60 0 and@\®
00 O , ie., onlyexisting bidirectional edges are retaingd | Etohwo ). The
resultant adjacency matrix is symmetric and a sulssieigraphpf thesuperset symmetric
k-NN adjacency matrixgraph)(Figure 1-10, right). Forcing adjacency symmetry in this
manner reduces the possibility of conivagtclusters of varying density; heneelges
typically do not span large regionsfeaturespace, leaving outlier nodes unconnected from
denser regionfKontschiederDonoser, and Bischp2009)

Adaptive variants of thdixed k-NN methodsexist (Ziemann, Messinger, and
Wenger 2014%; Mercovich Albano, and MessingeR011), where each node is assigned
its own number of nearest neighbo®;¥, based on a useiefined criterion typically
related to data density or scakhe aforementioned adjacency matrix symmetrification

methods produce node degreestfoof at leastQ &@nd at mosiQ;@or the symmetric and

mutual criteria respectv e | vy . As such, the simple grapht

3 We will abbreviatéQQaski at times for ease of reading.
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degrees, "O a nad"O respectively, created by invoking the superset symmetry criterion

(applies to directed graphs as well) are given by

D(G)i [max(ki),n- 1],

whereki represents the vector 61"'Qvalues from the initial adaptive directed construction.
3 "0 has a maximum af-1 because simple graphs do not havelselfs.The minimum
and maximum node degrees for simple graphs createdcingthe mutuality criterion are

given by

d(G) 1 [0,min(ki)] (1.4)
D(G) = max(ki).

As seerin (1.3) themaximum node degree can potentially take on very large values
in directed graphs or graphs created by invokingtipersesymmetry criterion, while the

maximum degree is restricted gnaphsenforcingthe mutuality criterior(1.4). We also

observe that the only way to obtain isolated vertices in directed graphs or graphs created

by the superset criterion is f@®°Q mha condition only possible with adaptive techniques,
i.e., it is impossible for graphs constructed with a fixed poskiv@onversely, it is quite
possible to have isolated vertices in graphs created by the mutuéditypan(1.4). We will
see these node degree characteristics enable or inhibit the formation of wethicpecial
characteristics (hub vertices) Chapter6. Equations(1) and (2) apply to fixed -KN

graphs as well, whef@Q "% '@
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Figure 1-11 displaysan examplespectral graph created from623 vertices of a
HSI datasetusing the mutual 4-NN algorithm. The selected area consists of two
homogenous regions and therderbetween tem. Notice the significant edge density near
the bulk of each distribution and the less dense sparsely connected region between the two

clusterg(mixing region)

(a) (b)

Figure 1-11 Two-dimensional graph created by the mu#N algorithm a) with borderregions, b) without.

Notice the isolated points not connected to either the dense or sparse regions in
Figure 1-11; a condition resulting from the mutuality constraifithis is a common
occurrence for many graph construction algorithms and must be mitigatexigraph
analysis algorithmrequires connected graphs, i.graplsin which a path ests between
any two vertices imw by following edges irQ.

The success of any grajplased analysis is intimately tied to the quality of the graph
constructed from the spectral data (Mercowvathal, 2011). Edges must be judiciously

chosen to accurately model community structure inherent in the data without over (under)
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connecting the nodes. Many of these graph construction techniques are foundek-on the
nearest neighbok{NN) relationship becaus# its adaptability to both scale and density
as well as its ability to follow clusters of arbitrary shape. We will compare and contrast
these methods in thigsearchwith the intent of providing a consolidated reference for
these techniques as well agraduce new techniques addressing some of the weaknesses

discovered in current methods.

1.4 Research Objectives and Contributions
Graph based analysis is a relatively new area of researchiStreommunity. It

has beenust overa decade since its initiahtroduction in contrast to the 30+ years of
research into statistical and other geometric approaches. While much progress has been
made, much research remains in order to fully understanetiefits and limitationsf
these techniques. The main benefi graphical methods is the identification afisters
and trend=f arbitrary shapei.e., the dtaare not forced topredisposedlistributioral,
functional, or geometridorms For example, thelVN level sets indicated by the
concentric rings ifFigure 1-6 clearly do not model the data well, and the lower cluster in
Figure 1-11 appears to have a slightly scalloped shisygéead ofa multivariate normal
distribution. These characteristics can be better modeled through nonlinear graphical
techniquesnstead of linear approximatiofBrasacand Bruce 2008)

A primary objective of this research te advance the utility of grapbased
approaches by improving the construction tbé spectralgraph itself. Of critical
importance istie concept of spectral dens{gyoint density in spectral spacag itgives

rise to the concept of a clusfecommunity structure within the data. Ideally, clusters
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should be dense (small intracluster spacing) and be well separated from other clusters (large
intercluster spacing)This is the basis omany common internal clustewalidation
techniquegshatratio cluster separaticio cluster dispersion. So compact clusters with big
separation are good, and wide close clusters areHmdever, clusters are generally not
Awel | 0 s HS dataklikirg dtrendsmconnect dense clustdte to boundary pixels
partially filled with multiple materials. For example, the sparse area between the two
clustersshownin Figure 1-11a are mixed pixelsalongthe boundary between matesal
This is evident inFigure 1-11b which reproduces the figure, but wibdoundarypixels
removed.

Mixed pixels are very much a partldSl data structure and need to be represented.
However, their importance ithe data modshould not hold the sameeight as those
pixels in the denser communities of points where it should be easier to move between
vertices. This deweighting can be encodethe numbers of and/or strengths of the edges
in the spectral graph. Spectral density metrics can be used to modify graph connectivity on
a per pixel basis such that pixels in dense clusters are highly connected while those in less
dense mixing trends aleosely connected. Note, it is possible mixed pixel regions can be
very censedependingon the shape arglze of the clusters with respect to the IFGgr
example, in the case where each pixel is comprisetutifple materiat, every pixel will
exist inthese intermediate locatiori3ensity metrics in this case would strongly connect
the mixing trend However, spatiatorrelationstypically generatenatural gropingsin

imagery sothis situation rarely arises.
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The objectivesdetailed below describe focsed areas of researdargetedto
improve graphical models of spectral data. Evaluating the improvement of the construction
itself is difficult, so structure testing should be supplemenmtitid applicatiors that uilize
graphical modelsproving that any masured improvements in graph characteristics

actually lead to improvements in graphsed analyses.

1.4.1 Survey spectral -graph construction methods
Many graph construction techniques have been described and employed in the HSI

literature. However, no consdated reference of techniques exists to our knowledge. As
such, the first step in this researisha literature review of all utilized techniques and
translate them into a common constriadilitating easier comparisons. This consolidated
review was relased as a technical survey paper to the regesteing community through
IEEE Transactions on Geoscience and Remote Sensing (TGRS) in Augu$sSg#/Ens,
Resmini, and Messinge017) filling a documentation gap in the remasensing
literature. This paper provides guidelines for parameter selection based on rigorous

performance comparisons.

1.4.2 Develop new spectral -graph construction techniques
Armed with an understanding of the existing techniques, we focused on benefits

and limitations of eachethnique, with the aim of generating and/or modifying new
densitybased grapftonstruction techniquée overcomediscoveredimitations. In doing
so, we described the benefitsddimitations towards various $l analysis tasks such as

classification, chage detection, anomaly detection, and target detection.
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Hyperspectral data are similar to extremely large databases with instances
comprised of hundreds of attributes. In this case, the instances are pixels, and the attributes
are the spectral bands. Ascbuwe explored how the data mining community, and more
broadly, the machine le@ng community creates graphs from large datasets mggh
numbers of attributesndsubsequentlynodified thog techniques for spectral datdis
development addressedwi@ent research gap in that limited graph construction techniques
have been investigated to dageany new methodsicrease the number of tools available
to theremote sensingommunity. These methods weaitso detailed inthe 2017 IEEE

TGRSpaper.

1.4.3 Study Impacts of High-Dimensional Data
Given the high extrinsic dimension of hyperspectral data, it became ewadent

deeperprobe into characteristics of higtimensional data ashey relateto graph
constructionwas requiredbecause many of the studied methods utilize distance and
similarity measures that are subject to these of dimensionalit{Bellman, 1961) This

led to studies on higdimensionalphenomenologiés specifically the concentration of

measure and hubnéssas hey relate to graph construction.

1.4.4 Develop Classification and A nomaly Detection Algorithms
New measures of spectral similarity and graph creation provide the opportunity to

modify existing stat@f-the-art algorithms to leverage different types of infotima. As
such, modification to two variants of the Schroedinger Eigenmwéhsotential matrices
(Czaja andehler,2012 Cahill, Czaja, and Messinge&2014 for classification and anomaly

detection are presented as initial explorations into use of te@sepasures.
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1.5 Dissertation Organization
The remainder of thiglissertationis organized as follows. In Chapter 2, we

introduceh simple constructs demonstrating basic concepts and then increynadthll
components to derive more complex approache®. nev methods from the data mining

and machine learning community, SNN and MP, are introduced in Chapiérdsscussed
methods are compared in Chapter 4, where we develop guidelines for the application of
eachmethodbased on parametric studies into mquigbametersWe examine the impacts

of high dimensional data on graph constructio€apter5, where we tie these effects to
codensity. Chapter 6 provides a review of several gbssled HSI analysis algorithms,
leading to the incorporation of SNN and MRa Schroedinger Eigenmaps in Chapter 7.

We conclude with contributions apassiblefuture research in Chapter 8.
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COMMON HSI GRAPH CONSTRUCTION TECHNIQUES

There are a plethora of construction techniques found in the HSI litereaale
introducedwith its own, and sometimes different nomenclature. As such, we offer a survey
of these techniques within a common framework, starting baicgraph construction
techniques and thdbllowed bythose influenced by data densitgm which the concept
of community structurearises Some ofthe algorithms presentedn the literatureare
admittedlynot very useful for HSI anadys; lowever, they do providgood conceptual
content thatacilitatesbuilding more advanced concepihat same approach is follode

here, and thesastructional techniques are noted as such.

2.1 wThreshold Graphs (aka NN Graphs)
The threshold graph is very simple to construct and the fastest désalfibed

methods. Given all pairwise distances (or similarities), an undirected isdglaced
between two nodes if the distan®,0 ) between them is less than a uskefined
constant Tt Specifically,Q 0  is added to the edge s@, if 0 lies within

the hypersphere of radius constructed about) in spectral pace, i.e.,Q N

0 QWU h i an@ 'QThe similarity based equation is obtained by replacing
QU wi t B and switching the direction of the inequality. This techniguet
adapive to scaleor densitybecauseg is a fixed global threshol@ontschiedeet al, 2009)

generally producing unconnected graphs.

30



Figure 2-1. f-threshold grapleonstruction

Hyperspectral data typically dispsg multitude of densitiesothis technique is
not widely used, buprovides the foundation farnderstanding other graph construction

techniques

2.2 k-Nearest Neighbor ( k-NN) Graphs
Nearest neighbor graphs are very common gcapistruction techniqean many

disciplines An edge is placed betweenand0 if 0 is among thé&-NN of 0 . The user
defined parametek, is a global parameter indicating the number of edges exiting.,
its outdegree. Given each node has its own sktMiN, this relationship is not symmetric
and therefore produces directed edges leading to an asymmetric adjacencyvoatrix
Luxburg, 2007) These graphs are also called diredtédN graphs for this reason
Construction of th&-NN graph is conceptuallyery simple, butcomputationally
expensive due to the evaluation of all pairwise distances and subsequent btatigg.
traditional indexing methods (e.g.;tRee, kd tree) fail in high dimensional spaces such
that exhaustive searching for nearest neighbarsautperform even the most complex

indexing schemé¢Hinneburg,Aggarwal, and Keim2000) As such, severdhst nearest
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neighbor methods have beedevelopedto generateapproximateor exactk-NN lists
(Merkwirth, Parlitz, and Lauterborr2000)

k-NN graphs are locally adaptive to both density and scale which makes them
particularly well suited to model clusters of varyidgnsity(Albano et al, 2012), and
shape(Ertdz, Steinbach, and Kumak003, or follow mixing trends between clusters.
Unfortunately, a globak-NN construction tends to over conneettices in low density
regionssince the nearest neighboayspan a significant distance (or similarity). Another
difficulty is selection othe uer defined parametdr values from fiveto 60 are common
(Mercovichet al, 2011; Albancet al, 2012) in the HSI literature.Selectingk too high
tends to over connect the grapiereaselectingk too low leaves the graph disjoint. This
sensitivity tok is true of manyk-NN variants and hapromptedthe development of
adaptive algorithms that provide nesleecificconnectivity 'QQ

Many graph construction and analysis techniques promote, or require undirected
(bidirectional) edges, i.e., simple graphs, so we need to modify the asymmetric adjacency
matrix resulting from the directekiNN relationship. There are two means of creating
simple graphs from directe#-NN graphs, producing symmetric adjacency matrices:
superset symmetry and mutualitylutual and superset symmetrkeNN graphs were
described in the introduction and are not replicated hemantric adjacency matrices
provide for added benefits as welor examplememory requirements are cut in half
because only the upper or lower triangular portions of the adjacency matrix need be stored.
This can be quite substantial for even average sized HS| @Adidisonally, sparse nex

operations operating on only the triangular portions can reduce computation time.
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All k-NN variantscan producedisconnected graphs, so post processing is often
required toensuregraphconnectivityif required by the analysis algorith(@hapter2.6).
Relatively speaking graphs created by invokinthe mutuality criterion are more
disconnected that their directed or superset symmetry counterpartsxample ofa

mutuality-induceddisconnected grapk shownto the upper right corner dfigure2-4.

2.3 Density Weighted k-NN (DW k-NN) Graphs
Dense groupings of points in featuigpectral)space share similar attributes of

similar magnitude and are therefore related. It makes intuitive Shese similar
intracluster nodes should be more heavily connetdeelach other than textracluster
nodeslIndeed Kameshwaran and Malarvizhi (201gtate that ensity based measures are
the keyto finding nonlinear structure, and we will find they asedextensivelyin HSI
graph generation, both implicitly or explicitliven HSI data dusters exst at varying
scales and density, we desire adaptive algorithms that adjust to hyperspace characteristics
proxi mal t o &addpionallyg thebraditidnalnoter ofEactidean densitgan
be meaningless in high dimensional spaces due to the exponential grosvih vielume
(Ertoz et al, 2003) and even the discriminating power of Euclidean distance has been
guestioned in high dimensional spa¢Bsyer,Goldstein, and Ramakrishnal99) We
note this here because many of the algorithms presented utilize traditional-tessity
constructs, and we should be mindful of the possible characteristics edihighsional
spaces with their use.

Mercovichet al.(2011)introduced the concept of density weighkeldN to encode

stronger relationshgpbetween similar nodes and promote more effective clustering by
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minimizing the impacof extracluster pixelsThe first step in the process is to assguh

pixel acodensiy (distance) score given by

é 6 kmax
1 m
() =2 08 W, =
C max "~ I(min +1: =Knmin

wherek represents the indices of no@k nearest neighbors provided in ndecreasing
order Distances to a range of NBIspecified througfQ andQ  define the range of
k values to average. Mercovich us€s psuch that 0 represents the average
di stance ®f neidghlmorsA nodespecficnumber of neighbor®'Q, isthen
assiged to each node based on its position in the histogram of codems#@gures
(i ndi cat ed zdeogre). Méravich fouhe adssgnments based on integadre
valuesin the range{8,3] worked well for HSklustering. The maximurif2‘Qassigned to
a pixel does not need to be the same as the number of neigbbed in codensity
estimation, i.e.any maximum Q ) and minimum TXQ ) number of edgesan be
assignedo a pixel based on itsscore. As such, we generalize the mapping equsatioh
that Q QN QO RACQ  8Mercovich seftn Q 8

Figure 2-2 shows a representative codensity distribution and the node specific
connectivity count,Q Ohassigned by this method usifgQ o TN phsix z-
score regionsQ p, andQ L. The percentage of pixe#ssigned teach bin is
shown above each stefsssigning™Q Qin this manner results in a large number of nodes

withx 'QQ 7¢ edges andar fewer nodes with 1 0lQ'Q edgesas shown by thé

34



mapping overlaid on the codensity histogrankigure2-2. Thek mappingis a quantized

inverse function of codensity where pixessiding in lower density regions {@gher

codensity) receive few edges (towartl® ) and pixels in high density regions (low

codensity) receive more edges (towatd§ ).
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Figure 2-2. Codensity histogramvith nodespecificNN assigned by DVK-NN.

Mercovichet al.(2011) notethat codensity distributions can take mon-normal

forms based on scene content, but the normal assumption (throughzisserel worked

well for clusteringWhile some codensity distributions may appedatively normal, they

are never rigorously normal. We verified this by testing 56 chips of varying scene content,

from different sensors, and spatial resolutions vi&tilenogorovS mi r n o v

test (U

In no instance did the test report normalitydenthese loose conditions. Most codensity

distributions were unimodal with a positiggkew (like Figure 2-2). Albeit, z-score use

under unimodal conditions is a reasonable approximation for many codensity distributions.
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HSI codensity distributionare morenormal with increasing number of bands as
seen inFigure2-2 (128 band) if the data hee higher intrinsic dimensionalit¢Francois,
Wertz, and Verleyser2007) However, codensity distributions from a small number of
bands are generally not normal. Th@wnormal behavior changelse intended mpping
of z-score based methods, c@re must be takemith their application. In these situations
thecumulative density function (CDRay be substituted farscore providinga method
to drive connections fromfX2 to ' independent bthe codensity functional form
while maintaining the intended mapping.

For anomaly detection, the abov€Q can be appropriate. However, for
classification,’(XQ2 should beseton the interval [5,10to avoid overly disconnecting
pixels upon invocation othe mutuality criterionThis range was very consistent while
trending many graph types over large range,immproving absoluteclassification

accuracies by upwards of %4percen(~2% on average).

2.4 Adaptive Nearest -Neighbor ( ANN) Graphs
The natural nearest neighbor (NNN) graph described by Zou and(Z0il)

provides a datdriven parametefree method for the generatioof node specific
connectivity This method was first applied to hyperspectrahgery by Ziemann,
Messinger, and Alban@013)while exploring target detection methods based on manifold
approximations recovered from spectral data. The novel adpebiMis that there are no
userdefined parameters and the algorithm autonomouslyglymes a nodspecific

connectivity proportional to local density.
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The NNN method maintains a list of the number of times nodeas been
identified as a neighbor by another nadei.e.,u 6 s -ddgnmee oreverse nearest neighbor
count Node indegrees are countdxy sequentially examining th& nearest neighbdor
every pixel wheré  pfB RQ . For example, the first iteration adds edges between each
node and its first nearest neighb@'Qis incremented anytime pixehppears as pix¢d s
r'" neighbor. This process continues until every pixel has been declared a neighbor by
another pixel. Naturally, nodes located in regions of high spectral density appear as
neighbors of other nodes more often than those in low density regions so-thegrees

will be higher. The algorithm connects each node to @¥Qnearest neighbors given

byO 0 " once the stopping criterion has been msolated vertices will not exist
because each pixel is guaranteed to be a member leist atwo-pixel connected
component becaus@'Q pH "Qs a termination requirement. High and I&&/Qvalues
infer high and low density regions respectively. LikidN, this method generally produces
unconnected graphs, so post processing methods to ensure connacivisguiredor
some analytical techniques.

As intuitively appealing as the NNN construction may be, it does suffer from a
pathological condition that can produce prohibitively long execution times and lower
utility. Assumea node exists that is distainom every other nodeGiven NNN iterates

until each node has been declared a neighbor by anotherthedkstant nodeill cause

4Note thath 0 "Qis notv i reverse NN list, but rathér & nearest neighbor list.
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¢ p iterations until terminatin, producing a complete grapFath pixel is connected to
every other pixgl This is obvously not the intent.

This sensitivity to isolated nodes led Ziemanml.(2013)to add another stopping
criterion (Ziemannet al, 2014). Iterationterminatesif ‘Q"Q! “Qare unchanged after
examining tha™ nearest neighbors. The algorithm as descriipediemann is provided
below wheregt¢ "Qis ther™ nearest neighbor of pixgl0 0 "Qis the set of neighbors
of thei'" pixel, andd & 1 is the number of nodes that have yet to be declared aboeigh

by another node, i.e., those with'Q Tt

1) Initialize
i phQQ nfee Q PO Q PR sdbid nm T

2) Find nearest neighbors
| i calculate thes* hearest neighboég “Qrandset 6 'Q 60 Q° &&¢ Q.

3) ldentify reverse nearesteighbor counts
| “Acount the number of timésccurs iND G "Oh"'Q pfB & and sefQQ @ ¢ o0& o
a. ifoo i 06 i p AT 1T OET OA O1T oA Al OA AT A
b. 1fmGuch thafQQ rhincrementr and return to step 2 else proceed to step 4.

4) Build graph
Connec) to its'Q'Qnearest neighbors from.  E8

The additional stopping criterioBa helps deter prohibitively long run times.
Changing a single node at each iteratanstill produce long execution times, but this has
not been observed i nispalledthe¢ adapgve nedresighbarn n 6 s
(ANN) graph and is the starting point for many adaptive methods to follow. ANN may still

producesolatedpixels andoost processing may be required to ensure graph connectivity
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2.5 Edge Reweighting
The graph construction methogseviously described create a graplwherein

edges are weightedy the metric used to determine distance (or similarity) to each node.
These metrics are called primary metrics as they are used to determine initial edge weights.
One may also chandesweight)initial edge weights based on some function or heuristic
to reinforce particular propertieglsom the primary metric space. In thissearch edge
reweighting isbased ommeasure of local spectral density, producing spectiahsity
weighted secondargneasuresReweighting does not change the structure of the graph,
only the weights assigned to the edges, so in essence it is not a graph construction technique
per se, but is addressed as such for continuity of the discussionthalstame reweighting
schemes we will encounter can sever edges by seétting 1, so hey could be considered
construction methods in their owight.

The noniterative contextual dissimilarity maag (NICDM) introduced by Jegou,
Schmid, Harzallah, and Verbe€R010) rescales distances based on measures of each
nodeds | ocalin(22.ahisemethosl has hob pwewiously been used on HSI

data, but provides a nice introduction for multiple methods in remaining subsections.

d(vi,v;)
w;i = NICDM (v; V) = ———- (22)
s.

i

J

The spectral Euclidean distan&ep v his rescaled by the geometric mean of the
local scaling parameters for each pixela n,d8Jegou defines the local scaling tas

distance to th&" nearesteighbor but any of the codesity measurementisreviously
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describedare viable local scale measures. Pixedsidj are therefore only similar if the
spectr al Euclidean distance between them i
scalé.

Zelnik-Manor and Perona (ZMP) (200#troduce a locally adaptive scaling that
transforms primary distance metrics int@aled affinities by taking the exponential of the
negative squared NICDM as showin(2.3), i.e., it is a radial basis function (RBfrheat

diffusion kernel,in spectral distance with parametgrsand, 8

d(v;,v,)?
CS;S

(2.3)

1-O:00

a
w; =ZMP(v;,v,) = expgg
¢

Parameters are defineab per(2.2), but the negative exponential results in a
rescaled space wherein the new similarity, ¥ Tip 8Zelnik-Manor and Perona also
used the distance to thé& nearesneighbor but again any scale determination method
previously discusseds applicable The additional scaling parametey is included to
provide user control over the support region of the RBF,i@andtin Zelnik-Manor and
Perona (2004) formulatigiut we addt here to facilitate future discussion

Oof course weodre free t@ s immplandtakhoose
advantage of the heat diffusion mapping in its simpiesh (2.4), which is the initial
methodof Shi and Malik (200 Usingthe heat kernel with a fixed scale is a very common

method of creating similarity matrices, and has been used by many authorZidag,

S NICDM is not a true distance metric as it only satisfies positivity and symmetry axéomapt the
triangle inequality; see Jegou et al. (2010)

40



Ye, and Zheng2013; Cahill,Chew, Wenger2015; Benedettet al, 2012; Gillis and
Bowles 2012) in one regard or anothdrprovides a connection between the Laplace
Beltrami operator on a manifold and the graph Laplacian foHtBkedata Belkin and

Niyogi, 2007). More on this aspect in Chapter 7.
a )% 0
- 2.4
\Nij = ex% —28 ( )
Q -_

Equation (2.4) methodis known as noihocal means in the image processing
literature if the sum of the weights for each pixel is hormalizezhto Buades Coll, and
Morel, 2005).

He, Zhang, Wang, and L(R009) usea simple global scaling parameter to control

the influence of the heat diffusion kerraglplied to a distance matrix. Weights are defined

by

QU 25)

¢

0 Agb

whereA 0D denotes the cosine distance between pixelsiani the pixel similarity
measure derived from the cosine distahds.a useidefined constantontrolling scaling
properties Squaring the exponential argument is the same weighting scheme uSkd by
and Malik(2000) with, ¢N8

We model arexample after that of Schnitzer, Flexer, Schedl, and Wid2t:r2)
to demonstrate the effectivenesdamfally adaptive scalingzigure2-3adisplays a simple

2-D grid of points representing three clusters of differing denaityelaunay triangulation
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is used to define edges between vertiteemphasize weight rescaling vice potential
differences due to graph construction techniques (missing edgége. \Eeightsare
initially set to the Euclidean distanbetween verticeand shaded such thiablder lines

indicate stronger similariteedue ¢ shorter distances (b).

Figure 2-3. Example dataset displaying three clusters of different demsdyedges weightingethods.

The shorter the distance, the more similar the nodes and the thickeg¢héletice
nodes in the less dense outer clusters appear as dissimilar despite being quite similar (same
average distances and density) to their surroundings. The thickest edges (shortest distances)
are in the dense center cludtecaus&uclideardistance is a global measurde resultant
edge weights aftehe application of ZMP localhadaptive scalings shown inFigure2-3c.

Notice the stronger relationg between pixels in the lower density clusters and the weaker
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edges in transition regions. Additionally, weaker edges are now apparent in the dense
center cluster because weights are now relative to local density instead of a global distance
scale.Figure 2-3d-f demonstrate global leat kernel2.4) at three scals commensurate
with each cluster. Notice that the only the densest cluster has strong weights at a small local
scale in (d). As the scale increases, the densest cluster becomes even more strongly
connected, but not the intermediate cluster weights begget stronger. Lastly, at the
largest scale, weights for the least dense cluster begin to strengthen while the two denser
clusters are even stronger. Note that the data points shown in (a) need not be three clusters,
but simply three regions of differedénsity within the same cluster.

Other variants are also possikddheit we focus on mainly the adeyg measures

for this research given its advocacy in the literature.

2.6 Ensuring Graph Connectivity
There are two primary methods tortsform disjointgraphs into conectedk-NN

graphs: merger with a spanning teespatiallyconnected neighborhosdBoth of these
methods can be applied to any graph variant enabling analysis using algorithms requiring
graph connectedness.

Merger with a minimum spanning tree (MST) is conceptually and practically
simple. First, generate a MST that identifies the minimum weight tree using a subset of
edges from the fully connected graph on the vertices, creating an undirected path to every
vet ex (Kruskal dés or Primbés algorithm are ex
MST edges to ensure connectivitya simple matrix operation that can be performed in

linear time (or less). Lab be the original weighted adjacency matix  be the MST
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weighted adjacency matrix, and be the connected graph, then | A @ ho 8

Edges present in both adjacency matrices remain, M3[Eedges are addeBigure2-4).

o

(a) Data Points (b) Mutual 3-NN Graph

@é‘«/ g?;

(c) Minimum Spanning Tree d) 3-NN+MST Connected Graph

Figure 2-4. Connecting a graph via minimum spanning tree. (a) data points;Nb) draph, (c) MST, (dk-
NN+MST graph. Green edges are MST additions

As can be seen, the disjoint graplirigure2-4(b) becomes connected in (d) by the
addition of MST edges from (c), indicated in green.

The connecteeheighborhood method takes advantage of the high spatial
correlation present in imagemyhereadjacent pixels have a high probabilitypafssessing
similar compositionThis is easy visualized by thinkingbout a grassy field, parking lots,
or sandy beaches. This assump does break down at neaial boundaries, buargely
holdsacross the scene (Shi and Malik, 2000). As such, connecting any pixel to its proximal

neighbors using fouor eightconnected neighborhoods is a reasonable approach towards
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connecting graphsbrder pixels are unwanted edges, but these are fewer in number).
Practically,this is accomplished throughlogical OR ofthe propeisubdiagonal patterns

shown inFigure2-6wi t h t he graphodés adjacency matri x.

1 2 3 4 5 6 7 8 9 10 | 11 | 12
1 0 1 0 1 1 0 0 0 0 0 0 0
2 1 0 1 1 1 1 0 0 0 0 0 0
3 0 1 0 0 1 1 0 0 0 0 0 0
4 1 1 0 0 1 0 1 1 0 0 0 0
5 1 1 1 1 0 1 1 1 1 0 0 0
6 0 1 1 0 1 0 0 1 1 0 0 0
7 0 0 0 1 1 0 0 1 0 1 1 0
8 0 0 0 1 1 1 1 0 1 1 1 1
9 0 0 0 0 1 1 0 1 0 0 1 1| SE
0] 0 0 0 0 0 0 1 1 0 0 1 0 E
1] 0 0 0 0 0 0 1 1 1 1 0 1 | NE
12] 0 0 0 0 0 0 0 1 1 0 1 0 S
NW W SwW N

Figure 2-5. Encoding spatial relationships into an adjacency matrix.

Distances do not need to be calcaethtis proximal pixels are completely defined
by their row and column indices. The two methods can also be used together. For example,
assumeall pairwise distance measurase not available from the initial construction
method e.g., fask-NN algorithnmsdo not return a matrix of all pairwise distances. An MST
can always be extracted from a spafialr or eight connectedyraph facilitating

application of the MST method to any graph construction method.

2.7 Spatial-Spectral Methods
Imagery is spatially correfed. i.e., an adjacent pixel has a high probability of being

composed of the same material as the pixel being studied. As such, it makes logical sense

to include spatial informatiorwhile constructing the graph or performirapalysis,
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especiallysegmentation, clustering, or classificatidimree common techniques found in
the literature are described in the sections to follow.
1 Forcing relationships between proximal neighbors
1 Modifying edge weights
1 Fusing information while remapping the data
Eachof them can be combined with any of the graphs built from the spectral data described

in the previous sections.

2.7.1 Forcing relationships between proximal neighbors
A spatialspectral approach called locally weighted NN is described by Mietco

et al.(2011).Pixels are connected to thé® "Q danearest neighbors, wheyeepresents

a number of global neighbors determined bykiN algorithm (any of the fixe#-NN

based methods previously described would suffice) lamghresents the number pixels
selectedrom a local spatial neighborhood centered on the pixel of interest.pias in

the local region with the lowest spectral an@e) from the pixel of interest are used by
Mercovich, but any other heuristic or metric could be used. The methodals@mpe
generalized to any technique producing a local neighborhood about each pixel, e.qg.,
superpixel techniqudabatproducearbitrary shapemstead ofectangular regions centered

on the test pixelFigure2-6 provides a toy example indicating the local and global pixels

using triangles and dots at the pixel cent

indicated by a dotted black box centered on the pikelterest.
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@ Global Neighbors

A Local Neighbors

L 1 Local Region

[] Pixel of Interest

Figure 2-6. Locally-weightedNN connects a pixel with global and local neighbors (Mercoeicdi, 2011).

The best global neighbors may also be the best local neighbors, so each pixel is not
guaranteed to have an out degreé,dalbeit the algorithm could be modified to enskire
neighbors from outside thewi window. This graph is also directed and ¢éenmade
simple (undirected) by one of the two methods previously discussed. Mercovich describes
performance with five local and 25 globatighbors. Note thahe method extends to
adaptivek-NN methods withQ'Q "QQ &b E g WHe@Q Qrepresents the number of
adaptive neighbors.

Increasing local connectivity in this manner facilitates segmentation, clustering,
and classification if regions demonstrate spat@ierencgMohan, Sapiro, and Bosch,
2006). Additionally, using spectral anglwithin a local region may help connect pixels
composed of similar matergabut with varying illumination, e.g., in and out of shadow

Spatially connecting pixels to their fowr eightconnected neighborhoods can be
interpreted as a variant of the mathwhere the selected local pixels are always based on

relative position to the pixel of interest instead of a similarity metric.
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Gillis and Bowles (2012) encode both spatial and spectral information into weights
associated wi t h ohbdrsyComstrustingtre lgraps in thip weay nredaudes n e i ¢
the number of edges and facilitates faster solutions due to sparser matrix operations.
Weights are defined by a spectrathodified spatial diffusion kerngjiven by(2.6) for all

pixels within ther x r region centered on the pixel of interest.

a
ES v - v,
P
¢

Q
w, =exp(- ;) &x g (2.6)

— denotes the spectral angle betweeand0 ,” U 0 ~ s the squared spatial
distance, and is a user definedpatiatscaling parameter. Thiseighting has a similar
general form (feature space metric times a spatial window) to that described snd
Messingen(2014) or Shi and Malik (2000put the weights are only encodiatb pixels

within ther x r spatial neighborhood, wheret ¢l 8

2.7.2 Modifying edge weights
Fan and Messinger (2014dlescribe a grapbased hyperspectral image

classification technique based on a splitmerge paradigm using normalizedittuts

locally adaptive spatiedpectral graph. The spatigpectral similarity graph isased on a

Shi and Malik (2000konstructiorcomposed ofhe product of featurgspectral)similarity

and spatial proximity terms. Fan and Messi

term with amodified ZMP variant using locally aptive scaling as shown (2.7).
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The left handside of(2.7) represents Gaussian weighted localbgaled spectral
Euclidean distance, i.e., a spectral diffusion function similar to that in the ZMP method.

The local scaling parameters,a n,d, are defined irZelnick-Manor and Perona (2004)

as the distance to th& nearesheighbor however in this treatmef®'Q is determined by
the ANN method

The additional scaling term in thdenominator(@ is an integer indicating the
number of common neighbors between nodesd j. This modification reduces (or
eliminates) the impact gbining disparate regions by increasing the weight between nodes
in the same clusteFigure2-7 shows two cases where the weight between AC is increased
compared to that of AB despite being the same distance away because A and C have
common neighborslo the left ofFigure2-7, thecommonneighbor adjustmenihcreases
the similarity indicated by edge Adespite pixel Aand B having the same density. In
contrast, to the right dfigure 2-7, the AC similarity is increasedoecause of théower
relative densitylargerlocal scale) of pixel to pixel A (, » 8ln short, ntuitively
nodes A and C are more similar than nodes A and B dheitccommunity structure. This
aspect is reinforced via use @mmonneighbors imodifying the edgeveights(2.7)0 a

concept we will exploit in Chapter. 3
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(a) (b)

Figure 2-7. Common nearest neighbdrslicate community structuf@nodified fromFanand Messinger2014.

The right hand sidef (2.7) is a spatial diffusion (dampening) adjustment that
performs two tasks: 1) @nforcesconnections between spatially proximal pixels (small
0 U ,exploitingspatial coherence present in imagery and 2) inhibits growth of larger
disjoint scenewide clusters despite any apparent spectral similarity. As such, the graph
becomes overly segmented and must undergo a merging fateglustering o
classification.The spatial dampening constant, limits the size of spatially contiguous
regions and is the only usdefined parameter.

The lack of common neighbors severs the edge, so technically this can be
considered a graph constructidechnique instead of an edge reweighting method.
Methods that spatially window data have the potential to sever spegsirallgr edges, so
they can be considered graph construction techniques as well. Should spatial terms simply
modify an existing weigh reweighting is more appropriate.

Houet al.(2013) define a spati@pectral distance measure calledjthet spatiat

pixel characteristic distance (JSPGiNen by
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- Ay 0 2.8)
QU h p Qoor]ci 2p anci h :

where all terms are as previously described. An edge of unitary weight is defined between
0 andv if they are mutuak-NN based on the above distance meadiast case, this
method i) € due to evaluation of all pairwise distances, but the spatial diffusion kernel
support can be leveraged to greatly reduce computation time.

Benedetto et al. (2012a) discuss three spatsdectral methods that were
generalized into a single equation by Qlaéi al. (2014). A fusion parametér controls
the fractional weighting of measures on the spectral gataf ( p ; naturally p T

controls the contribution of the spatial coherency component.

Just as in Hotet al. (2013), a mutuak-NN graph is constructed from tHe
measures, but the weighted adjacency matrix is allowed to take on real values according to
the output of the heat kerrial(2.4). SubstitutingQ 0 hb into the standard heat diffusion

equationand assigning  p provides the basis for three Benedetto variants (2012a) for

performing dimensionality reduction prior to data classification.
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2.7.3 Fusing information while remapping the data
A poweriul approah detailed by Cahikt al.(2014) is to forgo fusing spatial and

spectral information during graph construction and introduce them separately in the
manifold embedding process itself. Cabillal.propose creating Schroedinger Eigenmaps
(Czaja and Ehler2012 defined based on a graph Laplacian constructed from spectral
information alone, while encoding spatial information into cluster potentials for use during
the manifold embedding process. This variant is called Sipettral Schroedinger
EigenmapgSSSE). We defer discussion of Schroedinger Eigenmaps until Chapter 7, but
touch on two inherent benefits of this technology here.

1. Spatial information is only encoded in the cluster potentials and is not used to
modify the spectrally determined weights guch, the size of the neighborhood
can be made arbitrarily small while still accommodating edges between
spectrally global neighbors. This avoids tiver segmentatioproblem that can
occur with windowing algorithms.

2. Separation of spatial and spectrdgbrmation facilitates studying the impact of
changing spatialveighting characteristics. This is an inherent weakness of the
previously mentioned methods that would require regeneration of the entire
graph because the spatial measures are embedded ispdkiatspectral
weights.

We will leverage this capability in Chaptéto study the impacts of changing the

relative weighting of spatial and spectral contributions to manifold embedding and

subsequent classification. Two new spectral similarity measdagted from the data
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mining and machine learning communities and introduced in the next chapter prior to

comparing many of these methods in Chapter 4.
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NEW METHODS OF HSI GRAPH CONSTRUCTION

Many of the methods in the previous chapter are built upphcagion of heat
diffusion kernels on spectral measures where the region of support is controlled by scaling
parameters in the denominator of the exponential. Fixeerd adaptived , ) options
are both possible. Visualizations of the reweigitimocess provide an intuitive basis for
understanding their functioRigure3-1ashows Euclidean distances in native column wise
order as well as those grouped bgssl identifieto the right for theSalinasAscene. Notice
the shortest distances generally exist within each class, where classes are outlined in white
in (b). The upper left block is thenclassifiedclass and can be ignoredne may notice

the second loick is exceptionally well separated from the others.
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Pixel Number
Distance

1

1000 2000 3000 4000 5000 6000 7000 1000 2000 3000 4000 5000 6000 7000
Pixel Number Pixel Number
(@) (b)

Figure 3-1. Pairwise Euclidean distance matrix for GglinasAin native order and (b) claserted order. Classes are
outlinedin white in(b).

Application of fixed ( p mand adaptivedd p) methods are shown Figure
3-2 to the left and right respectively. Notice the strong difference betweenctivddees
where the adaptive method providasvisually appealing block structure with fewer
stronger edgem each class blockHowever, the fixed scaling method retains the same
general blocky structure as Euclidean distance because of the monotoniti¢y hafat

kernel, but the interclass separation has now increased.
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1000

2000

3000

Similarity
Similarity

Pixel Number

0
1000 2000 3000 4000 5000 6000 7000 1000 2000 3000 4000 5000 6000 7000

Pixel Number Pixel Number
@) (b)
Figure 3-2. Distance reweighting. (djxed-scale heat kernel and (b) adaptive heat ke@lakses are outlined in
white.

Striations are apparent in the adaptively reweighted graph due to varying density in
HSI clusters. Significant interclass scale variations exist indicating density is local to a
pixel and not a class as a whole. Varying densities are expected, and stiggetsis
concept of scaling by codensity to dAtight
exhibit variation. However, it is possible, this interclass variability can be exploited by
these techniques, so further testing is performed.

The DaviesBouldin Index (DBI) and Silhouette Coefficients (S(igure 3-3)
were calculated for the original and reweighted matrices to determine if the clusters are
better represead in the reweighted space. DBl and SC both show a reduction in

separability after adaptive reweighting.
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Figure 3-3. DBI and SC internal clustesalidation methods.
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Many codensitybased reweighting methods such(28), (2.3), (2.7) depend on
the product of codensities ( , So much can be learned about these algorithms through
examination of this quaity. The ratio,, Z, should be ~1.0 for all intraclass pairwise
pixels if they have similar densities. Any deviation from 1.0 indicates intraclass density
variations exist, which is not unexpected in real data. The question to be answered is if
theseintracluster variation impede the utility of densiigsed scaling. These codensity
ratios are visualized by reordering pixels by class number to create a new vector from
which a& we codensity similarity matrixS is createdwhere -|| . X, (Figure3-4,
left). The resultant we visualization should appear as a blocked matrix if intraclass

codensities are somewhat similar, digtinct for each cladgéigure3-4, right).

1000
2000 f§ ‘
3000
4000
5000

6000

7000 EMEIES

1000 2000 3000 7000

(b)

Figure 3-4. Local scale ratiosq:#Q- for (a) real dataand(b) synthetic @taof relatively uniform classlensityscales
Class blocks are outlined in white.
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Variations within the diagonal blocks to the left confirm intraclass codensity (or
scale) variations are responsible for the pattern seEigure3-2. Given this behavior, it
is worth exploring reweighting measures less sensitive to the local scale estimation in such
variable data density.

Several new spectralensity based graph consttion techniques stemming from
algorithms in the datenining and machine learning literature are introduced next as
potential alternatives to the codenditgsed methods discussed in the previous chapter and
discussed above. Of key interest are methodsdbaot ely on codensity becausts
viability as a measure of local scale is questionable, hence the impetus for examining
variants of these particular techniques. Note that any of the spatial weighting techniques
discussed irChapter2.7 may also be g@ied with these techniques to generate spatial

spectral variants.

3.1 Shared Nearest-Neighbor (SNN)Graphs
The SNN similarity (Jarvis and Patrick, 1973) is based on the premise that similar

nodes should have overlapping neighborhoods. If this is true, thiargyrof two nodes,

as measured by some primary measure, can
of shared neighbor§he strength of the similarity between two nodes may therefore be
recast(reweighted)n terms of the number sharedheighbos, i.e., the higher the number

of shared neighbors, tlmeore similar the nodes. SNN can be very effective in the presence
of clusters not well modeled by symmetric parametric distributions due to its ability to find

regions of varying shape and densityd a& widely used in the data mining community
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(Patidar,Agrawal, and Mishra2012). Variants of this method are presented as features
space similarity measures based on this property as well as its codessggndence.
Given a vertex sed consisting ofé s vertices and a neighborhood size
where™™ & , let thek neighborhood set of vertéxoe represented as) QP @, and
define the SNN similarity as the size of theighborhood intersection between taades

i andj (3.1).

YO GEQ D0 Q 00 s (3.1)

Whereas the initial implementation of SNN us$ieeéd neighborhood sets (constant
k), we recognize asymmetric neighborhoods as simply a generalization resulting from the
use of adaptive densityased methods. We therefalefine the more general densiigsed

adaptiveSNN measure as

YO 0EQ 00 Q 00 Qh (3.2

whereki andkj are the size of the neighborhoods generated for vertaedj respectively
from any of the densithased technique3he Jarvis and Patrickl973) variant is a a
special case of this generalization wh&® "Q°Q "B

An SNN cosine similarityHoule, Kriegel, Kibger, Schubertand Zimek 2010)

may also be defined and is given by

©I@ YO 0aAQ. (3.3)
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wherelV, is the edge indicator vector for nodandki, kj, and"Y0 §@iQare asiefined in
(3.1 and(3.2).

From an imaging spectroscopy perspective, whereas symmetric globularsclust
may exist in isolated regions of uniform material type, the presence of significant mixing
can result in asymmetrically extended rglabular regions in hyperspad@escription by
parametric forms ishereforedifficult; hence the need to explore medsoinvariant to
clustershapesuch as SNN

The concept of overlapping neighborhood counts was first used ingiah
construction by Fan and Messing2014)to madify the strength of a Gausstkaliffusion
spectral similarity measure derived frétuaclidean distance. This treatmealiffers in that
the spectrabimilarity is based entirely on SNN counts andiatons thereof, instead of
simply being a modifier of another technique.

Creation of the SNN grapls conceptually simple, but more compidgaally
expensive than the methods discussed thus far dihe itatersection of nearest neighbor
setsfor countng shared neighbors. The SNN similarity is therefore a secondary measure
generated from a primary distance (or similarity) metric. SNN grapd generated from

the followingthreesteps

1) Compute the pairwise (dis)similarity matrix
A primary distance (similarity) measure is used to define initial edges

2) Construct a mutual k-NN graph
Mutuality is imposed to avoid edges crossing regiondifféring density and decrease
computation time through a reduction in the number of required set intersections

3) Redefine edge weights terms of sharedneighbor counts
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The number of neighbors shared by the two nodes becomes the new edge weight,
replacingthe (dis)similarity score from the primary metric. Note that initial edges can be
severed if SNN(i,j)=0, changing the physical structure of the graph.

TheSNN construct has many desiraflealities First, SNN is built upon thie NN
relationship, whichprvi des automatic density scaling
local scale Ert6z et al, 2003). Secondly, as a secondary metric built upon shared
neighbors, it can overcome limitations in primary distance metrics due to contrast loss in
high dimensons (Houleet al, 2010), an aspect of the curse of dimensionality (Chapter 5).
Lastly, SNN has been proven to be resilient to the hub phenomenon affecting data mining
in high dimensional spaces if used for distance prescaling (Flexer and Schnitzer, 2013).
Note that whereas the HSI extrinsic dimension (number of bands) can be on the order of
hundreds, the intrinsic (or inherent) dimensionality is often much less. Intrinsic dimensions
on the order of tens of dimensions (or less) have been demonstratedh{8ehkal, 2010;

Heylen Parente, and Scheunde2817). Regardless, it is prudent to study methods more
resistant to challenges associated with the curse of dimensionality as intrinsic dimension
will increase as higher spatial and spectral resolutioesyate developed.

Conversely, as a secondary metric, SNN similarity is more computationally
expensive to the point of being prohibitive if performing neighborhood intersection over
every node. Calculating the SNN graph from every pixeltakes 0 &€ & "@ )time,
where the quadratic is the result of the pairwise distance calcylatidrthe logrithmic
term is from the intersection over the entire datasetvever,SNN construction can be
performed in reasonable time if working from an initial mutt&N construct or other

method to reduce the number of required intersections such as starting with a limited, but
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higher value fok or spatially limiting the pixels that can be conneqtéanand Messinger
2014).

Figure 2-3(d) demonstrates the effectiveness of counting shared neighbaus on
example Daunay triangulatiorsimilar toFigure2-3b. Edge weightsarereweightedsuch
that nodes in regions of similar density are more strongly connected whereas those in
transition (intercluster) regions are deweighted.

SNN edge weights are simply the number of nearest neighboesidietwveen two
vertices associated by an edde. such this construct does not utilize any information
about thenode orderingvithin neighborhood lists. Clearly two nodes that have the same
nearest neighbor are more likely to be similar than two nodesawhe shared neighbor is
the first in ane list and the last in another. The SNig¢asuranay be adjusted to include
rank information(Jarvisand Patrick1973) wherein edge weights are redefined as

W, = ak-m+n*(k- n+1), (3.4)

1]
v {NN(i)L NN(j)}

wherek denotes the size of the NN set, amdndn are the ranks (positions) of the common
neighbors in0 0 "Qa nl0 "Q respectively. Jarvis and Patricknote that ranked
component contributions can also be added if multiplication is too s&alecomponent

of thesummatiorin (3.4) hasthe same form,Q & p. Theleftpart °Q & produces

a scalar inversely proportional to ranking, i.e., lower ranks result in higher scalars, but
spans [k-1]. Thef + &ligns component contributions to fJL,so that there are no zero

components.
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Usess may threshold SNN weights as pafta clustering algorithm or leave the
weights as is foanalysesequiring connected graphs in subsequent processing (e.g., target
detection). In the latter case, there are fewer artifioiginections created during post
processing to ensure connectyyiso the graph is more representative of data structure.

Figure3-5illustrates the utility of rank dependent weightsa 3NN toy example
andsubsequentlyeweighting each edgeith its SNN score. Notice the simple SNN count
produces the same edge weightvad for0 h) ha nid despite the faal is not in the
same cluster a® and 0 . The rank dependent SNN similarity measure shows that

0 a nud are much more similarthan AT W or0 a nud, in line with our expeettions.
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3-NN(k) = {b, a, i}

SNN Similarity
Count |Rank Dep
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Figure 3-5. Rankdependent SNN similaritypottedellipsestouching the edge @&achnode denote its-BIN.
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It is interesting to note that this particular situation is avoided by an initial
construction enforcing mutual k-NN, i.e., edges to nod® disappear because®
00 Qanuwe 0 01Q.

The mutuality constraint used in the construction of initial edg# only provides
protection against edges spanning regions of different density, but also maintains a balance
in nearest neighbor list size. Imbalanced nearest neighbor lists may cause dissimilar nodes
to appear more similar than those that are indimatiar. For examplekigure3-6 shows a
case where the neighborhood size and geometric configuration is such that there is an
imbalance in the intersections between pairs of nodes. In this wasda) occupy a
position in each othero6s neardpossblerearasthbor
neighbors in the intersection by one for each node. Nodeo e sn 6t hh®eén ei t he
its nearest neighbor list, hence has a larger number of nearest neighbors left from which to
form a neighborhood intersection set witther nodes. This imbalance creates an extra
term in the sunfrom (3.4) for b which may result in a higher similarity score and cause
0 a nuw to appeamore similar tob than to each other (edgeis weighted from two
common neighbors edges, where edgesdkj are weighted from three). Note that the
magnitude of the imbalance effect decreases with increasing neighborhood size, so regions
of low density are impacted the most e.g., lower density regions from adaptive nearest

neighbor techniques.
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Figure 3-6. Lack ofthemutual constraint can lead &m undesired similarity scare

The SNN similarity variants above do not account for the distance (or similarity)
between nodes either, only their overlapping neighborhoods and ranks. A node may have
the same rank with respect to two other nodes, but have vastly different distances
(similarities) to those nodes. In this case it seems appropriate that this node contributes
differently to the SNN score for each of the two nodes. A modified metric bésélic,
Haugeard, and Pittg2008) uses the shared nearest neighbor count, rank, add no
similarity given by
W, = a (k- ma@sim, +1)* (k- nQisim, +1), (3.5)

vi {NN(i)1 NN(j)}
wheredsimis a dissimilarity measure between nodes. The more dissimilar the nodes, the
larger the subtracted term, hence the smaller the component contribution. Similar nodes
(low dissimilarity, small distance) result in smaller values being subtracted Krom
increasing the component contribution. In this work, the cosine distance will be used as the
dissimilarity metric to promote higher scores for those neighbors that may have varying

illumination. The sensitivity of cosine distance to dark pixel selection igated by the
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fact only nearest neighbors are subject to the meti¢cdark pixels would be too far away
to be initiallyselected
The asymmetric neighborhood variants are given by simply replacingdtise i n
(3.4) and(3.5) by Q'@ n"@tespectiely.
3.2 Mutual Proximity Graphs
Introduced bySchnitzeret al.(2012) mutual proximity (MP) transforms distances
into similarities such that pixels with similar nearest neighbors are brought closer together,
whereas those with dissimilar nearest neighbors are pushed farther apart. In this sense,
mutual proximity isakin to local scaling except mutual proximity is a global vice local
transformation.
To calculate MP, distances betwaerand all other nodes are assumed to originate
from a known probability density functio®), Using noded s  d e dsstritautiooP( ),

the distance fromd tob |  can be interpreted as the probabilityis a neighbor ob

by
P(d>d,)=1- P(d¢d|)=1- CDF(d]), (3.6)

whered ‘O '®the cumulative distribution functiaf P( . The probability a random node

is a nearest neighbor of nod#herefore increases with decreasing distanceddersity).
Obviously 1 and Tiproduces a probability of 1.0. This conceptepresented
graphically inthe bottom offFigure 3-7 for a normally distributed distance distribution
Marginal distance distributions are shown below and to the left of the scatterplot for nodes

i andj respectively. Using the lower margirdistribution as a referencdae probability a
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random nodé with distancé is closesto nodei is given by thedark shadedrea to the
right. Calculating the mutual proximity between nodasadj is then reduced to a counting
exercise over the remn of jointsupport)( 1 ATIA 1 , normalized by the total
number of pointsD | 1 01 thereforeindicates node¢ is more likely a

neighbor of nodethan node.

25 T T T 25 T T T T T T

pixel j

P(i~j) = P(3),>0,) and P(8,>3)

0 0.05 0.1 0.15 0.2 0 5 10 15 20 25 30 35 40 45 50

Figure 3-7. 2-D scatterplot of distances from nodgs axis) and (y axis) to all other nodeand their MP.

The distance distributions fob and U are naturally different,so 0 1

a nu 1 are not the same. This is similar to the clieel relationships that
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emerge ink-NN graphs wher@ may be a nearest neighbor wf but0 may not be a
nearest neighbor af .

Calculating mutual proximity is conceptually gifa; count the number of nodes
having distance |1 to bothv and 0 and then divide by the number of nodes to
normalize the probabilitySchnitzeret al, 2012) This is shown graphically to the upper
right in Figure3-7 andrepresentedy (3.7).

V(g y = 10 i > A LK 0 > ) (37)

n

The mutual proximity reeighting for theprevious threeluster example with
variable densities is shown igure3-8(e).

Counting exercises on large datasets can be computationally expensive, therefore
we wish to find efficiencies wherever possible. For example, if we assume independent
codensity distribubns, then mutual proximity can be easily calculated via the praduct

the marginal distributions as
MP (¢)) =P(d >d;) &P(d] >d}), (38)

wheret he s ubscr i phe indededdenti macyinad digtribdugioassumption
Assuming ndependence did not adversely affect results on stamdacthine learning

datasetsn Schitzeret al.(2012) Similar tests on HSI data are discusseGhapter 4
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Figure 3-8. Example dataset displayirfg) three clusters of different densifp) Euclidean distance weightinand
threeedgereweighting methodg(c) ZMP, (d), SNN, and (e)IP. Performance measures (f).

Comparisons othe different edge reweightingariants is povided inFigure 3-8.
We repeat the data points and initial Delaunay triangulation edges in (a) and (b) for clarity.
The resultant edge weights after the application of ZMP locally adastaleng,shared
nearesneighbors, and mutual proximity are showrrigure3-8(c-e). Notice the stronger
relationship between pixels in the lower density clusters and the weaker edgasitioh
regions. Additionally, weaker edges are now apparent in the dense center cluster because
weights are now relative to local density instead of a global distance scale. Each graph is
partitioned into varying numbers of clusters by the normalizes algorithm (Shi and
Malik, 2000), with the resulting cluster uniformity shown in (f). The SNN method had the

highest uniformity.
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Euclidean distance is approximately normal due to the central limit theorem if
features (bands) are generated from indepenaled identically distributed datai(d.)
(Jegouet al, 2010) Whereas most dataenoti.i.d., Schnitzeret al.(2012)point out this
approximation increases in accuracy with increasing intrinsic dimensiortatyever,
the empirical distributioncan be used if the data are not reasonably modeled by an
analytical distributionsacrificing speed for performance

The computational complexity of mutual proximitylis € at a minimumdue to
the evaluation of all pairwise distances and intersectidhs.intersection escalingdoes
takeadditional time, but if we can assume the marginal distributions follow a functional
form, we can use a pixel subsgt,to estimate the distributional parameted%( ¢ ).

This reduces the number of rescaling calculatitm™2 ¢, resulting in linear rescaling
complexity(Schnitzeret al, 2012) Additionally, one may use a fast NN technique, pulling

far more neighbors than typically needed, but still orders of magnitude smaller than the
s In this case, mutual proxingiis calculated on the larger NN sets, with the larger part

of the distribution simply being added as

We previously noted some of these techniques are computationally expensive
without some means to reduitee number of pixels examined. Practically, running larger
images on a single machine may become prohibitive. However, the recent availability of
massively parallel commodity computing enables scalable processing on demand, reducing
execution time to relea n t |l evel s (if youdre willing t
approach is the use of fast or appmate nearesteighbor algorithmsvhich cangreatly

decrease execution timeith little reduction in performance (Benede#t al. 20123,
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2012b). Qualitydegradation can be lessened by returning a & list than necessary

with fast or approximatk-NN, then whittling down those results. The use of paktdN

lists does not preclude use of SNN because shared neighbors are likely within a fraction of

nearest neighbom@nyways Additionally, errors in low mutual proximity values will not

i mpact results as weodre only pr,scatlargeal |y

fraction of pixel distances donadsnglentam.d t o

For example, we return 20% of nearest neighbors and determine their sorted order for the

empirical mutual proximity measure. The remaining 80% can simply be added as a bias

without sorting all the distance because
We nowhave enough basic information to understdnetationalebehind thdive

key performance issues studied in the next chapter.
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A4

GRAPH CONSTRUCTION PERFORMANCE

In the beginning of thithesis we stated thperformance of graphased algorithms
is dependent on the quality of the constructed graph. It is therefore good practice to study
the resultant graph characteristics and relate them to common HSI processing tasks to
ensure appropriate construction methack selected for the desiradalyses. For example,
do mutual, superset symmetric, or directed graphs offer better performoes?the
answer change based on scene cont8htiuld adaptive variants be utilized instead of
fixed k methods? To begin to swer these questionthe performance ahe previously
describedgraph construction techniqués examinedo determine whichmethodsbest
preserveeommunity structure of the data by answefing questions most relevant to data
clustering, segmentatioand classification.
1 Which method is best for symmetrifying adjacency (or affinity) matrices:
mutuality or superset symmetry?
1 Are spectraldensity based adaptive construction techniques better than
fixed neighborhood sizes for the same number of edges?
1 How do symmetrified matrices perform with respect to their directed
counterparts?
1 Does edge reweighting after edge selection improve the community

structure of neighborhood lists?
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1 Does prescaling primary metrics priork®N graph construction improve

perfamance?

Algorithms describedor instructionalpurposesvere not evaluated. Note that the
intent of the following sections is to study the resultant graph structure (characteristics)
from these construction techniques, not to offer new classificationtaigs. In doing so,
we will see that some graph construction methods are better suited for classHikation
tasks. We defer the analysis of geodesic distances and manifolds, also commonly used for

anomaly and target detection, to a future publication.

4.1 Metrics
A simple majorityrulesk-NN classification was used to test the performance of

each grapleonstruction technigu&ummary accuracy metrics representing the percentage
of correct class assignments are produced for eachicatian of image and gph type;
tiesarebroken by assignment to the class with the shortest distatice test pixelNote
that we use thk-NN classifier as a metric for studying the health (or uniformityd-isiN
lists, not to achieve the best absolute classificatiocuracy.More robust graptbased
classification techniques exist that are better suited for such a comparison.

Whereas th&NN metric establishes summary classification performance for each
graph construction technique, it shows limited difference betalg®rithmsstarting from
the same set of initial edgebse., many of the adaptivethniquegreviouslydiscussed
startwith an ANN graph. As such, thekrNN lists areidentical so their majorityules
scores arghe same (tie results may differ basad the metric). Essentiallyhe only

differencebetween these graphs dne edge weiglstassigned after initial edge selection
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somany of the techniques previously discussesieferred to asdge reweightingchemes
and produce @s e carcusheaent }his probkem, gam additional Ttest was
applied to examine the structure of #aBN list themselves. The simplest form of this test
assigns a score to each nearest neighbased on its rank in pixé k-NN list as’QQ

i 0t piQ QEach pi x-edsdlsneighbarhood scores are summed and
normalized to produce values in the intervidiQQ . Scaling toQQensures that pixels
with high similarity to many neighbors receive more weight than pixels with high similarity
to a small numeér of neighbors.

Edge reweighting methods such as ZMP, MP, and SNN theoretically reshuffle the
order ofk-NN lists such that spectrally similar pixels more aligned with the density of the
test pixel move closer whereas those in regions of differing gensite farther away. As
such, the above scoring method characterizes reshuffling by increasing the overall score
when pixels of the same class as the test pixel move to lower ranks (closer to the test pixel)
and dissimilar pixels move to higher ranks (fiartaway). While intuitively appealing, the
scoring method does suffer from a shortcoming related to use of integer ranks. Two pixels
that change ranks due to extremely small differences in their secondary edge weights will
be assigned disproportionate ngas in score due to integer ranking. Additionally, the
method is insensitive to the case when pixels change weights dramatically, but retain their
current ranking.

To combat both disproportionate changes in score and lack of changing ranks, an
additionalstep is taken during the scoring process. The first and last scores (ranks) are

locked at the number of neighbors for the test pé&D, and one respectively. All pixels
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that fall in between are interpolated to their floatpaint positions in rankpace spanned

by the first and last pixels. This interpolated rank is then used as the pixel score. In this
way, pixels that change rank due to small differences in secondary weights are assigned
scores that are virtuallglentical. Theadjusted rank metialso handles the case when
pixels retain their original rankings but shift relative to the test pixel, changing their
resultant scores even though the ranks are unchanged. The improved (adjusted rank) metric
is illustrated inFigure4-1 for a pixel with 19 neighborsNotice that integral rarkased
adjustments artificially increase node separation between the first two pixels, whereas
fractional positions achieve wghtings in line with node separation indicated by the
distance metrice.g, separation in rank space (left arrows) always equals one, while the

adjusted rank score (right arrows) is proportional to pixel similarity.
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Figure 4-1. Rank and adjusterhnk scoring for evaluating the structurekefiN lists.

As can been seethe adjustedank scores of the two leftmost pixels (circles) are
virtually the same because their distances from the pixel of interestearly identical.
This is not true of the ranéinly scoring that displays integer differentials (triangles).
Additionally, there appears to be a separation between nearest neighbors into at least two
clusters. Those in the cluster closest to the te®ll are assigned much larger relative
scores than those pixels appearing to the right of the apparent cluster division. Bars to the
left and right indicate the magnitude of the difference between two pixels for themgnk
and adjusted rank measurespegively. Note that this metric is appropriate for NN lists
of the same size, so will only be used for the edge reweighting tests.

A simpler neighborhood health metric that overcomes the requirement for the same

sized NN lists is thé&oeedge ratio, defined as the number of edges between vertices with
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differing class labelgground truth class assignmemsymalized by tB number of edges
in the graph (OzakiShimbo, Komachi, and Matsumot®011) Lower scores are thus
indicative of moreauniform NN lists. This metric is good for measuring changes in global
k-NN health from prescaling tests as it quantifies the change in number of edges to similar
pixels while avoiding the issues associated with weighted ranks eameparing NN lists
of differing sizes for the same pixel.

Additionally, one may simply count the number of pixels with improkedN
health scores from any metric. While not indicative of the degree to which any edge weight
changed, this metric gives a good indication of the memof pixels impacted by
reweighting or rescaling schemasd can be useful for visualizing trends due to its

guantized nature (improved, no change, degraded)

4.2 Experimental Datasets
Several datasets with substantial ground truth coveragereddrom ttke Purdue

Multispecwebsite(BaumgardnerBiehl, and Landgrebe, 1982he Telecommunications

and Remote Sensing Laboratory, Pavia University via the Grupo de Inteligencia
Computacional (GIC) Universi of Pais Vasco, Spain websitnd the Nationdhstitute

of Standards and Technology (NISW)TRE Corporation partnershipere used for the
performance evaluatiaifable4-1). Atmospheric absorption bands were removed from all

datasets prior to evaluation, except for Mieroscenewhich was acquired in a lab.
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Table 4-1. Classification Accuracatasets

Data GSD Scene

Dataset Sensor Bands Source
Type [(m] Type

Salina®\ AVIRIS rad. 3.7 204 rural GIC
Salinas AVIRIS rad. 3.7 204 rural GIC
Indian Pines AVIRIS rad. 20 193 rural Purdue
Pavia ROSIS ref. 1.3 102 urban GIC
Pavia Univ. =~ ROSIS ref. 1.3 102 urban GIC
Microscene SOC710 ref. 1.3E4 80 ~rural MITRE

The reference section provides websitasdownloading test data. MITRErovided data is from a partnership
with NIST.

Shorthand notatiomnd acronyms: reflectanceef), radiancer@ad.), ground sample distance (GSD), Reflectiv
Optics Systemimaging Spectrometer (ROSIS), Airborne Visible/Infrared Imaging Spectrometer (AVIRI
Surface Optics Corporation (SOC). Sensor descriptionsb@dgund in the references

Some images were cropped to regions of dense ground truth coverage to avoid
unneeded calculation, or reduced in scale by nearest neighbor resampling to increase spatial
diversity. A true color composite of an example data set and associated gnaih map
are shown irFigure4-2a and lrespectivelyAppendix A containsmageexamples of all

ground truth data.
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Figure 4-2. Indian Pinesdataset for ssesment ofNN heath. (a) true color imagend(b) ground truth map
(Baumgardneret al, 1992)

Unclassified ground truth pixelgere used in graph construction, but removed from
theclassification metrics as they could also belong to a ground truth class, but simply were

not labeled.

4.3 Results
We present several studies addressing the questions posed at theGStaptef 4

to demonstrate graph characteristics and determine constrymtactices required to
promote the health of nearest neighbor lists for applications utilizing-paged analysis.
The intent here is to show how selection of certain graph construction methods/criteria
compare to each other, not to maximize the vafiaay metric. We start with a comparison
of overall classification accuracy to provide some high level perspective prior to
specifically addressing tHeve questions posed at the start of this section.

For this perspective test, 12 graph®presenting anbinations of three adjacency

matrix types (superset symmetry, directed, and mutual) and four edge allocation methods
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(k-NN, DW k-NN, DW k-NN with CDF, and ANN are constructed for each of the six

Table 4-1 datasets usin®2 Q i A@Q 8A k-NN classifier is used to generate
overall accuracy measures, which are subsequently sorted in ascending order. Each method
is then assigned a geoequivalent to its rank in the sorted list, i.e., the highest overall
accuracy receives 12 points, while the lowest receives one point. This process is repeated
for all six images and the resultant scores are summed as a representation of general graph
performance.Figure 4-3 displays the scoring results and peaitmalized marginal

distributions associated with the adjacency matrix type and the edge allocatiod.metho

kNN

DW w/Z

DW w/CDF

Graph Construction Algorithm

ANN

Superset Symm. Directed Mutual

Adjacency Matrix Type

Figure 4-3. Summary tassificationaccuracyfor all scenesisingthreeadjacencymatrix typesand four edge
allocation methods

The superset symmetric and directed adjacency columns clearly indicate the benefit
of densityweighting as evidenced by the large step betwee¢N and the density weighted

variants. However, the same pattern is not apparent in the mutual columns, vehere th
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mutualk-NN graph has a score on the order of the adaptive variants. This was traced back
to a combination of ground truth sparsity for the urban scenes (especidlgiz@mage

and pixel labeling. In the urban scenes, pixels of the same clasthakisere not included

in the ground truth pixel labeling, so they can reduce the number of edges to labeled pixels
of the same class. Additionally, materials of interest are typically on smaller objects in
clutter scenes, hence there is a higher prolatufi edges being labeled during ground
truth generation. These edge pixels are composed of multiple materials, albeit largely the
material of interest, and can switch class membership with vakyihbis was explored

by increasindk from 1 to 250 and tking pixels that alternate from correct to incorrect,
and vice versa, e.g., edges pixels in Bawia scene comprise only ~25% of the ground
truth data, but account for ~60% of pixels that continuously alternate class membership

with k.

4.3.1 Adjacency symmetri fication method
Two methodsaredescribed inChapterl.3 for converting asymmetric (directed)

adjacency matrices into symmetrimdirectional undirectedl variants: superset symmetry
and mutuality. The superset symmetry method forces all diredigek to be bidirectional,
while the mutuality constraint only retains existlidirectional edgedAre either of these
methods better than the other? Under what circumstances? To address these dhbestions,
classificationaccuracyof both adjacency symetrification methodsare comparedvith

their directed counterpart (the initial directed graph)aaglative measure of nearest
neighbor uniformity Full confusionmatrix analysis is used to assess statistical significance

of the results.
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Figure 4-4 displaysdifferential accuraciedor combinations ofgraph type and
image, where the differential is constructed such that positive values indicate the
symmeérified graph(via mutuality or superset symmetrglitperforms the directekdNN
counterpart This is different than the previous test in that it compares symmetrified
adjacency variants directly to their directed parent instead of examining performaiice of

methods to each other. Tliest row of Figure 4-4 contains results for a smaktland

'Q  values calculateds the averag® (s from the ANN algorithmBThe second row is

an analogous test, but wikhset to the maximum ANRR'Qvalue. Both are provided to
demonstrate performance over a br&adng€. Note thatANN is the same in both rows

as there is no notion ofleparameterThek values for each scene are provided below the
lower left of each graphic row. Scene ordering is shown in the lower left panel of the upper
graph, and consistent for all tedtsxedk-NN graphs nearly always benefit from invoking

the mutuality criterion, while AN shows a very small difference between all three
adjacency matrices. Regions of overlap between symmetric and mutual variants are

represented by an intermediate shading. Differential magnitudes are small, but noticeable.

6 This is also the number of iterations required for ANN to terminate.
" Results were trended over tenskafalues to establish these relationships. We only provide two here as
an example demonstrating observed trends.
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Figure 4-4. Differential accuracy results for fixechd adaptive graphat low (top) and high (botton# values

Mc Nemar 6s paired difference test was us
each method and establish statistical sigaifcewith a critical value of 18t L Any
test statistically the same as the diredtddN r es ul t i's indicated w
symmetry) or O0MOr g snpuetcutail vye atbeosvte. tAhedZ6 abo
symmetric and mutual results astatistically the same. Apparent trends and their
significance are discussed in the bullets to follow.

1 Construction techniques enforcing adjacency symmetry by mutuality
instead of superset symmetry are superior for capturing community
structure in HSI data. This result is intuitive basegh@aviousdiscussios,
where the mutuality constraint provides prot®n from edges crossing

regions of disparate densities, therefore promoting cluster uniformity.
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Supersetyammetric results are statistically the same as the dirdeidd
results for a large numberf tests, suggesting adding additional edges in
this mamer does not produce much value.

Mutuality is always the poorest performer for fhavia scene due to the
previously described edge pixel condition.

Densityweighted construction methods generally have lower differential
accuracyscores than the fixed method, indicating that spectidénsity
weighting does a better job connecting intracluster pixels so there is less to
be gained(or lost) from adjacency symmetrification, i.e., theatively
producehigher edge allocation in denser regions more likelyscsting of

the same material.

The general pattern of reduced differentiaturacyscores moving left to
right in Figure4-4is consistent acrossiaoad range df values where ANN
typically has the smallest differentiatcuracy followed by the DWk-NN
techniques, and then fixddNN indicating fixedk nearest neighbor lists
have more intercluster edges than their adaptive counterparts.

Thek-NN graph alwayglisplaysthe largest benefit from applicati of the
mutuality constraint because there aneadequate number of neighbors for
mutuality to reduce intercluster edges, i.e., all pixels are assigned
neighbors, and feer pixels are subsequenttljsconnected from the graph.

Isolatedpixel creation is problematic for mutual variants wikers low.
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1 Symmetric and mutual variants are typically statistically different, except
in the case of ANN and densityeightedk-NN with CDF, wherein some

rural (less cluttered) scenes begin to show no difference.

Examiningthe correspondingesedge ratis for the maximunk plots (Figure4-5),
we see that they look very simildout the percentage dleedgesis larger than the
commensurate differential accuracy. This infers that differential accuracy is a function of
%ocedge rab, butthat the relationship isot oneto-one This isanticipatedgiven adding
some incorrect edges to a pixel with a large number of intracluster edges will likely not
impact the overall classification accuracy. Similarly, adding correct edges toeatlyor

classified pixel does not improve the accuracy score.
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0.1 kNN DW kNN DW kNN with CDF ANN

Figure 4-5. Differential” -edgeratio plotsfor the maximunk row in Figure4-4.

Grouping differential accuracies by scene type (rural vs. urbafind the mutual
method outperforms the directed and symmetric variants in scenes with large uniform
regions by ~1 % onvarage. Should an investigator choose to invoke mutuality in a

cluttered urban scene, these data indicate doing so from a fixed, rather than ddaiiive,
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graph can be beneficial, albeit more urban data with ground truth should be investigated
before thiscan be taken as a generalizatias thismay simplybean artifact of object size

relativeto the GSDAt a minimum, ensurindd "Q¢ vlp Ttwill help mitigate this issue.

4.3.2 Adaptive vs. fixed nearest-neighbor lists
The previous section quantified the performance difference attained by invoking an

adjacency matrix symmetrification method. However, those tests did not ensure the same
number of edges in each graph construction. This section investigates the ability of
adaptive and fixek method to encode community structure, while ensuring the number
of edges are approximately the same, each adjacency matrix has essentially the same
sparsity.We utilize the directe@-NN graph because the number of resultant edgeaot
dependent on the effects of a symmetrification method. Note that aligning the number of
edges for the density weight&NN techniques involves distributing the total number of
edges from ANN to each pixel lbraamckisinoteas t h e
simple as assigning the avera@&éQvalue tokmaxfor those algorithms

Investigation of théeedge ratio with the aforemention&Qassignments is used
to demonstrate differences in the number of intercluster edges resulting &cm e
construction methodrigure4-6 displays differentia%eedge ratios for each method across
the same six datasets, where the differential is talkeh that positive values indicate the
adaptive technique creates fewer intercluster (more intracluster) edges than the fixed

technique enabling better clustering and higher classification accuracy.
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Figure 4-6. Differential” -edge ratios between il and adaptive graph variants by scene

Figure 4-6 demonstrates that adaptive techniquesshHawer %cedge ratios than
fixed k techniques. This was expected since these algorithms allocate more edges in dense
(similar) regions, hence increasing the probability ofreeeting intracluster nodessedge
ratio tests are pixedpecific, therefore produce distributions of values that need to be
compared. We uti | i z e-tesiMe Icamipaiesthe Tneans & aaclp | e
distribution. This test is fairly robust to deviations from normality for large sampés si
(true here), hence is applicable to our skewed distributions. Additionally, we compare the
%oedge ratio distributional forms with the KolmogofBmirnov Test (KS Test), because
the test does not assume normality. The resuftarsiiues from both testare combined
with Fisherds Met pae used fopsigrifidance eestimg wghi n gl e
T3t L All tests rejected the null hypothesis that the fixed and addptistributions were

same (all results significant), hence no annotations axedg on the graphic.
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An interesting point to note is th#bedge ratios upwards of ~9% are observed in
Figure4-6, but no such confusion differencasvobserved in previous tests. This is due to
the fact that adding intraclass neighbors to pixels that would have already been classified
correctly has no effect on the classification result. However, it does decre&&edge
ratio because the neighlhmod list becomes more uniform, i.e., the mapping fi@edge

ratio to classification accuracy is mmteto-one more on this in the next section.

4.3.3 Construction performance with varying k
To support conclusions from analysis of the twealues, (X2 and CXQQ in

Chapters4.3.1 and 4.3.2 and provide a synoptic perspective across a bkoaahge
parametric studies on the fogmaph types ifFigure4-3over plt v Twere performed
Several quantities were tracked over the entire rangiédhree adjacency matrix types
(superset symmetrj directed, and mutual) via series of thredashboardplots of six
graphs each and displayedRigure 4-7 throughFigure4-12. Each of these dashboards
start with an introduction to the purpose of each graph, followed by the results for each
respective experiment. Note that we only provide fix®&tN and ANN graph construction
results as the other densitieighted techniqueare similar to ANN, but with varying
magnitudes. We make additional notations about these other dersifyted graphs with
each discussion if an interesting result was oleskrv

Thex axis of many plots to come spaf® plt v Tior k-NN graph construction.
Note that for ANN graphs, the neighborhood size of each pixel varies, so edges are only
created up to thsize of theadaptiveneighborhood, e.g., R°Q ¢ Tand QQ ¢ vy edgs

from pixeli will not be scored whef® ¢ phoweveredges will continue to bereated
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and scoredor pixelj as long af) ¢ v Pixelj ceases contributions aft€ ¢ yand so

on. This is very different than the fixddNN graph, where each pixel is agsed a

neighborhood of siz& ¢ v on the last iteration. We noteatwhen™Q  has been
reached, so the ANN plots level dfécauseedges ar@o longerbeing allocated. We do
this to facilitate comparison over the full range&kaeilues from theiked k-NN tests.

On the first dashboard, we pltite overall accuracy average accuragyand
intracluster edgedor the k-NN graph in the top four ploté~igure 4-7). These three
guantities use thg axis to the left. Additionally, the fractional number of pixels that are
assigned to thenlabeledclass by thek-NN algorithm are identified on the sameotsl
(pixels assigned to zerand read using theaxison the right Pixels assigned to zewrre
plotted to demonstrate methednsitivity to incomplete ground truth. The upper left and
right plots show these quantities for the superset symmetric aradeditleNN graphs
respectively, where the legend for all graphs is shown only once in the upper right plot.
Mutual k-NN performances shown to the center left, while a zoomed in cross graph
summary graph is provided to the center right. All graphs shoavérage and maximum

"0Q values as dottedertical lines Some observations are readily apparent.

1 Overall and avexge accuracy generally decreasd increasessseen in
the superset symmetric and directeldd plots.These results are indicative
of the fact that pixels are less apt to be from the same class as distance
increasesScene segmentation using an agglomerative strategy might be
best served by seeding sub clusteith a small k value based on these

results.
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1 The rate of performance dedadion withk is slowest in the mutudNN
graph indicating the benefit of the mutuality constraint.

1 Atlow k, the mutuak-NN graph performs poorly, but has a sharp rise in
performance until it rolls over and begins the general downward atead
slower rate tha the superset symmetric or directed variaftsis is an
interesting result given that the percentage of intraclass pixels is highest at
those values df, but is explainable givetine previous discussions on the
mutuality criterion. Imagine thease where two pixels in a dense cluster
center are each assigned one neighbor. The chance these two pixels are
mutual neighbors ismall even though these pixels are in the same dense
cluster center. As the nearest neighbor list grows, these pixelsinavera
increasing chance of being neighbors, hence surviving invocation of the
mutuality criterion. Given the dense nature of data near cluster centers, it
does not take long before pixels have at least one neighbor in common. As
such, the superset symmetrand directed graphs have bdsNN
classification accuracy at very lda( x 8

1 Mutualk-NN grapls havethe best performance over all methods as shown
in the center right plot. The numbers on the pld@@t andCQ indicate
mutual k-NN outperforms superset symmetric graphs by 4.8% and 6.1%
respectively. Directek-NN graphs falls in between this extreme. The
mutual k-NN graph has the highest performance at high k because of its

ability to throw away directional edges that are not ficored by
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bidirectional relationships. The superset criterion foeesryedge to be
bidirectional, everthosethat cross class boundaries due to natural spectral
variability, overlapping clusters, or mixed pixels that igentified with a

single class Wwile possessingome smaller percentage of a second material.

Summary statistics on the number of edges from each pixel (as noted in the legend),
with minimum and maximumQ'Qalues are shown as solid andttdd line types,
respectively. Note thatosne ofthe curves between the adjacency matrix types overlap,
making it difficult to comprehend the minimum to maximum relationshigotted vertical
line is drawn from the minimum to maximum curves@t p xfg ¢ ¢ dor the
superset symmetric, directed,damutual variants respectivetg mitigatethis difficulty
without creating addional plots. Placement at differet values avoids possible
obscuration conditions. Sometad observations:

1 Adjacency matrices creatda superset symmetry have the modges,
follow by directed adjacency matrices. This is to be expdobead(1.3).

1 Adjacency matrices creatdyy invoking mutuality have a minimum node
degree of zerat highk values indicating there are some pixels (anomalies)
far away from all other nodes.

f The maximumQ'ébserved in the mutual variant has a maxiniglightly
less thark. This is to beexpected from(1.4) andgiven the probability of

any two nodes having the exact set of mutual neighbors is slim.
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9 The minimum and maximuri curves are tb same for the directddNN,
so there is no apparent dotted vertical lbeeausehey are stacked on top
of each other.
As for the number of edges that cross from labeled to unlabeled vertices, we see

that this number just continues to grow slighthkascreases.
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Figure 4-7. k-NN Dashboard #1: Accuracies, edges counts, and cross gnutinédges fomdian Pines
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Similar observations for th&NN edge allocation techniqueee providedelow.

1 ANN absolute and average accuracies more ragmldglines than their fixed
counterparts, but quickly level off at higher accuracy values. The rapid decline is
due to including NN as a function kfinstead of the order in which the edges were
created, i.eif may take some time for a node to be declared a NN by another node,
but we check th& p edge at the first iteration in this analysis. Checking the plots
as a function of edge creation instead of sinkplyould change the rate at which
both accuraciedecline, but establish the same higher end result.

T All ANN graphs have a slope of zero affé2 . Given there are no more new
edges tdeincludal in the analysis. The graphs are extended to the laf§@est
observed in all imagery to maintagpot consistency, so this is simply an artifact of
the chosen range definition.

f The rate at which ANN curves approach the steady stat€Giter is slower than
that of the fixedk graphs becaus®t all pixels hav&X) neighbors. In fact, many
have™Q “CXQ , so they stop contributing aftt® ‘Q&This has the impact of
dropping many pixels from the analysis, only leaving those in dense regions (high
‘Q"Qalues), where adding an additional edge has little impactlassification
performanceghigh chancef already beingorrecty classified)

f  Mutual graphs are still the best performing over the rafi§® CQ , butbya
much smaller margin (a factor of 2 to 3 times less). The directed variarnsés o

the mutual variant in this case. However, in other densgighted graphs, the
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directed variant has appeared in various locations between the superset symmetric
and mutual rangesibeitthe relative ordering always remains the same.

The Q'Qlots display a very different story compared to the somewhat linear
appearance in fixe®NN graphs. First, all adjacency methods have vertices that
are disconnected, i.6Q°Q 1t this can be seen by all vertical lines extending from
the maximum to zeroSomepixels always have a new edge added, hence the
maximumeki is linear withk below the maximunki value.

The edges crossing labeled tdabeled data display a maximuracause initially,
when many pixels are examine@ ( Q" Qedges may still appear between some
labeled and unlabeled pixels. Eventually, only pixels in denser regions (higher
"Q"®emain. As such, only edges more likedyconnect to pixels of the same class
are addedthis reduces rate of edge additions toabeled pixels and creates a

reversal in the trend.
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The second dashboard tracks how nearest neigisboare impacted as edges are
deleted (mutual criterion) or added (supessgtimetric criterion). We start by tracking the
number of orphaned pixels for various value&.ddrphaned pixels are tracked by NaNs
in this implementation, while pixels assigh® theunclassifiedclass are labeled as class
zero.Figure4-9 observations are noted below.

i Starting to the upper left iRigure 4-9, we see that the superset symmetric and
directed variants @ not have any orphaned pixels becaegery pixel has some
number of outward edgese.,Q 0 T

1 The mutualk-NN graph does have a large number of orphaned pixels after
invocation of the mutuality constraint. This was explained by the low probability
of pixels being in each othiers NN | i st s are dmallt(lbmk). Theses t s i
numbers can be quite high egidencedby the 50% levehttained by the mutual
graph in the upper left plot arstiownon the righty axis.

1 The number of pixels classified as the zero class (those that are better matches to
unlabeled data or orphaned pixels) are ever increasing for thessupgmmetric
and directed graphs. This is duertoreasing\N lists, which can contain more and
more unlabeled data. We notice some protection from this phenomenon using the
mutuality criterion as evidenced by the mutuality line having the lowestdraoti
pixels classified as zero.

1 The center left plot classifies the edges that were dropped or ddoedhe
mutuality or superset symmetric criteria, i.e., for each directed edge that is either

made bidirectional or dropped, we count whether the addirodeletion would
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T

have improved (solid lines) or degraded (dotted lines) the health of the
neighborhood list. We can see that the net effect of padidied by the superset
criterionis to degrade the structure of the NN list, wipigels removed by the
mutual criterion improves NN list health. This suppdine previousresults

The fraction of orphaned nodes created from the mutuality criterion shows a rapid
decrease witlk, and tha{in general cutting the edge between the pixels was the
right thingto do, albeit, sometimes many good edges were severed (center right).
The total number of ratable pixels shows a steady declin&kwitbicating the rate

at which pixels are classified as the unlabeled class. We naticetially sharp

rise in the mutal variant due to the reduction in orphaned pixels with

As edges are added, pixels may switch classes due to the composition of its NN list.
There are two conditiorsf changingclass membership: pixels that were incorrect
and changed to correct (I12C) and those that were correct and changed to incorrect
(C2). We plot the number of classvitching pixels for the superset symmetric and
mutual variants from their directed countatp@ower right). We observe that in
general, the superset symmetric criterion causes more pixels to change to the wrong
class while the mutual criterion results in more pixels becoming the correct class.
Note thathe initial decrease in the GRiutual pbt is due to those pixels that begin
initially correct in their directed graph, but are orphaned from their directed

neighbor due to invoking mutuality.
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Figure 4-9. k-NN Dashboard #2: Impacts from forcinglivectional edges.
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Similar to Dashboard #1, we describe how the observations change for the ANN edge
allocation technique compared to the fixeahethod Figure4-10).

1 Despite the apparent zero count of orphaned pixels shown in the upper left, there
are actually a small number of orphaned pixels created from termination of the
ANN before each pixel has been i dentifi
too smdl to see.

1 The number of pixels classified to the zero slbs/els out instead of increasing
with k (upper right). This protection is offered by the ANN algorithm because high
numbers of edges are only assigned in dense spectral regions.

1 While the edge addition and removal summary is essentially the same (center left),
the ANN algorithm does reach a stable lelvetauseixels in dense regions of
spectral space receive high edge counts, so adding edges via the superset criterion
hasa highprobability of being correctAdding edges still has the highest chance of
connecting interclass pixels, so the dotted line is the highest in the plot.

1 Initially, the numbenf severed edes conecting a pixel to the correct class can be
high (center rigt) for the mutuality criterionHowever, this effect quickly goes
away, and the mutual ANN graphs reach a low levedclass edge severing

1 The number of ratable pixels remains higher as fewer pixels are assigned to the zero
class (lower leftfrom smater edge creation

1 Class swithing pixels (lower right) telihe same story as with tkeNN graph, but
the magnitude of the differendeetween switching modes is much lower due to

higheredge allocation in denspectrallysimilar regions.
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The third dashboard represents a series of miscellaneous measures that make it
easier to see differences in absolute avelrage classificatiomccuraciesand track the
effects of increasing on fixed and adaptive techniqu&3bservations are noted below.

i Starting to the upper left lRigure4-11, we see that the number of edges present in
fixed k-NN graphs are monotonically increasingkinvith the highest number of
edges being allocated to superset symmetric graph and the least noutual
variant. The directed graph falls in betweenkAscreases, all pixels receive larger
NN lists, but these new edges dondt necessart
The superset symmetric criterion will likely continue to add additiongegd
however, many of them will simply be reconfirming an existing edge, so the
increase irk will roll off. However, not all directed edges create bidirectional paths,
so enforcing the mutuality criterion only removes some of the potential edges,
resultirg in a lower increase in edge count. The situation with directed edges
naturally falls in between.

1 The upper right shows the change in edge accuracy for each adjacency matrix
variant, where we see the mutual criterion has the lowgstige ratio, a direct
consequence ahe protection afforded by the mutuality criterion. Adding new
edges by the superset symmetric method adds more intercluster edges hence has
the highesteedge ratio. Again, the directed variant falls in between.

1 We also see that the mutuaiterion has the largest inaccuracy at lkwalues.

This is due to the low probability of pixels having each other as nearest neighbors.
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1 The center two panels display the differential accuracy between the superset
symmetric and mutual variants and thelirected counterparts. The winning
method over the intervalQ HhQ is indicated on each graph by a shaded
region, where we see the directetN graph performs better than the superset
symmetric graph and the mutual graph outperforms thetddepaph. These two
results aligrwith our discussions on superset symmegraphshaving the highest
chance of creating intercluster edges, while the mutuality criterion provides
protection via intercluster edgétwoughi mut ual 6 conf i rmati on.

f Both stuations reversdor ‘Q Q . At very low k, the superset symmetric
criterion has the best chance of creating additional edges to intracluster pixels. It is
only as k increases that this probability drops to the point relatively more
intercluster edgeas added. As for the mutuality criterion, this result is simply due
to the low chance of having mutual neighbors with only a few edges. These two
results do provide some guidance on setting a fixdd if using a lowk, it is best
to use the supersegrametric method. If enforcing mutuality, use at I€&st p 1t
to get past the region of poor performance. Surprisingly®higp mividing point
is consistent in the imagery testafe recommend all adaptive techniques that
leverage mutuality add a bias &l k (~10)values to mitigate this situation.

1 The bottom left graphic is informational and shows that 2e hQ interval
is not larger than any clagsa condition that can begin to reverse classification

accuracy as eveddededge will be gant.
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Similar to Dashboards #1 and #2, we describe how the observations change for the ANN
edge allocation technique compared to the fikedethod.Figure4-12 observatios are
noted below.

1 The graphs for the number of edges and edge sparsity show a distinctly different
pattern than the fixel graphs. Here we clearly see what appears to be a limit on
the number of edges, i.e., the graphs roll over to a relatively consthre
somewhere in betweéfd andQ 8This is explainable as adaptive techniques
assign a pixespecificnumber ofedges to each pixel, with only the densest having
outdegrees approachii@ gAs such, most pixels stop coibinting edgego the
summationand only a few pixels are left to contribute with each increasing k.
Hence we see what appears to be a flattening somewhere in hdiuigarreality
the graph i sno6tQ c.cAnip |,é¢heredreyno mdreaptxelsthn t i |
edges, so the graph is truly flat.

1 %cedgeratios demonstrate a faster roll over efédot the same reason.
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To summarize, on average, density weighted methods perform as good as or better
than the fixedk methods. The maximum overall accuracy differential from worst to best

performer in these data is just shy of 7%, with 3% being typical.

4.3.4 Edgereweighting effectiveness
Simple confusion tests only demonstrate classification performance, and therefore

cannot be used to evaluate the impact of edge reweighting because the original and
reweighted nearest neighbor lists (and hence the classification results) asmihe s
Examination of the structure of theNN lists themselves provides evidence that pixel
weights in eacmeighborhoochave improved via edge reweighting technigues such that
distances (similarities) of pixels like the test pixel are decreased (incyeabedeas those

unlike the test pixel are increased (decreased). The metric used to perform this analysis
examineghe structure of the neighborhoatiemselves with respect to cluster uniformity

and separatiowhen class labels are availalffegure4-1).

Seven adaptive graph construction techniques employing edge reweighting were
applied to the six images frothe previous studies; an eighth, ANN, was used as an
unweghted control using primary distance measures. Bb#h weighted rank and
improved pixel countmetrics produced effectively the same conclusiothat edge
reweighting (post edgeelection is slightly detrimental to the community structure of the
neighborimod lists. In shortmore pixelshad the structure of their nearest neighbor lists
degradenstead ofimprove. In one caséndian Pines upwardsof ~25% ofthe ground
truth pixelswith labelshad their community structuteegradgFigure4-13). The leftmost

side of the bars ifigure4-13is read down and the inset black baraad up, where the
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lower and uppek axes are th@ercentage of pixels with improved neighborhood health
scores and the global average rakusted scores respectively. Algorithms are labeled to

the left and data sets to the right. Some patterns are eviden

1 ANN occupies six of the top eight positions, indicating that NN lists are
generally healthier without reweighting.

1 SNN variants are closer to the top of the list, showing the power of counting
shared neighbors, but on average are no better than reagheing.

1 The most complex sceneBgvia and Pavial) occupy more of the upper
positions suggesting there is more relative benefit for complex (cluttered)
scenes.

1 Reweighting techniques utilizing codensity generally have poorer

pefformance than those thdto n 6 t .

A graph construction method that reinforces inherent community structure
facilitates accurate analysisowever in this case it appears edge reweightaygany
method, des notimprove community structudefrom a class separability perspective
This is contrary to what may be inferred from other pageas and Messinger2014;

Gillis and Bowles 2012) However,graph construction methods used in those analyses
were always followed by an analysis algorithm, i.e., the viability of the new graph
construction technique itself was not the focus of the effort. Results in this section suggest
those analysis methods may perform better with a simpler graph construction method,;

avoiding the additional complexity and computation time.
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Note this is not tesay all reweighting is detrimental for all applications. Indeed,
reweighting by the heat diffusion kernel with fixed scales does drive intracluster pixels
closer to the test pixel given the cluster assumption is vahe. performance issue

discussed abavis particular to adaptiveensity edge reweighting techniques

Global Neighborhood Health
9 -8 -7 6 5 4 -3 2 -1 0 1 2

T T T T T T T T T
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ANN Microscene
~ ANN SalinasA
ANN Salinas
ANN Ind. Pines
ANN lower axis 0 Pavial
ANN Pavia
~ MP_Gausssian_Ind Pavia
MP_Gausssian_Ind Microscene
Rank_Dep_SNN Salinas
SNN Pavia
Rank_Dep_SNN 1 PaviaU
- SNN Microscene
Fan_ZMP Pavia
MP_Gausssian_Ind ] PaviaU
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Figure 4-13. Adaptive elgereweighting effectiveness is detrimental to ¢ health
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Anomaly and target detection methods rely heavilyerghtedinter-relationships
between pixelsas do somelassificationrand clusteringlgorithms(e.g.,normalized cuts
In order to more fully assess grapbnstruction method impacts on these algorithms,
intracluster manifold distance measures and ociedecomponent structuighould be
evaluated.

Overall, this result is interesting given the previous two sections and the utility these
methods have shown in other fields, hence warrants more discussiopix&lsewith
improved neighborhoods a quantizé decision; improved, unchanged degraded. So
despite the initially alarming large number of pixels with degraded neighborhood lists
observed inFigure 4-13, we need to verify these are not small differences simply
exacerbated by the sensitivity of the rdrdsed tests. The distributional forms of the
adjusted rank measures were examinedsignificant deviations from their originally
weighted counterpawusing the KS test|( 1@t ). The original and reweighted results
are statistically the same for tisalinas SalinasA Pavia andMicroscenedatasets. All
methods are statistically different for tRaviaU andIndian Pinesdatasets, except for the
NICDM and ZMP algorithms. Examining the ZMP and NICDM inset black bars for the
PaviaU and Indian Pines datasets, we observe they have the smallest global health
differentials, so relatively speaking there was less change thle ailer datasets.

The DBI and SC cluster validity measures were calculated to examine any
overlapping nature of data clusterfie PaviaU andIndian Pinesdata had poor measures
indicating a higher probability of class confusion for these data. Tiahzs this condition,

we normalized the distribution of distances to a pixel by its codensity and examined the

111



interclass and intraclass distributions of codensity multiplepogsiblestrong overlap
between some classes exists in these (fagadows, treesasphalt, bitumen)hence
neighbors are less likely from the same class than iara ieolated cluster situatioNote
that aclusted diameter may b&arger than theeparatiorio otherclusters simply due to
its shape (elongated instead of isotropsr) some overlap towards larger codensises
possible and most likely the cause of significant oveatdpw codensitymultipliers.Some
classes display very clean separation (tiles, water, bareaswll shouldnot likely be
confused

Similar analysisto that of Figure 3-4 for all six datasetsare examinedand
significant interclass scale variation exists indicating that codensity scaling is local to a
pixel and not a class as a whole (also not surprisingyeder, how well can densHyased
reweighting help in regions of varying density and overlapping classes? From these tests,
we see that in most cases, pixels are simply shuffled around with little change to the
accuracy of the neighborhood structure. la tdase of overlapping classéxayiaU and
Indian Pine$, the results can be detrimental by nearly any method.

One may question how densitased approaches degrade neighborhood uniformity
when used for edge reweighting, but improve edge allocation pdrgsixe the first two
experiments of this section. Per the above discussions, the reweighted edges produce
nearest neighbor characteristics similar to those of the original weights even though the
magnitudes of those weights are different. However, theotiskensity for edge count

allocation is more forgiving in the sense that small variations in density in dense regions

still produce fAndenseo valwues. So, in a gro
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but in a fine sense, reassigning weights basedlensity measures doaset offer any

improvement as currently definéand measurgd

4.3.5 Primary -metric prescaling versus edge reweighting
Edge reweighting is applied tpreviously selecte@dges, whereas the primary

metric scaling is applied tmeasuregrior to edge selection; all examples shown thus far
are based on reweighting preselected edges. Scaling metrics prior to edge selection
facilitates inclusion of other informatiéndensity and/or shared neighb&rs the ranking
process, s&-NN lists generated from prescaled primary metrics will diffem those
presented thus faPixels in regions of similar density and spectral similarity khbe
brought closer together, whereas others are pushed away. As appealing as this may be, it
often requires a primary metric for all pairwise distances (or similarities). This takes
0 & time so is nopracticaleven for modest size images on a singlmputer unless
approximations can be made. However, to be complete, it is reasonable to explore how
much performance is potentially sacrificed for speed by performing a primary metric
scaling on a full primary metric matrix.

The same six images and fogmraph construction techniques from the first two
studies are used to demonstrate differences in the number of bettaseledges resulting

from ZMP prescaling and its effect on classification accu(kgyure4-14).
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Figure 4-14. Differential” -edge ratio plotted versus the differential confusion sfwrprescaling results.

As can been seen Figure4-14, scaling the primary distance metvia ZMP prior
to graph constructiooan bedetrimental to the health of neighborhood lists, i.e., most tests
display a negativéeedge ratio (quadrants Il and Ill) indicating ZMP prescaling creates
more intercluster (fewer intracluster) edges than simply using the primary metric. This is
consistat with the results in the previous section, butprising given the success of
density weighting irother fields (ZelnickManorand Perona2004; Schnitzeet al, 2012)
However, there is some benefit, especiall)kiNN and ANN graphs, which all displa

positive differential confusion values despite the negé&besige ratios, which says the set
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of edges is more semantically correct as a whidhs indicates prescaling prior to edge
selection can increase performance and support the method empldyed étyal.(2013)
and Benedettet al.(2012a)that use&k-NN graphs

The mutual proximity method with the Gaussian independent assumption
performed much worse than the ZMP method indicating the Gaussian assumption is not
appropriate for these data, whichto be expected given pixels do not exhibit normal
distance distributions (often skewed). To explore this concept further, prescaling by mutual
proximity with the empirical distribution was tested on 8a&inasAandindian Pineslata.

Note that empiricamutual proximity uses the distribution of the data to determine the
probability of pixels being neighbors and is not impacted by user selection of some
arbitrary number of neighbors to average or any assumed distributional form. Empirical
mutual proximity demonstrated the highest performance of all prescaling methods
indicating thattodensitybased measures may not the best representation of local scale for
hyperspectral datarhis result warrants more study given that it indicates a potential
change in epectation compared to previous efforts.

Flexer and Schnitzer (2012) studied a broad rawfgpublic machine learning
datasets spanning low to very high intrinsic (hundreds) and extr{tisozisands)
dimensionality.For lower intrinsiedimensioml datg their resultsshowed no gain, and
often a reductiomn performancdalthough the reduction was rsittistically significant).

HSI typically exhibits low intrinsic dimension (single digits to tens of dimensions)

(Schlammet al, 2010) so itis possible v are seeing the same effect here. Their results
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did show significant improvement for higher intrinsic dimensionality data, so examination
of more diverse, higher dimensionality HSI data should be added to future studies

Putting performance aside, theoate of edge reweighting or metric prescaling (for
appropriate imagery) may be decided by the number of pixels to be analyzed since
guadratic run time is often impractical for even modest sized images. However, some of
these routines execute quicker usfagt nearest neighbor algorithms that first return a
larger number of neighbors than required, followed by edge reweighting and subsequent
edge selection. Additionally, the emergence of massipaigllel scalable (cloud)
computing opens a new realm of pislities for quadratic run time algorithms if
approximations are not possibldowever, a better algorithm always scales better than

more cores as data sizes grow.

4.4 Summary and Contributions
We haveprovided a survey of many common graph constructiomnigoesused

by the HSI community as well astroduced two new methods frofnetcomputer vision

and data mining literature shared nearest neighboed mutual proximity.Graph
construction techniques were analyzed to reveal characteristics most benefitia
health of neighborhood lists. Specifically, invoking mutuality was shown to be superior to
superset symmetry faymmetrifying adjacency matric@s most casegexcept at lovk),

and alaptive density weighteddge allocatiormethods were demonstea to produce
more uniform nearest neighbor listsdvancedadaptivereweighting and primarynetric
prescalingechniques were shown to slightly degrade the community structure of spectral

graphs, and can be detrimental to analysis techniques requinyegveeights closely

116



representing community structure, not to mention the additional computational fead.
research questions the reweighting approaches published thus far for creation of spectral
graphs as they do hperformthe same wapn real datasthey doin well-constructed
exampleswith uniform cluster densitio demonstratéheir conceptual functian

The described neighborhood health metrics are good indicators for classification
related tasks, but not complete for analyses that utilize edgghtseor require graph
connectivity. As suchutureresearch caguantitativelyexplore graph characteristics more
important tohyperspectrabnomaly and target detectiodetailing which construction
techniques are besuited for each task through arsy of the connected component
structure and manifold distances on these grdpfihaps reweighted edges are beneficial
to these techniques, albeit not beneficial to NN health.

While adaptive reeighting methods did perform slightly more poorly, therstils
promise for these techniques if they can be modified, e.g., remove dependence on codensity
and use larger fixek values to generate higher probabilities for overlap in SNN and MP.
Until such further research is conducted, there does not seem tadbebmnefit from
adaptive edge reweighting, so best to stick with a single stalanodifying the heat
diffusion kerneluntil better local density measures are availaidiglitional metrics should

be exploredhatmeasure the same phenomenon from diffeperspectives.
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CONCENTRATION OF MEA SURE AND HUBNESS INGRAPHS OF
HYPERSPECTRAL DATA

In the previoushapter we began to question the use of codensity for rescaling
primary metrics or reweighting edges. We attributed this to local scale variations that
impacted the utility of characterizing local scale by a single number, codensity. In this
chapter we continueof exploration ofpossible effects impacting the use of codentsity
represent data scale in highmensional spaces.

The success of any grajplased analysis saturally dependent updhe quality of
the graph constructed from the spectral ddarcovich et al, 2011) Edges must be
judiciously chosen to accurately model community structure inherent in the data without
over (r under) connecting the nodess discussed in Chapt@ many commongraph
construction techniques are founded onktinearest neighbok{NN) relationship because
of its adaptability to datacale and density as well as its ability to follow clusters of
arbitrary shapeCharacteristicof k-NN (graph$ in high-dimensional spacdsave been
explored by lhe daad mining and machinkarning communitiegBeyer et al, 1999;
Radovandainio poul o s201@GeDuroantdndkabarp2009)iTheir research
indicates directed graphs (digraplas)d undirected graphs built without enforcing the
mutuality criterion (either implicitly or explicitly) are subject to the impacts of hubs, a

relatively newly discovered aspectetalpf t
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201(). Most spectral grapgeneration methods found in the remsémsing literature
utilize variants enforcingutuality (Albancet al, 2012; Mercovichet al, 2011; Ziemann,
Messinger, Albano, and Basen@012) the superset symmetric criteriomay produce
better performance at lokwvalues (either fixed or adaptive in naturdgditionally, the
use of digraphs to advance graph construction and/or analysis techniques shsioiglgot
be dismissed in favor of simpler undirected graphs withoutiaddl research.

The remainder of thishapterexplores the hubness phenomenon and one of its
requisite conditions, concentration of measure, in HSI ddéaestablish theelevanceof
these two aspects of tloairse ofdimensionalityto hyperspectral datanalysisthrough
studieson 49 datasets, and offperspective on their impacts to HSI analysespecially
as spectral resolutions continue to increase, e.g., AVIRIS next generation (ANRIS

has 425 bands.

5.1 Concentration of Measure
The curse of dimensnality isacatch all phrase referring tlifficulties experienced

while working in high dimensional space&oncentrationof measurels one of many
aspects of the curse affectinmiachine learning applicatioffsR a d o v at mlp20iG|
Schnitzeret al, 2012)through degradation in the efficacy of many common distaaoe (
similarity) metricswith increasing dimensionalitfErt6z et al, 2003; Houleet al, 2010)

That isto say, in highdimensional vector spaces, all pairwise distances can appear similar,
so much so that the concept of nearest neighbor itself is in quéBagaret al, 1999)

Other curseaspects include hyperspace sparseness (empty space phenomenon), volume
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concentrabn to hyperspheres, computational inefficiencies, and diagonals being
perpendicular to cardinal ax@#&/ang, 2011)

Euclidean distance measures will largely be discussed from this point forward;
results apply equally well to other distance and similariasuregFrancoiset al, 2007;
Radovagndhainio p oul o s2010&mHeyendt al,201B) v i |

Concentration of measure is typically expressed as a ratio of values representing
data spread to data magnituBeyeret al.(1999)demonstratéhat therelative contrasi
the normalized differential distandetweena p o closdastéasdathestneighboré
decreases with increasing dimensionalityi.i.d. data, which can render theistance
measure less efficient (even meaningless) in high dimensions. th&ngrigin as our

reference poift let @  represent an instance (spectrum) of the dataset (spectral image)

ON a whereOs ¢, &% is the Linorm of the vectorO a om and

0O a Qe f 0Q pfB &, we find the relative contrast vanishes as

dimensionalityincreaseg5.1) (Beyeret al, 1999)

im Dmax - Dm’n -0 (51)
d- o D

min

The maximum value of the vector norm (pixel magnitude) is a functign sich
that e N ThE A& if the data have been normalizedg., £ &£ WQfor the

Euclidean (l2) norm.

8 Distances to each pixel from the origin are simply the vector norms, so we center our data to simplify
notation.
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Other authors utilize the standard deviation and expected value to represent spread
and magnitud€Francoiset al, 2007; DurraneandKaban 2009) In this case, theelative

variancealso concentrates as

im > - 0, (5.2)
d- = /7
where, Vi £ and’ O e (Francois, 2007)Kaban(2010)shows

that convergence of the relative contrast and k&atariances are equivalent
Both (5.1) and(5.2) are trueregardless of the value pf but to different degrees
for i.i.d. data(Francoiset al, 2007) Many authors have explored this phenomenon for
s, where we find that concentration is generally less severe with smaller vajuasdf
norms withry ¢ are all but meaningless in higlimensional spacg#linneburg,et al
200Q Aggarwal, Hinneburg, and Keim2001) We will focussolely on the k norm
(without loss of generality) because it is the most widely used norm in the spectral remote
sensing communipd yor Th206 subsdaropped for not
To illustrate thieffectfor two common metricased in the spectral remote sensing
literaturéd Euclidean and cosine distandewe recreate an analysis similar to tehbwn
in Flexer and Schnitz€2013)wherein we study the aforementioned contrastdasction
of increasingrector spacestrinsiq dimensiofl. TheFigure5-ladisplays the behavior of

Euclideardistance from the origin determined by the average statist&30aixperiments,

® The cosine similarity is more common in HSI analysis, but we use the cosine distance for continuity of
the discussion. The same outcome applies.
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each witht  p T pointsrandomlydrawn from the unit hypercube, [0%1s well as the

one standard deviation distances, the observed minimum and maximum distances from the

origin, and the theoretical maximum (increase@@sand minimum (0.0) distancessin .

When dimensionality is low, the observed minimum and maximumsarmvery

close to 0.0 antiQ respectively. However, sadimensionality increases, the average
distance to the origin increases due to the addition of more terms inrtbenthisummation
Contrary to initial intuition, the empirical maximum and minimumtah&es no longer
span the possible theoretical range, but rather occupy a small region of hyperspace, i.e., a
thin hypershell centered at the oritfinAt the same time, the standard deviation of
distances remains about the same such that the ratio off $preagnitudedecreases with
increasing dimensionality.e., the distance measwencentrategFigure5-1b). Thus, the
discriminating power of Euclidean distance as a primaggsuraiminishes as the number
of dimensions increasefrancoiset al. (2007) point out that concentration is more a
function of the intrinsic rather than extrinsic dimension, hence this effect is practically less
severe than that expected from theoregsaiminaion of independent variables, so w#
explore this effecin correlated HSHata.The implication for specal remote sensing is
that userdefined scales such adn the heat kerngkeweighting(2.4) aremore difficult to
determine (Belkin and Niyogi, 2003

Figure 5-1c demonstrates that the cosine distance concentrates as well, but for a
different reason. The mean distance remains relatively comstdrihe standard deviation

decreases with dimensionality, also concentrating measurements in high dimefsgons.

10This effect is largely independent of the number of samples (B¢ywdr 1999; Heyleret al.,2017).
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functional form of the concentration function is proven in (Pestov, 200@)implication
for spectral remote sensing is that udefined tliesholds for spectralngle based metrics
such as the spectral angle mapper (SAM) are more difficult to select if the cosine similarity
does indeed concentrate.

It is interesting to notéhat Euclidean distance concentrat{éingure5-1a) can be

made to look likehe cosine distance concentratidiigure5-1c) by simply normalizing
the graph byiQ(Figure5-1€). In this case, the mean remains constant araﬂndnfﬁ) X X

and the standard deviation decreagek, Schubert, and Kreigel (2012) explain that
these effects are simply the application of the central limaiitem with shrinking variance

The traditional notion of density based on Euclidean distance can also b
essentially meaningless in high dimensional spaces because data density decreases rapidly
with increasingd-dimensional volumdErt6z et al, 2003) As such, high dimensional
spaces are spargdimenezand Landgrehel998)and methods using fixed distascto
determine hyperspace density are destined to fail without modifig@&toe, Steinbach,
and Kumar2002)

From a spectragjraph construction perspective, this implies adjacency (affinity)
relationships should be built upon measures that do nobrefixed density or distance
thresholds in high dimensional spadedIN graphs satisfy this constraint, however many
edge reweighting methods are based on some measure of distance or density in high
dimensions, and this phenomenayrskew the intended ppose Despite the shortfalls of

Euclidean and cosine distances as primary distance measures in high dimensional spaces,
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they can effectively serve as the basis for secondary measuiesas shared nearest

neighbors (Houlet al, 2010)
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Figure 5-1. Concentration of Euclideatop row),cosine distancesr(iddle row), and normalized Euclidean distance
(bottom row).
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5.2 Enter Hubness
Distance concentration in high dimensional spaces may give rise to the hub

phenomenoh. The term hub originates in network theory and simply refers to a node with

an indegree greatly exceeding the average, i.e., nodes that have small distances (or
equivalently hgh similarities) to aelatively large number of other nod¥ge will see that

hubs can unwantedly show up in nearest neighbor lists despite the lack of apparent
similarity and have even been calletistnaten o des by Radovanovi |, N
| v a n @a10Yl However, that does not mean all hubs are bad as hubs that promote
strong intracluster relationships can be beneficial to many analjlsegxistence of hubs

in HSI graphs and their impacts on subsequent andifyaisy) has yet to be studied to our
knowledge.

To understand the formation of hubs, recall pineviousdiscussion, wherein we
established data volume concentrates in a hypershell about the data mean. This hypershell
has a small but nenegligible thickneséFrancoiset al, 2007) so there will be some pixels
closer to the mean etalii28l9a)erplain kow these gxelslhavea n o v i
higher probability of being included in neighborhood lists of many other points and
therefore can become hubs.

Following the nomenclature of Flexer and Schnit@13) let0 represent the
number ofk-occurrences of pixéy 'O, whereON q |, i.e., the number of times a node

occurs in thek-NN lists of other nodéd As data dimensionality increases, the

11 Hubs are a general problem in higimensional machine learning @ d o v aehab, 2410b)

2ZAkoccurrence i S ano t-tegredQ nva Mate thatde k-oecurrancedhestdggami n
may alsdbe called the indegree distributiorNodesoriginating edges incident upon a vertex are also called
reverse nearest neighbors.
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distribution skews to the right (positive skew). This skew can be considerable if the right
conditions exis{Zou and Zhy 2011) We classify pixels with five times the number of
averagek-occurrencess hubs in this work.

Prior to exploring hubness in HShi@, ve first explorehubness in randomormal
data to obtain gualitative understanding of the phenomexiBigure 5-2). We measure
the Euclidean distance from the meard cosine distance from the first cardinal axis for
i.i.d. data of dimensiamrny o, 20, and 100in the left, middle, and right columns
respectively, thenconstruct NN grapls8We form the indegree distribution) , and
observe trends in node connectivity as a functiorlisfance from thenean(or first
cardinal axis)As can be easily seenkigure5-2, in higher dimensions, the nodedegree
increases as distance decreases. This effect produces a few nodes with much-higher in

degrees than the rest of the dataBkeése are hub nodes
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Figure 5-2. Skewness in th¢= histogramof randomnormali.i.d datafor m=  , 20,& 100 (top row) |= vs.thelz
(middle row)andcosine(bottom row) distanceisom the meanModified fromR a d o v aehab.(2G10a)

Qualitatively, how can we explain these changes with dimensietn®s first begin
by remembering the concentration phenomenon. In a single dimension, data will span the
entire range. However, if we now add a seadingension hand, the probability of a point
having simultaneous extreme values is now the product of the two independent probability
distributions; hence it likely that the distribution will begin to show decreased density at

the extremes¢Figure5-3).
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Figure 5-3. Decrease in probability of extreme pixelsmultidimensional.i.d. data

This effect increases as we add additional dimensions, where it is increasingly
difficult to find values that are simultaneously low (or high). As such, we should begin to
seedata concentrate towards the center of the distance distribution (denser iregigins
columnof Figure5-2). Ra d o v aet al.{2010a) describe how there are some nodes
closer to the mean as data concentrates. These nodes have a higheofdbeingecloser
to the meanvithin the hypersheland at the same time closer to many other nodes. Hence
we observe a few pixels, closesthe mean, but at the same time highly connected to other
nodes (higtb-occurrence values

We now create a similar pltd Figure5-2 for real HSI dataKigure5-4). Theleft
graphshows the 3@ccurence histogram for icroscenehypercube(Allen, Resmini,
Deloye, and Steven2013) Notice the long right tail (positive skew) and the few nodes
with much higher irdegrees (filled circles) than most other nodeterestingly, hubs are

anomalous pixels of sorts becauseyttoccupy the few farthest positions in tke
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