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Abstract

WEIGHTED COMPOSITION OPERATORS FROM ANALYTIC FUNCTION SPACES
INTO A CLASS OF WEIGHTED-TYPE BANACH SPACES

Shams Alyusof, PhD
George Mason University, 2020

Dissertation Director: Dr. Flavia Colonna

This dissertation is under the supervision of Dr. Flavia Colonna, professor of Mathe-
matical Sciences at George Mason University. It concerns weighted composition operators
from analytic function spaces into a class of weighted-type Banach spaces.

In Chapter 2, we characterize the bounded and compact weighted composition opera-
tors from a large class of Banach space X of analytic functions on the open unit disk into
Zygmund-type spaces Z,,, where y is a positive continuous function. Under more restric-
tive conditions, we provide an approximation of the essential norm of such operators. We
also show that all bounded weighted composition operators from X to an important sub-
space 2, of Z,, called the little Zygmund-type space, are compact and characterize such
operators.

In Chapter 3, we generalize our work in part one to characterize the bounded and
compact weighted composition operators from a large class of Banach space X of analytic
functions on the open unit disk into the weighted-type Banach spaces V,, for n > 0. Such
spaces have Z,, as a special case for n = 2. The cases when n = 0,1 have been studied by
Colonna and Tjani in 2016. Under more restrictive conditions, we provide an approximation

of the essential norm of such operators. We also show that all bounded weighted composition



operators from X to the little weighted-type space V), ¢ spaces are compact and characterize
such operators.

In Chapter 4, we apply our results to the cases when X is the Hardy space HP for
1 < p < oo and the weighted Bergman space A% for a > —1 and 1 < p < oo.

Since our general results from Chapters 2 and 3 are not applicable to the case when X is
the space SP of analytic functions whose derivatives are in the Hardy space H? (for p > 1),
independently, we carry out in Chapter 5 the study of the weighted composition operators
mapping S? into the weighted-type Banach spaces Z, and V,.

This work is motivated by recent studies that have been done by Colonna and Tjani.
Indeed, in [9], Colonna and Tjani studied the weighted composition operators from a general
reproducing kernel Hilbert space of analytic functions H to the Banach spaces H;° and B,.
They characterized the bounded and the compact weighted composition operators from H

into H;° and B,,. Moreover, they obtained an approximation of the essential norm of such

operators. In [10], they extended their results to the weighted composition operators from

a large class of Banach space X to the same target spaces H;° and B,.

In [8], Colonna and Tjani analyzed the weighted composition operators acting on a
general reproducing kernel Hilbert space of analytic functions H but taking as target space
the weighted Zygmund space Z,. They gave characterizations of the boundedness and
compactness of such operators and provided an approximation of the essential norm.

In [11], they studied the weighted composition operators mapping into Bloch-type spaces
when the domain is a large class of Banach spaces X for which the results in the earlier
works were not applicable. They also focused on the weighted composition operators acting
on the space SP of the analytic functions on the unit disk whose derivative is in the Hardy
space HP for p > 1.

Finally, the boundedness and the compactness of the weighted composition operators

into a subspace of the main target space has also been discussed in [9], [10], and [8].



Chapter 1: Preliminaries

1.1 General classes of analytic function spaces on the open

unit disk D

We shall denote by H (D) the algebra of analytic functions on D, S(D) the subset of H(D)
consisting of the functions mapping D into itself, and Aut(D) the group (under composition)
of conformal automorphisms of D, namely the bijective analytic self-maps of D. It is well-
known (e.g. [12], p. 132) that the conformal automorphisms of D are the linear fractional

transformations of the form

a—z

S(z)zA( ), for z € D,

1—az
where ) is a constant of modulus 1 and a € D.

1.1.1 The reproducing kernel Hilbert space H

Definition 1.1. Let H be a Hilbert space of analytic functions on D with inner product
(-,-). We say that H a reproducing kernel Hilbert space if all point evaluations are bounded
linear functionals. By the Riesz Representation Theorem, for each z € D, there exists a

unique element K, of ‘H, called the reproducing kernel at z, such that for each f € H,

f(z) = (f, K2).



1.1.2 The functional Banach space X

Following the terminology used in [14], a Banach space X of complex-valued functions on

D is called a functional Banach space on D if
e the vector operations are the pointwise operations;
e for f,g€ X, f(z) = g(z) for each z € D implies f = g;
e for z,w € D, f(z) = f(w) for each function f € X implies z = w;
e for each z € D, the linear functional f — f(z) is continuous.

A functional Banach space on D whose functions are analytic on D is called a Banach space
of analytic functions.
Let X be a Banach space of analytic functions on D with norm || - ||. For each z € D,

define

K(z) =sup{[f(2)] : f € X, [[fI <1} = [|A:], (1.1)

where A, denotes the point-evaluation functional at z. Thus, for any function f € X and

z €D,

[F ) < IS (=) (1.2)

Note that if X is a reproducing kernel Hilbert space of analytic functions, then

K(2) = [|[K:| = V(K K).

1.2 Weighted-type Banach spaces of analytic functions

The spaces in this section are studied explicitly in [4,6, 26].
Let p is a positive continuous function on D, which will be referred to as a weight.

2



1.2.1 The weighted-type Banach space H*

The weighted-type Banach space H;° is defined as the space of analytic functions f on D
such that

£ |25 == sup u(2)[ f(2)] < oc.
zeD

Under the norm | - || mee, Hy° is a Banach space. We define H;5, to be the subspace of H;°

whose elements f satisfy the condition

lim u(2)|£(2)] = 0.

|z|] =1

1.2.2 The weighted Bloch-type space B,

For a weight pu, the Bloch-type space B, is the Banach space of analytic functions f on D
such that

bu(f) = sup 1(2)1f'(2)] < oo,

with norm

1fll5, = [FO)] + bu(f)-

Clearly f € By, if and only if f’ € H;° and
1£1ls,. = 1£ )] + [1f | rrge-
The little weighted Bloch space By, o is the subspace of B, of the functions f such that

lim u(2)|f(2)] = 0.

|z]—1



1.2.3 The weighted Zygmund spce Z,

The weighted Zygmund space Z,, is the Banach space of analytic functions whose elements

f satisfy the condition

sup p(2)| f"(2)| < oo
zeD

Thus, f € 2, if and only if f’ € B,,. The norm in 2, is defined by

1£llz, = 1O+ £ (0)] + iggu(Z)lf”(Z)\ = £ O]+ 1'll3,.-

The little weighted Zygmund space Z, is the subspace of Z,, of the functions f such
that

lim u(2)|f"()] = 0.

|z|—1

1.2.4 The weighted-type Banach space V),

For n € Ny := NU {0}, the weighted-type Banach space V), is the Banach space of analytic

functions f € H(D), whose elements f satisfy the condition

sup(1 — |2%)|f ™ (2)] < o0,
zeD

where we adopt the convention that f(©) = f.

The norm of V,, is defined by
n—1 '
1£1lv, =D 1F20)] + Slelg(l — 2P (z)).
=0 ?

For the weight p(z) =1 — |2|?, we have Vy = HFE Vi =By, and Vy = Z),.



1.3 Other important spaces of analytic functions

1.3.1 The Hardy space H*™

The Hardy space H*, is the Banach space of bounded analytic functions f on D with norm
1/ lloo = sup | f(2)].
zeb

1.3.2 The Hardy space H?

For 1 < p < oo, the Hardy space HP is the Banach space of analytic functions f on D such

that

2m )
sup / |f(re?®)[Pdo < oo,
0

0<r<1

with norm

2
£l = sup (5 [ 1rGeypas) ™" (1.3

<r<1 \2T
Note that the inclusion of the factor 1/(27) is to normalize the arc length measure.

1.3.3 The weighted Bergman space A?

For 1 < p < oo and o > —1, the weighted Bergman space A% is the space consisting of the

analytic functions f on D such that
L ir@ra - praae) < .

where A is the normalized area measure on D such that A(D) = 1. The norm of A% is

defined as

I£lle = (@4 1) [ 1P - 2P da()) "

5



In the special case when a = 0, A% is the classical Bergman space AP.

1.3.4 The space S? for p > 1

The space SP is defined as the set of all analytic functions on D whose first derivative is in

the Hardy space HP. The norm of SP, defined as

1£llse = £ O+ 11£ 1 e, (1.4)

yields a Banach space structure.

1.4 Weighted composition operators

Let ¢ be an analytic self-map of the open unit disk D and v an analytic function on D. The

multiplication operator with symbol 1 is defined by

Myf=vf forevery f e H(D).

The composition operator with symbol ¢ is defined by

Cof =foyp forevery f e H(D).

The weighted composition operator with symbols ¢ and ¢ is defined as

Wyof = chwf =9Y(fop)

for any f analytic function on D.
The weighted composition operator Wy, , is linear on a Banach space of analytic func-

tions on D as a consequence of My, and C, both being linear. Indeed, if f and g are two



analytic functions and a and b are constants, then

Wyelaf +bg) = MyCy(af + bg)
= Y((af +bg)op)
= Y((afop)+(bgoy))
= Y(afop)+i(bgoyp)
= ay(fop)+bp(goyp)

= adef =+ bW¢7<Pg.

1.4.1 Boundedness

The weighted composition operator Wy, , between two normed spaces X and Y is bounded

if there is a positive constant C' such that for every f € X

Wy flly < Cllflx,

The norm of the operator Wy, , is given by

Wyl = sup [Wyoflly-
IIfllx <1

1.4.2 Compactness

The bounded weighted composition operator Wy, , between two normed spaces X and Y is
compact if the image under Wy, , of any bounded subset of X is a relatively compact subset
of Y, i.e., the image has compact closure in Y. Thus, the operator Wy, ,, is compact if and

only if for any positive constant C

Wao((F € X+l <€) = Wye(r € X 11X <y



is relatively compact. Using linearity, it follows that Wy, , is compact if and only if

Wy o({f € X:|fllx <1})

is relatively compact.

The following two results due to Colonna and Tjani will be useful to characterize the

compactness of the operators under consideration in this work.

Lemma 1.4.1. ([7], Lemma 8) Let X,Y be two Banach spaces of analytic functions on D.
Suppose

(i) the point evaluation functionals on'Y are continuous;

(ii) the closed unit ball of X is a compact subset of X in the topology of uniform convergence
on compact sets;

(iii) T : X — Y is continuous when X and Y are given the topology of uniform convergence
on compact sets. Then T is a compact operator if and only if for any bounded sequence
{fn} in X converging to 0 uniformly on compact sets, the sequence {T f,} converges to zero

in the norm of Y.

Proposition 1.4.1. ([10], Proposition 2.1) Let X be a Banach spaces of analytic functions

on D. Then the mapping z — K(z) is bounded on compact subsets of D.

Remark 1.4.1. The conclusion of Lemma 1.4.1 holds under just the assumptions (i) and
(il) if T: X — Y is a weighted composition operator, since any bounded sequence in X is
uniformly bounded on compact subsets of D and any sequence converging to 0 in norm also

converges uniformly on compact sets.

Furthermore, if X is reflexive, then the unit ball of X is relatively compact with respect

to the topology of uniform convergence on compact subset of D.



1.4.3 Essential norm

Definition 1.2. The essential norm of a bounded linear operator S between Banach spaces

X and Y is defined as
|S]le := inf{||S — K||| K : X — Y compact}.

Thus, a bounded linear operator S is compact if and only if ||S] := 0.

In [10], the authors restricted to Banach spaces with the following properties, that will
be used in this work under appropriate modifications. In particular, they have imposed
several conditions that were used in varying degrees to enable them to state and prove their

results. These conditions and corresponding modifications are listed below.

(I) There is a constant C' > 0 such that
K(rz) < CK(z),

forallzeDand 0 <7 < 1.

(II) The unit ball of X is relatively compact with respect to the topology of uniform

convergence on compact subset of D.

(TI11) ‘lim K(z) = 0.

z|—1
(IV) K(z) is bounded below by a positive constant on compact subsets of D.

(V) For 0 < r < 1, the linear operator 7, mapping an analytic function f on D to the

function f,(z) = f(rz),z € D, is compact on X.

(VI) There is a constant C' > 0 such that

ISfIl < ClIf]



for all S € Aut(D), f € X.

(VII) There is a constant C' > 0 such that

==Y IfP ) < CIfIK(2)

forall fe X,zeD,and j=1,...,n.

(VIII) sup ||7;]| < occ.
0

<r<1

The following result due to Colonna and Tjani will be useful to provide an approximation

of the essential norm of the operators under consideration in this work.

Lemma 1.4.2. ([10], Lemma 3.1) Let X be a banach space of analytic functions.
(a) If X contains functions non-vanishing at 0 and satisfies either (I) or (VIII), then for
each r € (0,1),

1

sup sup

sup sup (=T A < cc.

(b) If X satisfies (II) and (VIII), or X is reflexive and satisfies (VIII), or X satisfies (VII),

then for each s € (0,1) and each € > 0, there exists r € (0,1) such that

sup sup [((1 = T:)f)(2)] <e.
[FESYEEE

(c) Assume X satisfies (IV) and one of the following three sets of conditions:
. (II) and (VIII);
« (VIII) and X is reflexive;
. (VID).

Then for each s € (0,1) and each € > 0, there exists an r € (0,1) such that

”?ngl E}El W’((I ~T)f) (2)] <e.

10



Remark 1.4.2. By part (b), (I —7,)f)™ — 0 uniformly on compact subsets as  — 1~.
Therefore, under the same conditions of part (c), since K(z) is bounded below by a positive
constant on compact subsets of D, we also have

sup sup ——|((I = T5) /)™ (2)] < e.

1711 |21 <s K (2)

In this work we use the notation A < B to mean that there exist positive constants
C7 and C5 such that C1A < B < CyA. We shall use the convention of C as a positive
constant which is independent of the functions under consideration and may change at each

occurrence.

11



Chapter 2: Weighted composition operators into
Zygmund-type spaces

In this chapter, we characterize the bounded and compact weighted composition operators
from a large class of Banach spaces X of analytic functions on D into Zygmund-type spaces.
Under more restrictive conditions, we provide an approximation of the essential norm of
such operators. We also show that all bounded weighted composition operators from X to

the little Zygmund-type space are compact and characterize such operators.

2.1 Bounded and compact weighted composition operators

mapping into 2,
We begin the section with a characterization of boundedness that extends ([8], Theorem 3.1).

Theorem 2.1.1. Let X be a Banach space of analytic functions on D satisfying conditions
(VI) and (VII). Let p be a positive continuous function on D, ¢» € H(D), and ¢ an analytic
self-map of D. Then Wy, , : X — Z,, is bounded if and only if the following quantities are

finite:

My = Sup p(2)[¥"(2) 1K (¢(2)),

My = Suw(z)!w’(zr)cp’(z)+¢(Z)¢”(Z)IK

o - )P )

Ms = suppu(z) [ )¢'(2)]”

|
W T o )

in which case |[Wy || < My + My + M;.

12



Proof. Suppose Wy, , : X — Z,, is bounded. First, we prove that M3 < C||Wy, || for some
C>0.

For p € D, consider the disk automorphism that interchanges 0 and p:

_p—=z
C1-pz

ap(2)

The first and second derivatives evaluated at p are given by

, 1 2p

ay,(p) and aj,(p) = — W

S (2.1)
pP—1 P

Fix w € D and f € X such that ||f|] < 1. Consider the function defined on D by

9uw(2) = o) (2)]° f (2)- Then by direct caleulation gy (p(w)) = 0 = g,,(w(w)), gu((w)) =

%, and by (VI) with j = 2, we see that g, € X and

lgull = llaZ £l < CIIFI < C.

Thus,

w(w)|(Wypg0)" ()| = p(w)]d" (w)gw(e(w)) + 20 (w)¢' (w)g, (¢(w))
+0(w) (¢ (w) gy, ((w)) + &' (w)*gu ((w)))|

2 (1) [ () I (o )
M) )P

Thus, since Wy, , is bounded, we have

(20 (w)[[¢" (w)[*|f (p(w))|

M) o) )2

< Wyl z, < llgulllWpell < CllWy,

13



Taking the supremum over all f € X with ||f|| <1, by (1.1) and (1.2) we obtain

My — sup () @)

Sip ) T p(pyr ) = Wl (2.2)

We next prove that My < C||Wy,||. Fix w € D and f € X such that || f|| < 1, and
let hy(2) = ayw)(2)f(2). Observe that hy(p(w)) = 0, and by condition (VI) with j = 1,

hall = o fIl < ClIfI| < C. Thus by (2.1) we obtain

It follows that

p(w)|(Wop,pha)" (w)] = pu(w) |2, (9(w)) (20" (w) ¢ (w) + th(w) " (w))

+1p(w)y (w)hy (p(w))]. (2.4)

By condition (VII) with j = 2, we may choose the above constant C' large enough so

that
(1 = lp(w)*)?[hig,(p(w))] < Cllhw|| K (p(w)) < CK(p(w)). (2.5)

Since Wy, is bounded, [Wyphullz, < [l [Wyull < CllWy,,|l. Hence, by (2.4),

p(w) [hy (0 (w)) (20 (W) (w) + (w)" (w)) + W (w)¢ (w)hy (o(w))]

< Cl[Wy |-

14



Thus, by the triangle inequality

p(w) |, (p(w)) (20 (w)e' (w) + ¢ (w) " (w))|

< ClWy gl + p(w)][(w)e' (w)?hy ((w))]-

Using (2.3) and (2.5), we obtain

p(w)| e, (p(w)) (20 () (w) + 9 (w)e" (w)) |

flp(w))

=1 T o) 2

(20" (w)¢' (w) + P (w)¢" (w))

< ClWy gl + p(w)|[(w)e' (w)hy (o(w))|

=CW%M+M)E
w)o' 2
SQM%M+OMM?{E”)‘me» (2.6

Taking the supremum over all f € X with [|f|| <1, by (1.2) and (2.6) we obtain

) 2L = S )

|9 (w)' (w)?|

< ClWy el + Culw) T ny

Taking the supremum over all w € D, and using (2.2), we have

PPN . 1 U R (O 0

sup T T Kle(w)

IN

O”Wzﬁ,cpH + CM;

IN

ClWy el (2.7)

15



Lastly, we prove that M; < C||[Wy ,||. Fix w € D and f € X such that ||f|| < 1. Then,

V(W) flew)) = (Wyef) (w) = f(e(w))(2¢' (w)e' (w) + h(w)g" (w))
—(w) " (p(w))¢' (w)*.

80, by the boundedness of the operator, we have

p()|(Wy o f)" ()| < Wy o fllz, < IWeelllfIl < Wyl

Thus by (VII) for j = 1,2, we obtain

pw)[9" () fp(w))] < Wyl
+ (W) | ' (p(w)) (24 () (w) + ()" (w))
+ ()] () [ (p(w))¢' (w)?]
< Wyl

20" (w) ' (w) + P(w)" ()|
1= Jp(w)[?

) [ (w)¢! (w)?|
(1= lp(w)?)?

+ Cp(w) K(p(w))

+ Cp(w K(p(w)).

Taking the supremum over all f € X with || f|| <1, by (1.2) and (2.8), we obtain

p(w) " (w)| K (p(w)) < Wy

+ Cpfun) P ()2 () + ) (w)]

w)e' (w)?
) (O )

16
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Hence, taking the supremum over all w € D, and using (2.7) and (2.2), we obtain
My < |[[Wy ol + CMy + CM3 < C[[Wy 4.
Therefore, My, Ms and Mj are finite and for some positive constant C,
Wyl > C(My + Ma + Ms).

Conversely, suppose Mj, My and Ms are finite. Let f € X with || f|| < 1, and fix w € D.

Then, by (1.1) and (VII) for j = 1,2, we have

)Wy f)'(w)] = p(w) " (w) f(p(w))
+ ' (o(w)) (20" (w)e (w) + P (w)¢" (w))
+(w) f" (p(w))¢' (w)?|

IN

p(w) " (w)| K (e(w))

|29 (w) ' (w) + P(w)" (w)]
1 —[e(w)?

Pl w?
(1~ w2 A

My + C My + CMs. (2.9)

+Cp(w) K(p(w))

+ Cp(w)

IA

Taking the supremum over all w € D, by (2.9) we obtain

sugu(w)l(Ww,@f)”(w)\ < O(My + My + Ms3).
we
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Thus by the definition of || - || z,, (1.1), and (VII) for j = 1, we have

Wy ofllz, < |0(0)f(0(0))] + [¢'(0)£((0)) + % (0)¢"(0) f((0))]
+ C (M + My + M)
, |4 (0)¢'(0))
< (W(O)‘ + [¢'(0)| + CW K(v(0))

+ C(My + Ms + Ms),

proving the boundedness of Wy, , and, choosing C sufficiently large, the upper estimate

O
HWEZMPH < C(Ml + Mo + Mg).

In the following theorem we characterize compact weighted composition operators from a
Banach space X of analytic functions into Z,, under certain conditions on X. The following

result complements Theorem 3.3 in [8].

Theorem 2.1.2. Let X be a Banach space of analytic functions on D satisfying conditions
(II), (VI), and (VII). Suppose 1) € H(D) and ¢ € S(D) such that Wy, , : X — Z,, is bounded

and suppose

0= ;QEK(w(Z)) > 0. (2.10)

Then Wy, : X — 2, is compact if and only if Aj(v,¢) =0 for j =1,2,3, where

A.g) = lm sup " () K (p(2)),
©w(z)|>s
— hm sun ()2 (2) + ¥ ()" (2)] .
A2(¢a@) T lﬁl\cp(z)l\;s'u() 1_‘80(2”2 K((p( ))a
2)¢' (2)?
As(yg) = Tim sup p(z) LEDEE gy,

s=lpe)ss (L= 1e(2)?)

18



Note that condition (2.10) clearly holds if the space X contains the constants since then

K(z) > 1/||1]| for all z € D.

Proof. Suppose Wy, : X — Z, is compact. If |[¢[|c < 1, the result is obvious since the
supremum over an empty set is zero. So assume |¢||c = 1. Let {a,} be a sequence in D

such that 1/2 < |p(a,)| — 1 as n — oo and

a. Vo (a,)?
As(1h, @) = lim p(ay) [ (an)¢’ (an)?|

Ao i) T (e X (Plan):

Fix € > 0. By (1.2), for each n € N there exists f, € X with || f,| <1 such that

[fn(plan))] > K(p(an)) —e. (2.11)

Since the sequence {||f,||} is bounded and by Proposition 1.4.1, the map z — K(z) is
bounded on compact sets in D. Using (1.2) we see that {f,} is uniformly bounded on

compact sets. For each n € N and z € D, define

(1 —le(an)?) 2

Fu(z) = T ow)s fa(2) = (p(an) = ap(a,) (2)) fal(2)- (2.12)
Then
Fn(p(an)) = olan) fu(elan)) (2.13)
and by (1.2),
(e < 2 e,

Since |p(ayn)| — 1 and, as noted above, z — K(z) is bounded on compact subsets of D, the

sequence {F),} converges to zero uniformly on compact subsets of D. By (VI), we see that
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F, € X and

1]l < le(an)ll fall + llepa,) foll

< lfull + Cllfall
< Cllfall
< C. (2.14)

For n € N and z € D, define Hy,(2) = F,(2)(0vy(q,)(2))?. By (2.14) and condition (VI)

for j = 2, we have

1Hll = [ Fnoyq,)l < C.

Moreover, H,, converges to zero uniformly on compact subsets of D since F), converges

to zero uniformly on compact subsets of D and O‘i(an) is bounded on D. In addition, since

Qp(an) (P(an)) = 0, we see that H,(p(an)) = Hy(p(an)) = 0. Therefore, by (2.1), we have

HY/(0(an)) = FL((a0))tg(an) (0(an)?
+ 4B} (0(a0) ) (9(a0)) a1 (@)
- 25(0(a1)) (001 (9(@0))? + Qiptan) ((an)) @y (2(n)

— M' (2.15)

(1 = [e(an)[?)?

Since condition (II) holds, we may apply Lemma 1.4.1 and Remark 1.4.1. Thus, [|Wy, ,H,| z, —

0, hence

lim p(an)|(WyoHn)"(an)] = 0. (2.16)

n—oo

20



Using (2.15) and since H,(p(a,)) = H},(p(an)) = 0, it follows from (2.16) that

. 120:(a) ¢! (an)* Fu (i2(a2)|
i plan) == )

= Jlim_p(an) | () Ha(p(an)) + 20" (an) ' (an) H (9 an)

0(an) (" (an) H ((an)) + ¢ (an) 21 ((a0))|

= T p(an)|(WyoHn)" (an)| = 0. (2.17)

n—oo

By (2.11), (2.13), and (2.17), we obtain

|2¢(an)9@/(an)2¢(an)| .
(T
1240 (an) ¢’ (an)?|
— ula |2¢(an)¢/(an)2‘ a

as n — o0o. Since Wy, ., is bounded, by Theorem 2.1.1, the quantities M7, My and M3 are
finite.

By condition (2.10), we have

2 (@) elan)] 2w w)e)
N T Y ) PR S GV R PO )
| 20w (1) 2p(w)|
= 5B T . )
- %Mg. (2.19)
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Therefore, from (2.18) and (2.19), we obtain

plag) 2200 )20 )
o) 2SI (0
< 20ty (o) 2L )

Since € is arbitrary, it follows that As(y, p) = 0.

Let us next show that As(y,¢) = 0. Let {a,} be a sequence in D such that 3 <

lp(an)] — 1 as n — oo and

120" (an) ¢ (an) + Y(an)@" (an)] K

T lo(an)2 (p(an)).

Aa(Y,p) = lim pu(an)

Fix € > 0 and, as done above, for each n € N, choose f,, € X such that [|f,]| < 1 and

(2.11) holds relative to this €. Define F}, in terms of f,, as done above and set G, = Frnagan)-

By (2.14) and condition (VI) for j = 1, we have

1G]l = [ Fnep(an || < CllEL] < C. (2.20)

The sequence {G,} converges to zero uniformly on compact subsets of D. Moreover,
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Gn(p(an)) =0 and by (2.1),

Grle(an)) = F'(p(an))op(a,)(#(an)) + g, (9(an)) F(e(an))

F(olay
\90(;:3(!2 _))1. (2.21)

By the compactness of the operator Wy, , and Lemma 1.4.1, ||Wy ,Gyl|z, — 0 as n — oo.

Therefore,

Tim ()| (WypGn)"(an)| = 0.
Thus, since Gy (¢(an)) = 0, corresponding to the number e fixed above, there is an

N € N such that

u(w)l(Ww,an)"(an)\ = M(an)‘G;z(‘P(an))(21/}1(5%)‘70/(0%)+w(CLN>90”(an))

+ ¢(an)90/(an)2G;/L(‘P(an))’

9
<§,

whenever n > N. Hence, by (2.20) and (VII) for j = 2, for every n > N, we have

p(an) ‘G:L(SO(an)) (27!),(@71)90/(071) + @b(an)@”(an)) |

3

5 + u(an)\w(an)gol(an)QG;;(SO(an))‘

<

an)¢' (an)?
Sl @) o

= (1 lp(an) P2

g + Culan)
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By (2.21) and since we have shown above that A3(1, ¢) = 0, we deduce that

. |(27/)/(an)90/(an) + ¢(an)9@”(an))Fn(¢(an))|
Jim_pelan) 1= (a2

an)¢' (an)?
e an] e

<e+C lim u(ay,
A 1) (T o) 22

=ec+ CAg(T/), SD)

—c. (2.22)

By (2.11), recalling (2.13) and since 1/2 < |p(ay)|, for all n sufficiently large, from

(2.22), we obtain

120" (an) ¢ (an) + Y(an)@" (an)]

f(an) (K(¢p(an)) —¢€)

T ()P
< (o) P EUCIEL 1 (0,
o 20 @0) )+ () ) o))
T o) e(an)]
< (o) P ) E LIy (560,
< 2. (2.23)
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Moreover, recalling (2.10), we have

12¢(an) ¢’ (an) + P (an)$" (an)|

plan)

1- ‘So(an)P
20/ (w)g () + () (w)]
< sup p(w) [ lp(@)?
| 20/ () (w) + () (w)
ST e )
1M 2.24
=L, (2.24)

Therefore, by (2.23), (2.22), and (2.24), we have

i a2 (@) (00) & V(0) (0n)

1
) < e= My + 2 = Ce.
S L= lpan)P Rlplan)) = &5 Mo 2o = €2

Since ¢ is arbitrary, we deduce that Aa(v), ) = 0.

Finally, we show that A; (¢, ¢) = 0. Let {a,} be a sequence in D such that § < |¢(a,)| —

1 asn — oo and

A1) = Tim_pu(an) 6" (an) K ((an)

Fix € > 0 and for each n € N, construct f,, and F;, as above in terms of € and of the
sequence {a, }, which we recall, are bounded sequences in X. By Lemma 1.4.1, the uniform

convergence of {F,} to zero on compact subsets of D guarantees that [|[Wy ,F}.||z, — 0 as

n — oQ.
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By the definition of the norm of Z,, corresponding to € there is N € N such that

u(an)|(W¢7an)//(an)| = N(an)wﬂ(an)Fn(Qa(an))
+ F;L((P(an)) (21/’/(“71)90/(@71) + @b(an)goll(an))

+1(an)@' (an)* F (9 (an))|

< e (2.25)

for each n > N. By condition (VII) and (2.25), and since A2(¢), p) = As(¢, ) = 0, for all

n sufficiently large,

plan) " (an) Fn(o(an))| < € + plan)|F(@(an)) (20" (an)¢' (an)
+(an)@” (an))| + plan) ¥ (an)¢’ (an)*Fy (9(an))|

12¢/(an) @' (an) + ¥ (an) " (an)|

< e+ C(u(an) T [o(an)P K(p(an))
+ulan) (1 S K (g(an)

< Ce.

Hence, for all n sufficiently large,

plan) [ (an)| (K (p(an)) — €) < puan)[¢" (an)|2|F(p(an))| < Ce.

Since K is bounded below by d on the range of ¢, we deduce

plan) |4 (am)] < 5l () K (o))
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Combining the last two inequalities, for all n sufficiently large, we obtain

IN

Lesup u(w) 4" (w)| K (p(w)) + Ce

plan) 9" (an) K (p(an)) < 5esup

1
= Sle + Ce

= Ce,

proving that A (v, ¢) = 0.

Conversely, suppose A;(1,¢) = 0, for j = 1,2,3. By Lemma 1.4.1, to prove the com-
pactness of the operator Wy, ., it suffices to show that if {f,,} is a sequence in X converging
to zero uniformly on compact subsets of D with norms bounded by some constant L > 0,

then |Wy, o fullz, — 0 as n — oc.

Let {f,} be such a sequence and fix € > 0. Choose s € (0, 1) such that

()" (2)| K ((2) < =,

3L
2¢'(2)¢' (2) + ¢ (2)¢" ()| 3
() = o2 K(e(2) < 35
[9(2)¢(2)° £
M(Z)W (p(2)) < 30 (2.26)

whenever |p(z)| > s, where C is the constant in condition (VII).
Since {fn} converges to zero uniformly on {|jw| < s}, so do {f}} and {f)/}. Thus,
there exists a positive integer N such that for all n > N and all complex numbers w with

lw| < s, |fu(w)] <&, |fl(w)] <e, and |f)(w] < e. Hence, with M;, Ms, and M3 as in
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Theorem 2.1.1, if n > N and |p(2)| < s, then

p(2)[9"(2) K (9(2)) | fnl(2)] < Mg,

2¢/(2)¢'(2) + ¥(2)¥" (2)|

p(z) K(p(2)|fn(p(2))] < M2,

1—p(2)?
PP o i

Therefore, by (2.10), for |p(z)| < s,

w2 Wy o fn)"(2)] < n(2)] fule(2)][9"(2)]
20/ (2)¢' (2) + 9 (2)¢" (2)]

G P
ooy PR G
)N e

IN

%N(Z) | (o ()97 (2) 1K ((2))

|20/ ()¢ (2) + ¥ (2)¢" ()]

1 /
1 " [¥(2)¢' ()°]
+5M(Z)|fn(@(z))\WK(¢(2))
< %(Ml + My + M3)e. (2.27)

If |¢(z)] > s, then by (1.2), condition (VII) for j = 1,2 and inequalities (2.26), for all n
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sufficiently large, we have

wE)| Wy fa)"(2) = ()] (2) fnlo(2))
+n(0(2) (20 (2)¢ (2) + 1(2)¢" (2))
+9(2)¢(2)* £/ (0(2)))|

Lu(2) [y (2)| K ((2))

2¢/(2)¢(2) + ¢ (2)¢" (2)|

IN

+Ou(z) SR K o)
()¢ (2)°
HORE) oK) < (2.28)

Finally, since {f,} and {f]} converge to zero uniformly on compact subsets of D, they
converge pointwise. Thus, [¢/(0)(fn © ¢)(0)] + [(¥(fn 0 ©))'(0)] = 0, as n — oo. By this,

(2.27) and (2.28), we obtain ||Wy . fn|lz, — 0 as n — oo. Hence Wy, is compact. O

2.2 The essential norm of the weighted composition opera-

tors mapping into Z,

In this section, we provide an approximation of the essential norm of the weighted compo-
sition operators acting on a large class of Banach space X of analytic functions on the open
unit disk into the weighted Zygmund space Z,. With A;(1),¢) (j = 1,2,3) defined as in
the statement of Theorem 2.1.2, the following result complements Theorem 3.2 in [8].
Part of the proof of Theorem 2.2.1 below is based on the use of Lemma 1.4.2. We note
that while part (c) of Lemma 1.4.2 requires condition (IV), which we do not assume in
the statement of the theorem, reading carefully the details of the proof one can see that

assumption (2.10) is sufficient to apply the lemma.

Theorem 2.2.1. Let X be a reflerive Banach space of analytic functions on D satisfying
conditions (V)-(VII), together with either (I) or (VIII). Let p be a weight, ¢» € H(D) and
29



¢ € S(D) satisfying (2.10) and such that Wy , : X — Z,, is bounded. Then

Wy plle < A1(¥, ) + A2(¥, ) + A3(¥, ).

Remark 2.2.1. The assumption that the space X is reflexive is used only to prove the

lower estimate of the essential norm.

Proof. We begin by showing that

“W¢,@‘|€ Z C(A1(¢7 (P) + A2('¢7 ()0) + A3(w7 (P))

If [|¢]|oo < 1, it follows immediately that A;(¢, ) =0 for j = 1,2,3. So assume ||¢||o =1,
and prove that A;(1),p) < C||Wyslle, for j = 1,2,3, for some C' > 0. Let {a,} be a

sequence in D such that |¢(a,)| — 1 as n — oo and

an)¢' (an)?
Aag) i= lim ptan) (P K (0,

Fix € > 0 and for each n € N choose f, € X with ||f,|| < 1 satisfying (2.11). Since by the
reflexivity assumption, the unit ball is compact under the topology of uniform convergence
on compact subsets of D, arguing as in the proof of Theorem 2.1.2, the sequence {f,}
is uniformly bounded on compact subsets of D and the sequence {F,} defined in (2.12)
is bounded in X and converges to zero uniformly on compact subsets of D. The sequence

{H,} defined by H,, = Fnai(an) converges to zero uniformly on compact subsets of D and by

condition (VI) is bounded in X. Recalling H,(¢(a,)) = H,,(¢(a,)) = 0 and the expression
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of H"(¢(ay,)) given in (2.15), we have

|(Ww,s@Hn)”(an)’ = ’¢,/(an)Hn(¢(an))+2¢,(an)@,(an)H:z(<P(an))

+¥(an) (9" (an) Hy (0(an)) + @' (an)* Hy (9(an)))|

‘2¢(an)¢/(an>2Fn(‘P(an))’
(1= [p(an)]?)? '

(2.29)

Let T' be a compact operator, so Wy, , — T is bounded and by Proposition 1.4.1 and

Lemma 1.4.1, [|[THyl|[z, — 0 as n — oco. Using (2.29), we have

ClWye =TI = limsup [|[Hpl|[|[Wy, — T

n—oo

v

linisup |(Wy,o — T)Hy| 2,

= limsup ||W1/,7(PHN||ZH
n—oo

Y

lim sup pu(an)|(Wy,oHn)" (an)|

n—oo

- I .
msup () (@) P)?

From (2.11) and (2.13), we obtain

‘2¢(an)¢/(an)2| e
e G ot (7))
!2¢(an)¢'(an)2|
< plan) I o)
’2w(an)¢/(an)2| |

> M(an) (1 _ “P(an)P)Q Fn(gp(an))|
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(2.30)
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Using (2.30) and (2.31) and arguing as in the proof of Theorem 2.1.2 we see that

a,)¢' (ap)?
Aalog) = T e I ] g )
< Wy, —T]. (2.32)

Taking the infimum over all compact operators T': X — Z,,, it follows that

A3, 0) < Cl[Wyplle- (2.33)

We next show that As(1,¢) < C|[Wyolle. Let {a,} be a sequence in D such that

|p(an)| — 1 as n — oo and

12¢" (an) ' (an) + ¥ (an)@" (an)|
1- |§0(an>‘2

Az (1, ) i= lim_ p(ay) K(p(an))-
As shown in the proof of Theorem 2.1.2, the sequence {G,} defined by G,, = Fragan)

is bounded in X and converges to zero uniformly on compact subsets of D.
Let T : X — Z, be a compact operator. By Proposition 1.4.1 and Lemma 1.4.1,

| TGyl — 0 as n — oco. Using (2.20), and recalling that G, (¢(an)) = 0, we have

ClWyo =TI = limsup|[(Wy, —T)Ghllz,

n—oo

> limsup [|[Wy ,Gnllz,
> limsup pu(an)| (Wy,sGn)" (an)|
> limsup pr(an) (|G (p(an)) (26 (an) (an) + (a0} (@)

—(an)| ¢ (@n)*Ghlplan))]).
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Hence, by condition (VII) for j = 2 and (2.20), we have

limsup p(ay)

n—o0

G (9(an)) (20 (0 (@) + ¥ (a)¢" (an))|
< OllWep = Tl + limsup p(an)[1o(an)¢’(an)*Gr(p(an))].
< O Wy =T

+ C'lim sup u(an)MI(

n—o0 (1 —|p(an)?)2 (plan))].  (2.34)

By (2.21), (2.32), and (2.34), it follows that

. 20 (a) o (an, an) 0" (an))Fy a,
i sup () 2 >1+_w§0 (a>ns§|2< ) Fa((an))]

< Cl[Wyp =TIl + CAz(4, ). (2.35)

Fix € > 0. By (2.35) and arguing as in the proof of Theorem 2.1.2, we obtain

lim sup p(ay) 124 (an) ' (an) + P(an)@” (an)]

msu = o) K(p(an))

S COWyp =Tl + Ce + CA3(4, 9).

Since ¢ is arbitrary, combining this with (2.33), we obtain

12¢" (an) ¢ (an) + ¢ (an)@" (an)|

< OlWye =TI+ ClWy el

Taking the infimum over all compact operators T': X — Z,,, it follows that

Az (¥, 0) < Cl[Wyple- (2.36)
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Finally, we show that A;(¢,¢) < C||Wy slle- Let {a,} be a sequence in D such that

lp(an)] — 1 and

A1 (¥, ) == lim pi(an)[¢" (an) K (p(an)).

Let T': X — Z,, be a compact operator. Then, by Lemma 1.4.1 applied to the sequence

{F.}, we have | TF,|z, — 0 as n — oo. Thus,

ClWye =T

AV

lim sup || F5,||[|We,, — T
n—oo

AV

limsup [(Wy., = T)Ful 2,

n—oo

= limsup |Wy ,Frllz,
n—oo

lim sup u(an )| (Wy, o Fn)" (an))|

n—oo

Y

v

tim sup p(an) ([ (@n) Fu(p(an)

n—oo

- ‘(2¢/(an)¢,(an) + w(an)goﬂ(an))F,/L(go(an))’

~ [1(an)¢ (an)*Fy (p(an))] ) (2.37)
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By (2.37) and condition (VII), we have

lim sup z1(an ) 1" (an) Fn (s (an))|

n—oo

< C[Wyo =T

+ lim sup p(an ) |Fy, (9 (an)) (20 (an) ¢ (an) + ¢ (an)¢” (an))]

n—oo

+ limsup p(ay) W(an)‘:@/(an)QFg(‘P(an))’

n—o0

< ClWy,, =T

+ C'lim sup pu(ay) 29 (an) ¥’ (an) + ¥ (an)p" (an)|

msu = o) K(p(an))

+ C'lim sup u(an)MI(

P ) (T o P AL

< C([Wyp = Tl + A2y, ) + A3(¥, 0)). (2.38)

Fix € > 0. Again, arguing as in the proof of Theorem 2.1.2, and using (2.36), and (2.33),

from (2.38) we obtain

A1 (4, 0) < C(IWyp = Tll + & + [Wyglle + Wy plle)-

Since ¢ is arbitrary, taking the infimum over all compact operators 7' : X — Z,,, we have
Ai(p,p) < C||Wy olle, which, combined with (2.36) and (2.33), yields the desired lower

estimate on the essential norm.
To prove the upper estimate, fix ¢ > 0 and s € (0,1) and choose r € (0,1) as in

parts (b) and (c) of Lemma 1.4.2 and Remark 1.4.2. Since Wy, : X — Z, is bounded

and, by condition (V), the operator 7, : X — X is compact, the composition product
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Wy o Tr : X — 2, is also compact. Thus,

where

IWe,plle

<

IN

Wey,e = W, Trl

sup [|[Wy (I —T:)fl z,
IFII<1

Lo+ L1+ Lo+ Ls,

36
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Lo

Ly

Loy

Ls

IN

IN

IN

Sup [ (0)(I = T7) f((0))] + [ (0)(I — T7) f((0))

+9(0)"(0)((I = Tr) ) ((0))],

sup sup u(2) " (2)(I = 7o) f(@(2))]

|l f]<1 2€D

sup sup  u(2)[Y"(2)(I = Tr) f((2))]

171 lp(2)|<s

+ sup sup u(2)["(2)I = T.) f(e(2))],

IFII<1le(2)[>s

sup sup 1u(2)| (29 (2)¢'(2) + " (2)1(2)) (I = To) ) (0 (2))],

I £11<12€D

sup sup u(2)|(2¢'(2)¢ (2) + " (2)¥(2)) (T = Tr) ) (0(2))]

171 le(2)|<s

+sup sup (2)|(20/(2)¢(2)
IF1<1 |e(2)]>s

+¢" () ()) (T =T f) (e(2));

sup sup u(2)|¢'(2)*((1 = 7o) £)"(12(2))]

I£11<12€D

sup sup u(2)|¢(2)*((1 = To).f)" (2(2))]

171 le(2)|<s

+sup sup a(2)](2¢(2)0(2)
IF1<1 |p(2)]>s

+¢"(2)) (1 = To) ) (e (2))]-

37



Then,

Lo = sup [$(0)(I —T:)f(#(0))]
<1

+9'(0)(I = T2) £ (0(0)) +1(0)¢" (0)((T = Tr) ) ((0))]
< [9(0)e +[¢'(0)]e
H(0)@'(0)((1 = Tr) ) (0(0)) [ K ((0) " K ((0))

< ([0 + ['(0)] + [(0)¢"(0)| K ((0)))e. (2.40)

By condition (2.10), Lemma 1.4.2, Remark 1.4.2, Theorem 2.1.1, and condition (VII), we

have
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Ly

Loy

IN

IN

IN

IN

IN

sup sup  u(2) 9" (2) K (9(2) 1K (0(2)) (I = Tr) f(2(2))]

/111 ]p(2)|<s

+ sup sup ()Y (2) K (p(2))||K (9(2) 7 I = To) f(0(2))]

111 e(2)[>s

My sup sup C(I=To)f(p(2))|+C sup pu(2)l" (2)K(p(2))]

I£II<1 [p(2)I<s lo(2)|>s

CMie+C sup u(z)|["(2)|K((2)),
lp(2)]>s

wp sup () 2EEEE) LR

I7I<1 lp(z)l<s - [o(2)] (¢(2))

x K (0(2)) T = To) ) (9 (2)I(L = (=) %)

4 osup  sup M(2)|2¢/(Z)W(Z)+90"(Z)w(z)|K

IFISp()]>s 1— Jo(2)]2 (#(2))

x K (0(2)) T = To) ) (9 (2)I(1 = o(2) %)

e su 20 () (2) + ¢"(2)9(2)]
et C\so(z)l\lsﬂ( ) 1 —|o(2)]2 K

((2)),

e M TRy ()

x K (0(2)) T = To) )" ()| (1 = le(2)[*)?

+ sup sup u(z) [ ()¢ (=)

111 (2)[>s WK(W))

x K ((2)) T = To) )" () (1 = le(2)*)?

Mse+C sup plz) V()¢ )

R TR )
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Therefore, combining (2.39), (2.40) and (2.41), we obtain

IWaplle <C(+ sup ()9 (2)|K(4(2))
le(2)[>s

“ A2 ()¢ () + ¢"(2)(2)|
+\w(z>}\?>sﬂ( ) L —|p(2)]?

K(p(2))

! W?;l)l‘ls,u(z) (1- |¢(z)|2)2K(90( )))

If [|¢]|oo < 1 and since € is arbitrary, we see that ||[Wy .|l = 0 and the operator is compact.

If ||¢lloo = 1 and since € is arbitrary, letting s — 1, we obtain

HWw,SDHe < C(A1(¢7 90) + A2(¢» ()0) + A3(w7 (P))

2.3 Boundedness and compactness of weighted composition
operators mapping into the little weighted Zygmund spce

ZMO

We conclude this chapter by focusing on the weighted composition operators mapping a
Banach space of analytic functions into Z,, 9. In particular, we provide equivalent conditons
for the boundedness and the compactness of weighted composition operators acting on a
large class of Banach spaces X of analytic functions on D into the little weighted Zygmund

spce 2,0, where p is a given weight. The following result complements Theorem 3.4 in [8].

Theorem 2.3.1. Let X be a Banach space of analytic functions on D satisfying conditions
(I1), (VI) and (VII). Suppose p is a weight, 1 € H(D) and ¢ € S(D) satisfying (2.10). The
following conditions are equivalent:

(a) Wy, : X = Z,,0 is compact.
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(b) Wy : X — 2,0 is bounded.

(c) lim pu(2)[y)" (2)|K(p(2)) = 0,

|z|]—1

2¢(2)¢'(2) + ¥(2)¢" (2)|

é}iﬁﬂ(” = o) K(p(2)) =0,
2)¢'(2)?
lim pu(2) [P(2)¢'(2) |2K(¢(Z)) _o

=1 (1 = [e(2) )

Proof. The implication (a) = (b) follows from the fact that every compact operator is
bounded. To prove (b) = (c), suppose Wy, : X — Z, 0 is bounded.
Let {ay,} be a sequence in D such that |a,| — 1 as n — oo, fix f € X such that ||f|| <1,

and for n € N and z € D, let
gn(z) = a?o(an) (Z)f(Z), and hn(z) = atp(an)(z)f(z)'

By condition (VI), {g,} and {h,} are bounded sequences in X. Note that g,(¢(a,)) =

gn(e(ay)) =0, and ¢ (p(a,)) = — m%. Since Wy, »gn € Z,,0, as n — 00,

120 (an) ' (an)? F ()
#ln) = o lan) )2

= pu(an)|(Wy,pgn)" (an)| — 0.
Taking the supremum over all f € X with || f]| <1, by (1.2), we have

an)¢ (an)?
i a2 @)

. WK(QO(%)) =0. (2.41)
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Similarly, since Wy, yhn € 2,0, hn(p(ay)) = 0, and

p(etan) = L2
it follows that
0 = T p(an)] (Wb (o)
= i )| - T2 (000 )+ 0000) 00)

+1p(an)@' (an)hy (p(an))|-
Thus, by (VII) for j = 2 and (2.41), we obtain

lim p(ay,) % (2¢’(an)<p’(an) + ¢(an)<,0//(an)>‘

n—oo

= lim pu(an) ‘w(an)¢'(an)2hZ(w(an))‘

n—oo

< lim Cplan) [Ylan)e'(an)’]

o1 OH) (g X P

=0.

Taking the supremum over all f € X with || f]| <1, by (1.2), we have

lim p(ay,) 124" (an) ¢ (an) + (an)@” (an)|

n—oo 1— |(P(an)‘2 K((p(an)) =0.
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Again, with f as above, since Wy, . f € 2,0,

Jim pan)|(Wypf) (@)l = lim_ p(an)[" (an)f(p(an))
+f,(90(an)) (Qw/(an)SO/(an) + w(an)@//(an))
+¢(an)f”(90(an))90/(an)2‘
= 0.

By this, (VII) for j = 1,2, (2.42), and (2.41) we obtain

lim p(an)| 0 (an) f((an)|

n—oo

129" (an) ¢’ (an) + Y(an)@” (an)|

< lim Cu(an) T [o(an)P K(p(an))
im Cpu(a,) 1P @]
O e P

= 0.
Taking the supremum over all f € X with || f|| < 1, by have

Jim pia,) v (@)K (p(0.) = 0.

To prove that (¢) = (a), suppose (c) holds. By Theorem 2.1.2, the operator Wy . :

X — 2, is compact. Thus, to prove that Wy, , : X — Z, ¢ is compact, it suffices to show

that Wy o f € 2,0 for any f € X.
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Let f € X. By (1.2) and (VII) for j = 1,2, we have

pE| Wy o)) = u(2) [0 (2)f(e(2))
+(9(2)) (20 (2)¢ (2) + ¥ (2)¢" (2))
+v(2)f"(0(2))' (2)?|
< )R ()1 K (e(2))
) |20/ (2)¢' (2) + 9 (2)¢" ()]

e )
2V (2)?
+C||f|!u(2)WK(so(w))

as |z| = 1. Thus, Wy, . f € 2,0, as desired.
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Chapter 3: Weighted composition operators into the
weighted-type Banach spaces V, for n > 3

In this chapter, we characterize the bounded and compact weighted composition operators
from a large class of Banach space X of analytic functions on the open unit disk into the
weighted-type Banach spaces V,, for n > 3. Under more restrictive conditions, we provide
an approximation of the essential norm of such operators. We also show that all bounded
weighted composition operators from X to the little weigted-type V,, o spaces are compact
and characterize such operators.

We shall make use of the following result that was proven by Stevic.

Lemma 3.0.1. ([24], Lemma 4) For ¢, f € H(D), ¢ € S(D), n € N, and z € D,

where

l .
- Vil o) (z
Bé,k((pl(z)agpﬂ(z)v"'7()0(6 k+1)(’z)) = Z kilko!l. k) 'l( )’
[ 1:K2:...Kyp. =1 J]°

and the sum is taken over all k1, ..., k¢ € Ng := NU {0} satisfying k = k1 + ka + -+ - + ky,
and k1 + 2kg + -+ - + Lky = 4.
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Remark 3.0.1. A straightforward computation yields

Bun(@(2) = (¢/(2))", and for n>?2
B (), " (2)) = "0 1)

Fix a € D and recall the disk automorphism that interchanges 0 and a:

aq(z) = 1(1:;2 for z € D.

Lemma 3.0.2. Fiz w € D and f € X such that ||f|| < 1. For k € N and ¢ € S(D), let us

consider the function defined on D by
Hy,(2) = [ (2)]° £ (2). (3.1)

Then for j =0,1,....k —1, H,ijq)u(cp(w)) =0, and
(DR (p(w))
(1= Je(w)[?)F

Proof. For k =1 it is immediate to see that Hy, ,(¢(w)) = 0 and

flpw))

Hz’g,w(@(w)) = _W.

Arguing by induction, assume the result holds for some k > 1. Then

Hk-i—l,w(z) = Hk,w(z)acp(w) (z)

Differentiating n times, substituting the value ¢(w) and using the inductive hypothesis, we

46



obtain

k+1 ) ]
() Do) = 3 (M) (etwals) P et

=0
= (k . 1)H£f“w<w<w>>a;,<w><w<w>>
" (Z 1 1) HED (o(w)) sy (0(w))

B CORRf(p(w) 1
= ) (T wR)

(=D (k + D! (p(w))
(1= lp(w)P)F+t 7

proving the result. O

3.1 Bounded and compact weighted composition operators

mapping into weighted-type Banach spaces V),

We begin the section with a characterization of boundedness that extends Theorem 3.1 in [2].

We use Lemma 3.0.1 to determine the quantities that are required for such characterization.

Theorem 3.1.1. Let X be a Banach space of analytic functions on D with norm || - || and
let K be as in (1.1) satisfying conditions (VI) and (VII). Let p be a weight on D, ¢ € H(D),
and ¢ an analytic self-map of D. Then Wy, , : X — Vy, is bounded if and only if for each

k=0,1,...,n the quantity A defined below is finite:

Ay e sup(1 )| Shk (DU Bl (2), ¢(2), o D))

sup - [pRF Klp(=)):

Proof. First, we prove that A, is finite. Fix w € D and f € X such that ||f|| < 1 and
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consider the function
Hy o (2) = o) (2)]" f(2).

By a repeated application of condition (VI), we see that H,, ,, € X and
[ Hn,wll = llagu,) flIl < ClIfl < C.

Thus, by Lemma 3.0.1, Lemma 3.0.2, and Remark 3.0.1

(1 = [w]*)|(Wy o Hp) ™ (w))

= p(w)| (' (g © ) + ¥ (gl 0 @) (w)]

= (1- M\ifﬂ >
k=0

_ _w2
= = D) e

Thus, since Wy, ., is bounded, we have

[n!(w) (" (w))" f (p(w))]

(1 - ’w|2) (1 - ’¢(w)|2)n S ||Ww,g0Hn,w||Vn
< | HnwlllWeel
< CWyell-
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Taking the supremum over all f € X with ||f|| <1, by (1.2) we obtain

An — Sup(l _ ‘U}|2) W(w)@/(w)n

|
wed (1 lpypy A = Ol

We next prove that A,_; is finite by fixing w € D and f € X such that ||f| < 1 and
considering the function Hy,_1.4(2) = [apw)(2)]" *f(z). Then, for k = 0,1,...,n — 2By

condition (VI), we see that Hy,_1, € X and

1Hn-1.0ll = el fIl < ClIFIN < C.

p(w
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Thus, by Lemma 3.0.1, Lemma 3.0.2 and Remark 3.0.1

(1= )| Wy o H1,) ™ (w)]

= (1 |wf? ‘ZH(’“

X Z (Z)Iﬁ("—é)(w)Bé’k((p/(w)’(p//<w),_..790(é—k+1)(w))‘
=k

= = ) ) (") B 1)
+ U0 (1)) Baner (¢ 0), () (3.2
+ 8,0 () ) Bl ()

= (1= o) | H" 1 (o)) () (w) (¢ ()"
o) " (g 2 w)

Thus, by the triangle inequality and the boundedness of the operator Wy, ,, from (3.2) we

obtain

(1= w51 (o) (m! (1) (' ()"
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Using Lemma 3.0.2, and condition (VII) applied to j = n, we obtain

_ w2 (n_l)!‘f(w(w))‘ nd (w "w n—1
(= ) Tyt ™ (@) (w)

() )]

< OlWy gl + C(1 — |w]?) (1—|p(w)]

After dividing by (n — 1)! and modifying the constant C' accordingly, taking the supremum

over all f € X with | f|| <1, by (1.2) we obtain

! (w) (! ()" 4 1 (w) M (o ()2 ()|
(1~ [p(w)[2)T

[ (w)( ()"
= e

(1= [wl?)

< ClWyl + €A = Jw]?)

Taking the supremum over all w € D, we have

Ap1 < C|Wyoll + CA, < .

By applying a similar process for each m from n — 2 down to 1 and considering the
functions H,, ., we obtain that A, is finite.

Finally, to prove that Ay is finite, again fix w € D and f € X such that ||f|| < 1. By

o1



Lemma 3.0.1, we have

(1= [w)| Wy /)™ (w)]

From this, by the boundedness of the operator, and condition (VII), we obtain

(1 = )| (ol i()w(“ )Brole!(w).... ¢ (w)|

=0

n

< CIWypll+ (1= [w?) 3 1F P (p(w)|

k=1

<3 () OB 0, )
l=k

< OlWygll + €Y1~ [wl?)
k=1

S (0w B (), O w)
(= Tew)

< CWyul +CD A
k=1
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Hence, taking the supremum over all f € X with || f|| < 1 and using (1.2) followed by the
supremum over all w € D, we obtain Ag < 0o, completing the proof of the necessity.
Conversely, suppose Ay < oo, for all k =0,1,...,n. Let f € X with || f|| < 1, and fix

w € D. Then, by (1.1), condition (VII), Lemma 3.0.1, and Remark 3.0.1 we have

n

(1= Jw)|(Wy o /)™ (w)| = (1 - Iw\Q)’ > B p(w))

k=0

X gz’; (£)¢(n_£) (w)Beak((go/(w), ool ‘P(Z_k+1)(w)>‘

n

<CY (1-|wP)
k=0
" |30y (D)9 (w) Beg (@' (w), - . ., oD (w))] K(o(w))
(1 —Jp(w)[?)k
< C) A
k=0
Taking the supremum over all w € D, we obtain
sup (1 — |w]*)| (W, )™ (w)] < oo. (3.3)

weDbD
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On the other hand, by (1.1), and condition (VII), we have

n—1
> Wy f)B(0)]
k=0
n—1 n—1
SO <” , 1>¢("_1_l)(0)3€,k(90/(0), ()
k=0 l=k

nt | 05 ()0 0) Bur(#(0), D (0))]
> EEORE

K((0))

IN

n—1
> A, (34)
k=0

which is finite. Thus by the definition of norm in V,,, combining (3.3) and (3.4), we see that

Wy o fllv, is finite, proving the boundedness of Wy, . O

Corollary 3.1.1. Let X be a Banach space of analytic functions on D with norm || - ||
and let K be as in (1.1) satisfying conditions (VI) and (VII). Let p be a weight on D and
¢ € H(D). Then My : X — V), is bounded if and only if for each k = 0,1, ...,n the quantity

A defined below is finite:

)=k (2
Apg = ilelg ((1’“)_ ‘2’2),951))’;9 (2).

Corollary 3.1.2. Let X be a Banach space of analytic functions on D with norm || - || and
let K be as in (1.1) satisfying conditions (VI) and (VII). Let u be a weight on D and ¢
an analytic self-map of D. Then C, : X — V), is bounded if and only if the quantity Acy

defined below is finite:

= 8su — |Z 2
Ace == TP



Next, we turn our attention to the study of the compact weighted composition operators
from a Banach space X of analytic functions into the weighted-type Banach spaces V), for

n > 2 under certain conditions on X. The following result complements Theorem 3.2 in [2].

Theorem 3.1.2. Let X be a Banach space of analytic functions on D with norm || - || with
K be as in (1.1) and satisfying conditions (1I), (VI), and (VII). Suppose ¢ € H(D) and ¢
an analytic self-map of D such that Wy, , : X — V,, is bounded and suppose

0= ireng(go(z)) > 0. (3.5)

Then Wy o : X = Vy is compact if and only if for each k = 0,1,2,...n the quantity Ak(¢Y, @)

defined by

A, ) = lim (1 —|z|?) DY (Z)w(n%)(z)Bz,k(so’(z);. kD ()]

()1 0= le)P K(e(2))

18 zero.

Proof. Suppose Wy, : X — V, is compact. If ||p||oc < 1, then Ag(¢, ) = 0 for all
k=0,1,...,n, and we are done. So assume |||« = 1. Let {a,,} be a sequence in D such

that 1/2 < |p(am)| — 1 as m — oo and

W(am)Bn,n(Wl(am)) | K

SR e Er DT

An (¥, 0)

(plam))-

= lim
m—0o0
Thus, by Remark (3.0.1)

[ (am)(¢'(am))"|
(1 = [e(am)?)"

Au(th,9) = lim (1 Jam?) K (plam).
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Fix £ > 0. By (1.2), for each m € N there exists f,,, € X with || f,]| <1 such that

[fm(plam))| > K(p(am)) — e (3.6)

Since the sequence {|| fm||} is bounded and by Proposition 1.4.1, the mapping z — K(z) is
bounded on compact subsets of D. Using (1.2) we see that {f,} is uniformly bounded on
compact sets.

For each m € N and z € D, define

1 —|olam)|?)z
i) = 2 ) (0 = () ), 6.7
Then
Fo(p(am)) = p(am) fim(p(am)), (3.8)

so that |EFy,(e(am))| < |fm(e(am))|. By (1.2), for z € D we have

1— lga(am)lz

E(2)] <
Fn(2)] € =0

Thus, F,, converges to zero uniformly on compact subsets of D since, as noted above,
z — K (z) is bounded on compact subsets of D.

By (VI), we see that F,, € X and

[Enll < leam)l[[ fmll + [l am) fml

< fwll + Cllfmll
< Cfnll
< C. (3.9)
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For m € N and z € D, define
Gnm(z) = (ag,(am)(z))nFm(z). (3.10)
By a repeated application of condition (VI), we see that G, € X and
[Gnmll = llagq, ) Fmll < CllFnll < C,
and by Lemma 3.0.2, for j =0,1,...,n — 1,

n!Fo(p(am))

i 0~ lelamP)™

9) . (¢lam)) =0 and G, (o(am)) =

(3.11)

Since Gy, converges to zero uniformly on compact subsets of D, by Lemma 1.4.1 and Re-
mark 1.4.1, which may be applied since condition (II) holds, it follows that ||Wy, o Gpnm|lv, —

0 as m — oo. Hence

lim (1 — [0(am)*)|(Wy,Grm) ™ (am)| = 0. (3.12)

m—0o0
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Using (3.11), from (3.12), Remark 3.0.1 and Lemma 3.0.1, we obtain

. Qm "(am))" Fin am
i (1 - Jal?) |9( )((;P_( |g02()1m)|2§f( )|

= T () (¢ ()" G (0 ()

m—oo n!

=l () B (¢ () G o)

m—oo 1!
1 . n
= — lim (1 - lam|?) > G (p(w))

k=0

X Z (Z) w(n—z) (w)By (90/(10)’ ¢ (w), ..., @(Z—k_;_l)(w)) ‘
=k

1 . n
— — 1im (1= |am )| (WyoGnm)™ (am)|

n! m—oo

= 0. (3.13)
From (3.6), (3.7), (3.13), and the fact that |p(anm,)| — 1 as m — oo, we obtain

|9 (am) (¢'(am))"|
(1 = [e(am) )"

¥ (am) (¢ (am))"|
(1 = [e(am)?)"

1 [¥(am) (¢ (am))"]
@)l (= lpampyr | Tmielam)

— 0 (3.14)

(1= lam/?)

(K((P(am)) - 5)

< (1~ lam/*)

| fm(p(am))]

= (1= lam[*)

as m — oo. Since Wy, , is bounded, by Theorem 3.1.1, the quantities A; for j = 0,...,n

are finite.
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By condition (3.5), we have

¥ (am) (@' (am))"|
(1= lp(am))" ~ wep (1= [e(w)?)

IA
w0
o

e}

=

!
g
o

(1= lam/?)

A
|
wn
o
gl
=
£

= A, (3.15)

Therefore, from (3.14) and (3.15), we obtain

() (' ()"
0 [p(amP) ~

[ (am) (¢ (am))"] _
(= le(em)P)"

(1- ‘am‘Q) (plam))

IN

(1~ lam/?)

(0 (a)")
- lelampy )

() ¢ )
(= lplampy Pl

+(1- ’amlz)

1
gAns + (1 — |am|?)

IN

1
— gAnS as m — oo.

Since ¢ is arbitrary, it follows that A, (¢, p) = 0.
Let us next show that A,_1(¢,¢) = 0. Let {an} be a sequence in D such that 3 <

lp(am)| — 1 as m — oo and

Ap—1 (1, 9) (1 |an|*)

= lim
m—00

o tmn (D)) Ben-1(¢(2), -, "D D (ay))|
(1= lp(am)[*)"
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Then, by Remark 3.0.1, the above limit equals

nt’ (a, ay, n—1 U n(n—1) am, n—2, 1 am
i (1 o2y ) 0" ) P )2 )

moe (= Telom) B Rltam)

Fix € > 0 and for each m € N, choose f,,, € X such that ||f,| <1 and (3.6) holds relative

to this €. Define F},, in terms of f,, as done above, and set
Gro1m(2) = (y(an) (2)" Fin(2). (3.16)

Then the sequence {Gp—1m}meN converges to zero uniformly on compact subsets of D and

by Lemma 3.0.2, for j =0,1,...,n — 2,

j n— — D (p(am))
G(Jl p(ay,)) =0 and G(_ b plam)) = (n 3.17
n l,m( ( )) n l,m( ( )) (1 IR |30(am)|2)n71 ( )
By (3.9) and condition (VI) we have
[Gn1,mll = ”(acp(am))n_lFmH < CllFnll < C. (3.18)

By Lemma 1.4.1, the compactness of the operator Wy ., implies that ||[Wy ,Grn—1m|v, — 0

as m — oo. Hence

lim (1= an )Wy 6Gr1.m)" ()| = 0. (3.19)

m—r0o0

Thus, by (3.17), corresponding to e, there is N € N such that for all m > N, we have
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(1= lam )| Wy Grm1.m) ™ (am)|

= (1 [an) G;"leo(am))( 5

n—1

)w%am)Bn_l,n_l(so’(am))
+ G0 ((am)) ¥ (am) Bug—1 (¢ (am), ¢ (am))
G (9 (@m) (@) B (' (m)

= (1= lam )| G50 (2(am) (10 (am) (¢ (a))"

’I’L(TL B 1) n—2 1

(' (am)" % (a))

+ G, () e(am) (@ (am))"

< €.

Hence, by condition (VII) for j = n, for every m > N, we have

(1= lam/?)

G (am) (m (am) (¢ (a))"

n(n B 1) n—2 1

1 (am) S (¢ (@) 2 () ) |

< et (1 am)|G) 1 (@lam))¥(am) (¢ (am))"]

¥ (am) (@' (am))"|

< e+ 0(1 - |am|2) (1 — ‘So(am)‘Q)n

K(p(am))- (3.20)
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By (3.17) and since we have shown above that A, (¢, ¢) = 0, we have

lim (1 - ’am,Q)’(nwl(am)(‘:@/(am))nil

m—0o0

[ (am) (& ()" )

< e+ C lim (1 — |am|?
A (=l ) o a2y

=&+ CAn(wa (P)
= E.

By (3.6) and (3.8), and since 1/2 < |¢(a,)|, we have

K(p(am)) —e < |fm(p(am))|

_ [Enle(am))]
(am)]

< 2[Fn(p(am))l.

Thus, for all m sufficiently large, from (3.21), we obtain

(1-la |2) |n¢’(am>(¢/(am))nfl + w(am)n(n;l) (@I(am))nizsdl(am”
: (1 = [p(am)[*)n—1

X (K(p(am)) —¢)

! (@m) (' (am )™+ (am) "5 (@ (am))™ 20" (am))|
1

< (1—|am)?) (1 — |p(am)?)"

X 2| Em(p(am))]

< 2e.
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(3.22)

(3.23)



Moreover, recalling condition (3.5), we have

) "5 (' ()20 (am)|
1

BN 0 O )
= laml) (= olam) )™

M (! (w)" 2" (w)|

[ (w) (' (w))" ™" + (w)

2
< sup(l— |uf’) (1 - Jpw) ) et
n! (w n—1 "(”1) ()20 (w
T (L
) %An ) (3.24)

Therefore, by (3.21), (3.23), and (3.24), taking the limits as m — oo, we obtain

1
An—1(, ) < e5 An-1 42 = Ce.

Since ¢ is arbitrary, we deduce that A,,_1(1,¢) = 0.
Finally, to prove that Ay = 0, let {a,,} be a sequence in D such that 1/2 < |¢(ap,)| — 1

as m — oo and Ay (¢, ¢) equals the limit of

P (am))| K ((am)).

(= lanf?)] 32 (1) 00006 Broli am). ..

=0

Fix € > 0 and for each m € N, let f,,, and F;,, be constructed as above in terms of ¢ and
the sequence {a,,}, which, we recall, form bounded sequences in X. By Lemma 1.4.1, the

uniform convergence of {F},,} to zero on compact subsets of D guarantees that ||[Wy, , Fy,, ||y,
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0 as m — oo. Thus, corresponding to € there is NV € N such that

(1= lam ) Wy Fm) ™ (am)|

= (1 |am? ‘ZF(’“

X Z( ) =0 () B (¢ (am), - - -

= (1= [an /)| Fu(p(am))

X Z( ) =0 () Bro (¢ (am), - - -

X
3
7\
~ S
N——
=
3
S
)
\S_/
&
~
B
—~
—
\S_/

1o P

o (g,)) ‘

7 (p(f+1) (am))

(L—k+1) (am)) ‘

(3.25)

for each m > N. By (VII) for j = 1,...,n, and since Ai(¢),p) = 0 for each k = 1,...,n
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thus by (3.25) for all m > N, we have

(1 = lam®) | Fn(p(am))

n

9 <)¢<M am) Beo (@ am) - ¢ )|

=0

n

<et CY (1-laml’)

k=1

« | >l (D™= (am)Beg (¢ (am), - - ., kD (ay,
(1 = lp(am)[?)*

M (oam)

k=1

= E.

Hence, for all m sufficiently large, and by (3.22)

1_|am| ‘Z( >Q[)(” K Bg()( ( )?30”(am)7'"aQD(E—H)(am))‘
=0

x (K(p(am)) =€)

n

< 21— fanf)| @ ¥ (@) Beo (¢ (am). - 0 (am)|

(=0

X [Fin(¢(am))l

2e.

IN

65



By (3.5), we deduce that

(1 - |am|2)} (Z)¢(n—Z) (am)BZ,O (Sol(am)a . 7¢(€+1)(am)) ’

=0

L o \Z (7)1 ) B am - # am)
< K(g(am).

Combining the last two inequalities, for all m sufficiently large, we obtain

(1~ [am|) (Z)W@(am)Be,o(«p'(am)... ) (am)) | K (o lam))

:8A0—|—28

=Ce¢,

proving that Ag(y, ¢) = 0.

Conversely, suppose Ak (¢, ) =0, for k =0,...,n. By Lemma 1.4.1 and Remark 1.4.1,
to prove the compactness of the operator Wy, ., it suffices to show that if { f,,,} is a sequence
in X converging to zero uniformly on compact subsets of D with norms bounded by some
constant L > 0, then ||Wy o fm|lv, — 0 as m — oo.

Let {fmn} be such a sequence and fix ¢ > 0. Since Ax(¢,p) = 0, for k =0, ...,n, there

exists s € (0,1) such that whenever |¢(2)| > s,

|2ty (DY (2)Beg(@(2), - o TH ()0
(1= lp(2)[?)*

(1— 1z K(p(2)) <e. (3.26)
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By condition (IV), there is a positive constant § such that K(w) > ¢ whenever |w| < s.

Since {fm} converges to zero uniformly on {|w| < s}, so does {fff)} for each k =1,...,n.

Thus, there exists a positive integer N such that for all m > N and all £k = 0,...,n,

|f,£,]f)(w)| < e whenever |w| < s. Hence, with Ay, for k£ = 0,...,n as in Theorem 3.1.1, if

m > N and |¢(z)| < s, then

1S (DY V() B¢ (2), . . 7(P(sz+1)(z)),K

(12 P ERE (DI (e(2))]
< Ape,

for all k =0,...,n. Therefore, for |p(2)| < s,

(1= 121)| Wy frn) ™ (2)]

= (1= 1z 3 1P (2))
k=0

3 () 0GB ). )
=k

14

n no (M (n=l) (o, o). o=kt
< (1 oy 3 EE DO ) AT
k=0

L s IS (0Bl (2), . D ()
<5012 EELE
< K ()
Sgk:oAk‘

(3.27)

If |p(z)] > s, then by (1.2), condition (VII) for j = 1,...,n and (3.26), for all m
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sufficiently large, we have

(1= =)Wy o fir) ™ (2)

LS | ()Y B (), ()

x K (p(2))

n

@=L E ()6 Bl ) o)

=0
x K(p(2))
< Ce. (3.28)
Finally, since the sequences { fi, }, {f}.},- -+, { fq(ﬁl _1)} converge to zero uniformly on compact

subsets of D, they converge pointwise. Thus, |¢(0)(fm © ©)(0)] + |(¥(fm o @) (0)] + -+ +

|(0(fmow)) =D (0)] — 0, as m — oo. By this, (3.27) and (3.28), we obtain | Wy o fm v, — 0

as m — oo. Hence W, , is compact. O

Corollary 3.1.3. Let X be a Banach space of analytic functions on D with norm || - || with

K be as in (1.1) and satisfying conditions (I1I), (VI), and (VII). Suppose ¢ € H(D) such

that My : X — Vy, is bounded and suppose

§:= ZnellfDK(z) > 0. (3.29)

Then My, : X — V,, is compact if and only if for each k = 0,1,2,...n the quantity Apri(¢)
defined by

(v (=)l

el WK(Z)»
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18 zero.

Corollary 3.1.4. Let X be a Banach space of analytic functions on D with norm || - || with
K be as in (1.1) and satisfying conditions (II), (VI), and (VII). Suppose ¢ an analytic self-
map of D such that C, : X — V), is bounded and suppose (3.5) holds. Then Cy : X — V) is

compact if and only if the quantity Ac () defined by

N Gl .
Acale) = Jim 1o e K (6(2)

1S zero.

3.2 The essential norm of the weighted composition opera-
tors mapping into weighted-type Banach spaces V),
In this section, we provide an approximation of the essential norm of the weighted compo-

sition operators acting on a large class of Banach space X of analytic functions on the open

unit disk into the weighted space V,,. The following result complements Theorem 3.3 in [2].

Theorem 3.2.1. Let X be a reflexive Banach space of analytic functions on D satisfying
conditions (V)-(VII) together with either (I) or (VIII). Let ¢» € H(D) and ¢ an analytic

self-map of D satisfying (3.5) and such that Wy, , : X —V,, is bounded. Then

HW%@He = Z«%(d& ©),

k=0

where A (1, ) for k=0,1,...,n, as in Theorem 3.1.2.

Proof. We begin by showing that

Woole > C3 Auleh, ).

k=0
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If ||¢]loo < 1, choose s such that ||¢]|ec < s < 1. Thus Ag(v),) =0for k=0,1,...,n, since

the supremum over an empty set is zero, so

Wyplle >0=0CY" A, ).

k=0

Therefore, we shall assume ||¢| = 1, and prove that Ay(y,p) < C||[Wy

e, for k =
0,1,...,n, for some positive constant C.

Let {am} be a sequence in D such that |p(am,)| — 1 as m — oo and

W(am)Bn,n(SO/(am)N
(L= lp(am)*)"

Au(th,0) = Tim (1 Ja]?) K (plam)).

Thus, by Remark (3.0.1)

(1 o ‘am‘Q) ‘w(am)((p,(am))n’}—((gp(am))

An(wa (P) (1 - ‘(P(am)P)n

= lim
m—00

Fix € > 0. By (1.2), for each m € N there exists f,, € X with || f,]] <1 such that (3.6)
holds. Since by the reflexivity assumption, the unit ball is compact under the topology of
uniform convergence on compact subsets of D, then {f,,} converges to some function in X
uniformly on compact subsets of D, so that {f,,} is uniformly bounded on compact sets.

For each m € N, let F,, be as in (3.7). Then, the sequence {F},} is bounded in X and
converges to zero uniformly on compact subsets of D. Let Gy, be as in (3.10), then by

(VI), ||Gpnm] is bounded by some constant C' > 0, and G, ,,, converges to zero uniformly
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on compact subsets of D. By (3.11), we have

(1= @)Wy Crn)™ ()]
= (1= [anl®) |G (9 (am)) (@) Bun (¢ (am))|

=(1- ‘am‘Q) Gn?m(‘P(am))w(am)(@/(am))n

= (1= |am|?) n!Fm(cp(am))iﬁ(am?y’(am))" _

(3.30)

Let T be a compact operator, so Wy, , — 1" is bounded and by Proposition 1.4.1 and

Lemma 1.4.1, ||TGpm|lv, — 0 as m — co. Then, using (3.30), we have

ClWye =T

> limsup ||Gnml|[|Wy,e — T
m—r00

> limsup ||( Wy, — T)Gnmlv,

m—r0o0

= lim sup ”Wq,/;,chn,m”Vn
m—o0

> lim SUP<1 - ‘am‘Q)‘(Wd),LpGn,m)(n)(am)‘

n—00

— limsup(1 — ‘am|2) \n!Fm(go(am))w(am)((p'(am))”|‘

msu 0 - lelam) P (3:31)
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Using (3.6) and (3.8), we obtain

[ (am) (¢ (am))"|

_am2
0l D TotamBy

(K (plam)) —¢)

e @)
< (1 fan ) OE G o))
< (1 fagpylem) @)™ o oy (3.32)

(1 = [e(am)?)"

Using (3.31) and (3.32), and arguing as in the proof of Theorem 3.1.2, we see that

9 (am) (¢ ()"

Anliing) = Jim (1~ Jan ) S E LK (plan)
< ClWye =T (3.33)

Taking the infimum over all compact operators T : X — V,, it follows that

An(¥,9) < ClWy e (3.34)

We next show that A, _1(,p) < C||[Wy olle- Let {an} be a sequence in D such that

lp(am)| — 1 as m — oo and

An-1(,0) = lim (1~ |am[*)

m—r0o0

S (YOO (an) Bunea (¢ (@), oD )

(1 = |@(am)[2)n1 K(p(am)).
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Then, by Remark (3.0.1), the above limit equals

1 ) (@)™ () "I ( ()2 ()
iz (1= laml) 0~ Te(amP)™T

x K(p(am)).

Let Gy,—1,m be as in (3.16). Then, as shown in the proof of Theorem 3.1.2, G,—1 , is
bounded in X and converges to zero uniformly on compact subsets of D.
Let T : X — V, be a compact operator. By Proposition 1.4.1 and Lemma 1.4.1,

| TGr—1,mllv, = 0 as m — oo. Since ||Gp—1m|| < C, then by (3.17), we have

ClWo =TI = imsup |Gor-s sl [Woso = T

> limsup [[(Wy,o — T)Gn-1,m|v.
m—0o0

> limsupHW¢,<pGn—1,mHVn
m—0o0

> Timsup (1 — |am )| (W oGro1,m)™ (am)]
m—0o0

> limsup(1—|am|2)

m— 00

x G&’i‘lﬁn(@(am))( )w'mm)Bnl,nl((so'(am))

= limsup(1 — |an|?) Gﬁb’l‘f)n(ap(am))(nw’(am)(w’(am))”_l

m—0o0




Since Gp—1,m is bounded by some constant C' > 0, by condition (VII) for j = n, we have

limsup(1 — |am|2) ’G(Tﬁ%(cp(am))

n
m—00

(0 (00) (2 )" )"

< ClWy,e =T

+limsup(L — Jam|?)| G, (@(am))¥(am) (@ (am))"

m—0o0

< ClWy,e =T

timsup(L— jay ) Cram(P@n)V (@) (¢ )"

e O plampy )

By (3.17) , we have

lim sup(1 — |a,,|?)
m—r0o0

(7 — 1) Fa(9(am)) (00 (am) (¢ (@)™ 4 (@) "5 2 (¢ (@) 20" (an)]|
(1~ lp(am)?)nT

< CO|Wyy — T + CA,. (3.35)

X

Fix e > 0. By (3.35) and arguing as in the proof of Theorem 3.1.2, we obtain

: _ 2
n}gnoo(l |am|%)

[(n — D)1 (am) (' (@)™ () "5 (& ()" 2¢" ()|
. 1 —TolamPy ! Klelam))

S COWyp =Tl + Ce+ CA(Y, ).

74



Combining this with (3.34), we obtain

An1(h, ) = i (1_’am’2)

m—r0o0

(7 — 1) (8 () (' (@)™ () 5 (& (@)™ 2" ()|
(1= [p(am)?)!

X

X K(p(am))

< ClWye =T+ C|[Wy,,

le,

since ¢ is arbitrary. Taking the infimum over all compact operators T': X — V), it follows

that
An-1(1,9) < Cl[Wygle- (3.36)
By applying a similar argument for k =n — 2,...,1 we obtain that
A, 0) < Cl[Wyplle. (3.37)

Finally, we show that Ay < C[|[Wy o|le. Since ||¢|o = 1, let {a,,} be a sequence in D
such that 1/2 < |p(am)| — 1 as m — oo and

Ao(¥, ) (1~ laml*)

= lim
m—0o0

n

X ‘ Z <Z> () By (¢ (am)s - ... 0 (am)) | K (¢(am))-

=0

Let T': X — V), be a compact operator. Then, by Proposition 1.4.1 and Lemma 1.4.1,
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|TF |y, — 0 as m — oco. Thus,
CHW¢,¢ e
> limsup || F [[[[Wy,, — T
m—0o0
> limsup [|(Wy,, = T) Fallv,
m—0o0

= limsup | Wy, o EFnllv,
m—0o0

> limsup(1l — !amIQ)!(Ww,me)(") (am)|

m— 00

> limsup(1 — |am|? ‘ZF

m—o0

y Z( ) (n-0)( am)Bz,k(go’(am),.--,so(f‘k“)(am))‘- (3.38)

By (VII) for j =1,...,n and (3.38), we have
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< ClWy,e =T

+limsup(1 — |am|? ’ZF

m—0o0

x> (72)@@("@)(%)3“ (¢ (am), - - - ,gp“*“l)(am))\
l=k

< ClWy,e =T

+Climsup(1 — |am|?)

m—00

| 2tk (D)9 (am) Bex (¢ (am), - - -, 9“FV (am)))|
Z (1= lp(am)[*)*

x K(p(am))

S C|Wyp =T+ C Y At ). (3.39)
k=1

Fix € > 0. Again, arguing as in the proof of Theorem 3.1.2, and using (3.34), (3.36), and

(3.37), from (3.39) we obtain

Ao(,0) < O(IWip = Tl 4+ + Wy e

Since ¢ is arbitrary, taking the infimum over all compact operators T : X — V,,, we have
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Ao(1, ) < Cl[Wy plles which combined with (3.34), (3.36), and (3.37), yields

Wylle > CY A, @)
k=0

To prove the reverse inequality, fix ¢ > 0, s € (0,1) such that |p(z)| < s and choose
€ (0,1) as in parts (b) and (c) of Lemma 1.4.2 and Remark 1.4.2. Since Wy, : X =V,
is bounded and, by condition (V), the operator 7, : X — X is compact, the composition

product Wy, , T, : X — V), is also compact. Thus,

WL =Tl < ”?}Hlp WX = T) fllv, < Co+ Y La, (3.40)
=1 k=0
where
Co= sup Y |(v foe)(0),
||f||<1jzo

and for k=0,...,n
L= sup sup(1 - [2)|(f = £)®((2))

I£I<12€D

x Z< )W “0(2)Bos (& (2 ),...,<p<f—k+1>(z))). (3.41)

78



Observe that, for k =0,...,n,

L, < sup sup (1-— |z\2)‘(f B ((2))
I £II<1 p(2)|<s

x§j() YD) Bus( (), 0 (2))]

+ sup sup (1-— |Z|2)‘(f—fr)(k)(90(z))

IFI<1le(2)[>s

XEZ() (&) B (' () oD (2) |

By Theorem 3.1.1, condition (3.5) (which guarantees that K(¢(z)) > 0), Lemma 1.4.2,

Remark 1.4.2; and condition (VII), for £ =0,...,n, we have

Ly < swp swp ((1-]2P)
IFI<1]e(z)|<s

\Ze r (N (2) B (@' (2), ..., o (2))] .
(= oI Kt
X K(2(2) I = f) P ()1~ le(x))F)
+ sup sup <(1—\z|2)
A< [p(2)[>s
T (U@ Be(¢ ().
(=l P)F Klelz))
X K(2(2) M = 1P ()11 = [p(:)P)F)
< Ake—l—Cl ?uﬁ) (1—1z[?)
‘Zf k( (= Z)( )Bgyk(@/(z),...,gp(g_k—"l)(z))’K(@(z))
|

(1= lp(2)?)*
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Finally, by Lemma 3.0.1 applied to (I — 7;)f, Lemma 1.4.2 and Remark 1.4.2, we have

%::ﬁﬂz W = To)(f 0 )V (0) | K (2(0) LK ((0))
<l

< e K(p(0)). (3.42)

Therefore, from (3.40) and (3.42) we have

Woglle < e(Ke0) + 3 Ax)
k=0

+CY sup (1- 2P
o le(2)]>s

n - (n\ i (n—_) (2 K k+1)
« |2l (v (( 2) B, k((i)(P; () K(p(2)).

If ||l < 1 and since € is arbitrary, we see that [|[Wy |l = 0 and the operator is

compact. If [[¢|l«c = 1 and since ¢ is arbitrary, letting s — 1, we obtain

Woolle <CS Axw,9)

k=0

completing the proof of the upper estimate. O

Corollary 3.2.1. Let X be a reflexive Banach space of analytic functions on D satisfying
conditions (V)-(VII) together with either (I) or (VIII). Let v € H(D) and (3.29) be satisfied.
Suppose that My, : X — V;, is bounded. Then

IMylle = 3 A ()

k=0

80



where A () for k=0,1,....,n, as in Corollary 3.1.5.

Corollary 3.2.2. Let X be a reflexive Banach space of analytic functions on D satisfying
conditions (V)-(VII) together with either (I) or (VIII). Let ¢ an analytic self-map of D

satisfying (3.5) and such that Cy, : X — V,, is bounded. Then

1Cyplle < Acm(¥),

where Acn(p) as in Corolaary 3.1.4.

3.3 Boundedness and compactness of weighted composition

operators mapping into weighted-type Banach spaces V), g

We conclude the section by focusing on the weighted composition operators mapping a
Banach space of analytic functions into V,, 9. In particular, we provide equivalent conditons
for the boundedness and the compactness of weighted composition operators acting on a
large class of Banach spaces X of analytic functions on D into the little weighted spce V), o.

The following result complements Theorem 3.1 in [2].

Theorem 3.3.1. Let X be a Banach space of analytic functions on D satisfying conditions
(I1), (VI) and (VII). Suppose 1» € H(D) and ¢ an analytic self-map of D satisfying (3.5).
The following conditions are equivalent:

(@) Wy.p : X = Vy o is compact.

(b) Wy : X = Vo is bounded.

(¢) For each k =0,...,n, then

|2tk (D" (2) B (2), -, D (2)]
|



Proof. The implication (a) = (b) is clear. To prove (b) = (c), suppose Wy, : X — Vy, ¢ is
bounded. Let {a,,} be a sequence in D such that |a,,| — 1 as m — oo, fix f € X such that

IfIl <1, and for m,n € N, let
Hym = (@) = Hnap.:
as defined in Lemma 3.0.2. Thus this family of functions is bounded in X and satisfies

(1) f(p(ar))
0= Tp(amP) (3.43)

H)(plam)) =0 and  HYY)(p(am)) =

for j =0,...,n—1. Since Wy ,Hypm € Vno, by (3.43), Lemma 3.0.1, and Remark 3.0.1,

we have

(1- ‘am‘Q)‘(Wtb,apHn,m)(n)(am)‘

= (1= Jan /)| Y- HE) (p(am))
k=0

X zn: <n> (o) (am)Bri(#' (am), - -, SD(K_nH)(am))‘

l=k ¢

= (1= o) HE (9(am))

)

- ; (7) @) Bene' e D)

n!| f(p(am))Y(am)Bnn (@l(am))‘

_ _am2
= (1= lanf) 0= lp(am 2"

!y (am) (¢ (am))" (¢ (am))]

— — |la 2
= (1 - |am/?) (1= lp(am)[?)

—0, as m — oo.
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Taking the supremum over all f € X with || f]| <1, by (1.2), we have

1 . 2
= — lim (1—|an]?)

« W(am)Bn,n (‘Pl(am)a ceey ‘P(Zinﬂ)(am))‘
(1= le(am)[*)"

= 0. (3.44)

Similarly, for m,n € N and f € X such that | f|| < 1, consider the function Hy 1, =

(aw(am))n_lf defined in (3.1). Then,

) 0 fork=0,...,n—2,
Hy 7y o (plam)) = (3.45)

()" (1) (am)) —
Tyt frk=n—1.

By condition (VI), we see that {H,,—1m}5_o is bounded in X. Since Wy ,Hp—1,m € Vn,
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it follows from (3.45) that as m — oo,

(1 = lam ) Wy Ho1,m)™ (am)|

= (1= lan)| Y2 HY, (plam)

(n = D'f(¢(am))
(1 = [e(am)?)

= (1= lanP)
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Thus, by (VII) for j = n, and (3.44), we obtain

i 0 e e

X‘ Z < > am Bén l(spl(am%"‘7@(£7n+1)(am))‘
l=n—1

< lim (1= Jan )| H") ,(0(a0)(@m) Bun (¢ (am))|

m—r0o0

(1~ Jan )
= e T plam) P — 1

xz< )@ Ba(# (an)o 0)) K (plan)

=0.

Taking the supremum over all f € X with [|f|| <1, by (1.2), we have

(= lanP)
550 (1= [ip(am) £

30 (7)) Bea ()
l=n—1
x K (p(am)) =0.

By applying similar processes for k =n — 2,...,k = 1, we obtain that

i (=D (2)Br('(2), ..., D (2))]
Z (1= [e(z)P)F

lim (1 — |z[%)

\Z|—>1 —r
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Finally, for k = 0, with f as above. Since Wy, ,f € Vi 0, it follows that

lim (1= |am|?)| (W0 f)™ (am)]

m—o0

— lim (1= |an| )\ 37 P (p(am))

m—o00 —
<3 (1) o B (o )|
= 0. (3.47)

By this, (VII) for j =1,...,n, and (3.47), (3.46), and (3.44) we obtain

Tim (1= am )| £(¢(am))

X Z( ) O am)Bﬁ,o(wl(@m)a---a¢(€+1)(am))‘

< C lim (1 — |am|?)

m—ro0

10 (D)0 (2) By( (am), - - -, 94D (a,))
- Z (1= [p(am) )"

X K (p(ap)) =0.

Taking the supremum over all f € X with || f|| <1, by (1.2), we have

lim (1 — |am|?)
mA)OO

\Z( )w(” (am)Beo (' (@m) -, 4 (am) | K (plam)) = 0,

proving (c). To prove that (¢) = (a), suppose (c) holds. By Theorem 3.1.2, the operator
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Wyo + X — Vy is compact. Thus, to prove that Wy, , : X — V;, o is compact, it suffices to

show that Wy, ,f € Vy o for any f € X. Let f € X. By (1.2) and (VII) for j = 1,...,n, we

have

n

(1= AWy o H™ ()] = (1—Iz!2)’2f(’“)(90(z))

k=0

X Z (Z)qp(”l)(z)B&k (C,O/(z), o ,@Mﬁlﬁl)(z))’
{=k

< (1= [z)C|Ifl

y Z": | 2 (?)@b(”‘@(Z)Be,k(@’('zx e (R))
k=0

XK (p(2))

—0, as |z]| =1

Thus, Wy, . f € Vp o, as desired. O

Corollary 3.3.1. Let X be a Banach space of analytic functions on D satisfying conditions

(I1), (VI) and (VII). Suppose ¢ € H(D) and (3.29) be satisfied. The following conditions

are equivalent:
(a) My : X — Vyp is compact.
(b) My : X — Vy 0 is bounded.

(¢) For each k =0,...,n, then

()R ()]
AT - P

K(z)=0.
Corollary 3.3.2. Let X be a Banach space of analytic functions on D satisfying conditions

(I1), (VI) and (VII). Suppose ¢ an analytic self-map of D satisfying (3.5). The following

conditions are equivalent:
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(a) Cp: X — Vy 0 is compact.
(b) Cp 2 X — Vi o is bounded.
(¢)
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Chapter 4: Applications

In this chapter we show that our results in the previous chapters are applicable for the

weighted Bergman space A% for 1 < p < oo, a > —1, and the Hardy space HP for 1 < p < 0.

4.1 Hypotheses hold for some Hardy and Bergman spaces

4.1.1 The weighted Bergman space A2, 1 <p < oo, a > —1
The following result is due to Vukotic [28].

Lemma 4.1.1. Suppose 1 < p < oo, a > —1, and z € D. Then

1
(= [Py’

K(2) = sup{|f(2)| : f € AG, [|/]

p,aﬁl}:

Observe that the hypotheses of Lemma 1.4.1 are satisfied when X = A%, for 1 < p < oo,
Y is a weighted-type Banach space of analytic functions and T is a weighted composition
operator. Indeed, conditions (1) and (3) of the lemma are straightforward, while condition

(2) follows from Proposition 1.4.1 since AL is reflexive.

Lemma 4.1.2. For a nonnegative integer n, 1 < p < oo, a > —1, f € A}, and z € D,

1212\ £(n) n+(2+a)/p n!Hpr,a

Proof. Suppose f € Af, and z € D. By the Cauchy integral formula applied to the circle

89



|w — z| =7, where r = 1_2‘2", and Lemma 4.1.1, we obtain

! 2m !
‘f (Z)‘ — 27_‘_7,” 0 ’f(z+r€ )’ - pn (1—T—‘Z‘)(2+a)/p
_ 2n+(2+a)/p n!Hpr,a
(1— ’2‘2)n+(2+a)/p
Multiplication by (1 — |z|?)" yields the result. O

4.1.2 The Hardy space H?, 1 <p < o0

We state below a well-known explicit formula for K (z) for the Hardy space HP.

Lemma 4.1.3. ([10], Lemma 4.1) Suppose 1 < p < co and z € D, then

1
K(z)= ———.
SN EUIE
The proof of the following result is similar to the proof of Lemma 4.1.2 when @ = —1

and will be omitted.

Lemma 4.1.4. For a nonnegative integer n, 1 < p < oo, f € HP and z € D,

.12\ £(n) n+1/p n!|| f |l av

4.2 Applications for Hardy and Bergman spaces

By the previous section, we deduce that Theorems 2.1.1, 2.2.1, 2.3.1, 3.1.1, 3.2.1, and 3.3.1
are applicable for H? for 1 < p < oo, and A} for 1 < p < oo and o > —1. Indeed, we

summarize these results as following.

Theorem 4.2.1. Let 1 < p < oo, p be a weight, 1» € H(D), and ¢ an analytic self-map of
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D. Then Wy, , : HP — Z,, is bounded if and only if the following quantities are finite:

W)
R e P Y
B2 ()9 (2) + D)9 (2)
R S P DI
0r — oy HOBEE

zeb (1= [ip(2)[2)rH1)/p?

in which case |[Wy || < Q1 + Q2 + Q3.
Under the boundedness assumption, Wy , : HP — Z,, is compact if and only if the

following limits are 0:

. p(2)[" (2)]
S = lim sup )
s=1p(z))>s (1 = [(2)]2)1/P

p(2) 29" (2)¢'(2) + ¥ (2)¢" (2)]

Sy = lim sup , and
s—1 |30(Z)|>S 1 — ‘gp(z)’(p""l)/p
102
5 = tm sp LOWEE

s p(z)l>s (1 — lo(2)]2)@pH0/p]

Moreover, |[Wy ,|le < S1 4+ Sz + S3 for any choice of weight pi if 1 < p < oo.
For 1 < p < o0, the operator Wy, , : HP — Z,, o is bounded if and only if it is compact

if and only if

p(2) 19" (2)]

A eepm ="
i HARVE ) L0
plot (- [p(z)P)erD/p ’
u(2)[(2)¢ (2)2

o1 (1= [p(2) )@ D77

91



Theorem 4.2.2. Let 1 < p < oo, p be a weight, ¥ € H(D), and ¢ an analytic self-map
of D. Then Wy , : HP — V), is bounded if and only if the following quantities for each

k=0,...,n are finite:

|55 (9O Bia(¢l (2), - oD (2))]
(1= (o) )+ |

Oy = sup(1 — |2[?)
zeD

in which case |[Wy o|| < > 1o Ok p-
Under the boundedness assumption on the operator, Wy, , : HP — V,, is compact if and

only if Ny =0 for k=0,...,n, where the quantity Ny, defined as

n n\ 1 (n—~) B ! o (L—k+1)
=1 ()] >s (1= lp(2)[2)krt /e

The operator Wy, , : HP — Vy, o is bounded if and only if it is compact if and only if

IS (PO Berle (), T ()

el (1= [p(z) ) (oot D/ =0

For1 < p < oo, if Wy, : H> =V, is bounded then [|[Wy olle < > 1o Nip
The following proof is for both Theorem 4.2.1 and Theorem 4.2.2.

Proof. We begin by observing that the mapping z — K (z) is the constant 1 and conditions
(ID)-(VI) and (VIII) clearly hold for the space H*>. Moreover, since H* is continuously

embedded into the Bloch space, which satisfies the condition

(1—z»|f9 ) < C|flls, forz€D,feB,

for any j € N (see [29], Theorem 5.4), where C' is a positive constant independent of z and
f, condition (VII) also holds for H°.
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On the other hand, by Lemmas 4.1.3 and 4.1.4, conditions (VI) and (VII) hold for
j € N. Thus, the approximation of the operator norm is an immediate consequence of
Theorems 2.1.1 and 3.1.1.

To prove the essential norm estimates, observe that conditions (II)-(V) and (VIII) hold
for HP (see [10], p. 103). In the general case of an arbitrary weight u, since HP is a reflexive
Banach space if 1 < p < oo, the hypotheses of Theorems 2.2.1 and 3.2.1. hold for HP.

The result for the case when the target spaces of Wy, , are Z,, o and V,, o follows at once

from Theorems 2.3.1 and 3.3.1. O

Theorem 4.2.3. Let 1 < p < 0o, a > —1, p be a weight, ¥ € H(D), and ¢ an analytic
self-map of D. Then Wy, : A% — Z,, is bounded if and only if the following quantities are

finite:

B W) (2|
[ G B (e

p(2)12¢"(2)¢(2) + ()" (2)]

L B 1 e
/ 2
e = s HAWEE

zeD (1 — [p(2)[?)Grt2te)/p?

in which case [|[Wy .|| < R1 + R2 + R3.
Under the boundedness assumption, Wy, , is compact if and only if P; = 0 for j = 1,2,3,

where

. pu(2)[P" (2)]
P1 = lim sup ,
s—1 lo(2)|>s (1 - |¢(z)’2)(2+a)/p

p(2) 120" (2)¢ (2) + ¥ (2)¢"(2)]

P = 1 ) d
2 SLII% |S021)F>5 1— |(’p(z)|(p+2+a)/P an

/ 2

Py = MR

s jp(a)l>s (1 — |p(2)[2)@PH2Fe)/p]
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Moreover, |[Wy o|le < P1 + Pa + P3, for any choice of weight p if 1 < p < oco.

For1<p<oo, Wy, : A% — Z,,0 is bounded if and only if it is compact and this holds

if and only if

) ;
i1 (1= o (2)2) @+ /e !
CERYEOEE R
|z|—1 (1 — ’gp(z)‘2)(p+2+a)/17 ’
M(Z)W(‘Z)SO/(ZV\ 0.

l2l=1 (1 — [ep(2)[2)@pF2+a)/p

Theorem 4.2.4. Let 1 < p < 0o, « > —1, p be a weight, v € H(D), and ¢ an analytic
self-map of D. Then Wy, : Ab — V), is bounded if and only if the following quantities for

each k= 0,...,n are finite:

|5 ()90 Bia(¢l (2), . oD (2))]
(1= (o) P)FwF2eallv |

Ok pia = sup(1 — |2[)
zeD

in which case [|[Wy ol <> 10 Ok pa-

Under the boundedness assumption on the operator, Wy, , : Ab =V, is compact if and

only if Ni,po =0 for k=0,...,n, where the quantity N p o defined as

. sup (1~ [of2)| Stz DY OB (), fHD())
(e[ (1 — |p(2)]2)kpt2+a)/p .

The operator Wy, , : AL — V0 is bounded if and only if it is compact if and only if

IS (PO Berle (), T ()

|2|—1 (1 — ’@(2)‘2)(kp+2+oz)/p =0.
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For1<p<ooif Wy, : AL — Vy is bounded then |[Wy olle < > 5_o Nep.a-
The following proof is for both Theorem 4.2.3 and Theorem 4.2.4.

Proof. By Lemmas 4.1.1 and 4.1.2, conditions (VI) and (VII) hold for j € N. Thus, the
operator norm estimate is an immediate consequence of Theorems 2.1.1 and 3.1.1.

To prove the essential norm estimates, observe that conditions (I)-(V) hold for A% (see
[10], p. 106). In the general case of an arbitrary weight u, since A% is a reflexive Banach
space if 1 < p < oo, the hypotheses of Theorems 2.2.1 and 3.2.1. The results for the
weighted composition operator mapping into Z,, o and V, ¢ are an immediate consequence

of Theorems 2.3.1 and 3.3.1 . O
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Chapter 5: Weighted composition operators from the space
S? into Zygmund-type spaces Z, and the weighted-type

Banach spaces V,,.

In this chapter, we characterize the bounded and compact weighted composition operators
from the space SP into Zygmund-type spaces and the weighted-type Banach spaces V,, since
our results in the previous chapters are not applicable to the space SP. In particular, the
following example shows that condition (IV) which is needed to be satisfied for our results

fails for SP.

Example 5.1. Fix a € D, let

and f(z) = z. Then f € SP, ||f|ls» =1, and f, = S, f has derivative

a+az?—2z

fé(z) = (1—62)2

whose norm in H? is unbounded as |a| — 1. Thus, no constant C' independent of a can

exist for which

1Safllsr = I fallae < Cllfllsr.

Proposition 3.1 in [11] shows that for each z € D, the quantity

K(z) = sup{|f(2)| : f € " [ flls» <1},
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is bounded. In particular, it proves that K (z) for SP satisfies
1< K(2) < max {1, L= (1= (1= [2)'77) ],
p—
and
p
[flloo < ——IIfllsv, (5.1)
p—1

for all f € SP.

Lemma 5.0.1. For|a| <1 and 0 <r <1,

/2” o 2r
o |L—arei?]2 1 —r2al?’

Proof. Without loss of generality, we may assume a to be a positive real number. Then by

letting ¢ = € and denoting by T the unit circle centered at the origin, we have

/27r do B /27r do
o |l—are®2 — Jo 1—2arcosf + a2r?

g

a /T (1- 2ar(%2rl) + a?r?)i¢

! d
N z/—,— —ar(? + (1 +a2r?)¢ —ar

. dc
- Z/rar§2—(1+a2r2)g“+ar'

Denote by f the function defined by




Noting that ar is the root inside D of the polynomial

ar§2 - (14 a2r2)C + ar,

we have
2T
do ) .
/0 m = Z(QWZ)RQS(JC, a?")
1
= 2
m( a2r2 _ 1)
_ 2T
1 =72’
proving the result. O

Lemma 5.0.2. Let ¢ be an analytic self-map of D, for a firtedn € N and w € D,the function

_ [F et
fn,w(z)—/o 0 o@))" dg, (5.2)

belongs to the space SP, and

1 Fnwllse = I1Fp 0l im < 27727, (5.3)
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Proof. Using the Lemma 5.0.1, we have

1

27
- / 0 Pdp
o [ 1Fe)

(1 fp(w) )t
/ a0

S 2mo L plwjre|

L2 (1= lp())™2 1 — |p(w)?

2o 1= plw)re?r2 |1~ plw)re]?

2 [ 1 letw
- 0

2m 1= e(w)re?|?
— 2np—2 1 - |QD(’UJ)|2
1 —r2p(w)[?
S,

as r — 1. Therefore, F,, ,, € SP and
| Fnllse = [ Fp ol e < 277277,

as desired.

Lemma 5.0.3. (Lemma 3.2, [11]) Every sequence in SP bounded in norm has a subsequence

which converges uniformly in D to a function in SP.

Lemma 5.0.4. Let ¢y € H(D), and ¢ an analytic self-map of D such that Wy, , : SP — V),

for n € Ng is bounded. Then Wy, is compact if and only if |Wy o fmlv, — 0 as m — oo

for any norm-bounded sequence {f.,} in SP converging to O uniformly in D.

Proof. By Remark 1.4.1, it suffices to verify conditions (i) and (ii) of Lemma 1.4.1. Condi-

tion (i) is satisfied when Y =V, for n € Ny by the remarks preceding Corollary 4.1 in [6]).

Condition (ii) is an immediate consequence of Lemma 5.0.3.
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Remark 5.0.1. Lemma 5.0.4 holds for the target space Z, when u is a bounded weight.
Indeed, Colonna and Hmidouch in [6] showed that condition (i) is satisfied for V,, for n > 2
by Montel’s Theorem and Proposition 2.1. The proof for that case (which corresponds to

the Bergman weight (1 — |2|?)) can be applied to Z,, whenever y is bounded.

5.1 Bounded and compact weighted composition operators

from the space S? into the Zygmund-type space

The following theorem is to characterize the boundedness of weighted composition operators

from the space SP into the Zygmund-type space.

Theorem 5.1.1. Let p be a weight, v € H(D), and ¢ an analytic self-map of D. Then the
following statements are equivalent.
(a) Wy, : SP — Z,, is bounded.

(b) ¥ € Z,,, and the following quantities are finite:

_ 20/()¢/(2) + ()" ()
AR L T v R

P(2)||(2)]?

Proof. To prove (a)== (b), suppose Wy, : SP — Z,, is bounded. Since the constants
functions are in SP, ¢ = Wy, ,1 € Z,,.

Fix w € D and consider the functions g, = F2.4, and h,, = F3,, defined in Lemma 5.0.2.
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Thus, for z € D,

o[ lelwBEe
wi) = [ OPE S
lgullse = Il <272, (5.4)

z o w 2\3—1/p
hy(z) = /0(1 |(’0(l) d¢, and

(I = p(w)¢)?
hwllse = |1l < 25727, (5.5)
Observe that
iy (L lo(w)[?)2~r )= 20(w) (1 — [p(w)[})* P (1 — p(w)z)
9w (2) 0w 9w (?) 0 gt ,
oy = (Ll Sa)(l = o)) — pw))?,
(1 —p(w)z)? (1 —p(w)z)"
(5.6)
Thus
/ _ 1 " o 2m
P 0) = Ty ) = o (6
M (p(w)) = —— W) = —PW (s

(1= lp(w)[)t+1/p
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We begin by proving that Nz (o) < oo. By (5.7), we have

(Weogw) (W) = 9" (w)guw(p(w)) + (20 (w)¢ (w) + (w)e" (w)) g (p(w))
+Y(w)g' (w) g (p(w))

2¢'(w)¢' (w) + P(w)" (w)
(1= [(w)[2)!/r

= ¢ (w)guw(p(w)) +

20(w)y w|)s0’(w)2 (5.9)

U= Te(w) R

Similarly, using (5.8), we have

(Wyphw) () = 9" (w)hu(p(w)) + (20 (w)¢' (w) + $(w)e" (w)) b, (p(w))
+(w)¢ (w)h (p(w))

24" (w)¢' (w) + P(w)e" (w)
(1= lp(w)[)*/P

= " (w)hw(p(w)) +

Bpw)(w)¢! (w)? (5.10)
) .

Subtracting (5.9) from (5.10), we obtain

(Wyphw) " (W) = (Wy,p90) " (w) = 9" (w)hi(p(w) = ¢ (w)gu(p(w))

o(w)(w)e (w)?
ST >10
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By (5.11), the boundedness of Wy, ., (5.1), and estimates (5.4) and (5.5), we have

(w) o(w)(w)¢' (w)?|
(1= lp(w)[2)+1/p

W

IN

IN

IN

< AWy el (Ihwllse + llgwllse)

+ p(w) [ (w)ho ((w))] + p(w) [ (w)gw((w))|

Wy oll (1wllse + llgwllse) + 1)1z, (1hwlleo + lgwllo)

p
(Il 102,25 ) (lllse + lgulsv)

(750l + 9112, 25 ) (227207 4 27720, (5.12)

Let P,(z) = z". Then P, € SP, and

(Ww,wpl)”(z)

Thus,

= (Yp)'(2) = W'o+2¢'¢" +ve")(2)

206 +9¢")(z2) = (WypeP1)"(2) — (W'0)(2),

whence

(Wwpz)"(Z) =

(V®)(2)
(V"% + 209" + 220" + ")) (2)
(V"¢ + 200" + 2(Wy o P1)" = 4"¢)0) (2)

(209" + 2(Wy o P1) "o — ¢"?) (2).
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Thus,

We™)(E) = 5 (WauoP2)' ()~ (W P)"9) (2) + 5 (0" (2).

Hence

1
sup p(w) (W) w)| < G IWapPollz, + sup (W e Pillz, ()]

+ lhlz e2(w)))

A

< Wy oPlz, + Wy o Prl 2, + 19] 2, (5.13)
Fix r € (0,1) and consider w € D such that 0 < |¢p(w)| < r < 1. Then by (5.13), we have
?|

o (w)t(w)y' (w)
(1- \@(w)lz)l“/p -

[ (w)¢' (w)?|
|

Hw) (1 = o (w) B+ 17P

p(w)

Y (w)e' (w)?
< p(w )WJ

||Ww eoP?HZu + HWw @P1||ZH + ‘WHZH

< ) (5.14)
Now, consider w € D such that r < |¢p(w)| < 1. Then by (5.12), we have
r|v(w)e' (w)® p(w)p(w)e' (w)?
Y= Tew Py Y- \SO(w)I )rp
< (Wl + Iz 25) (22727 +272P) - (5.15)
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Therefore, by (5.14) and (5.15) we have that

2)¢ (2)?
Nz, (2) = sup )y |—¢|(¢2:3 |(2>)1+|1/p < max{C1, o},

where
O — Wy oPollz, + Wy Prllz, + V] 2,
1 (1 — r2)i+1/p 7
and
1 pllvllz
Cr = (Wl + E 2 ) (lullso + llgullse).

proving that Nz, (2) < oo. Next we prove that Nz, (1) < oo. Fix w € D.
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By (5.7), the boundedness of Wy, ., (5.1), and (5.4), we have

Y ) + v (w)
M) S o))

= p(w)| (20 (w)' (w) + P (w)" (w)) gy (p(w))|

= p(w)] (29 (w)¢' (w) + P(w)¢" (w)) gy (0(w))
+ " (w)gu (p(w)) + (W) (w) gy (p(w))
— " (w)gu(p(w)) = Y(w)¢' (w)* gy (p(w))|

< pu(w)| (W p00)" (w)] + pp(w) 9" (w) guw (o (w))|
w) [ (w)e' (w)? gl (p(w))]
< Wasngulzy + 9]z, l19u]lo
gl (w)e! (w)
) o) )
< IWsllgollsr + 191, loulsr—2
() (w)?
) T By
<

- p Z
AT (Wl + Tz, ) + 205
Taking the supremum over all w € D, we obtain le * < oo.

Finally, to show (b)== (a), suppose that ¢ € Z, and le",Nf“ < oco. Let f € SP.

Then, by Lemma 4.1.3, (5.1), and recalling that ||f'[|gr = || flls» — |f(0)], for z € D, we
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have

p(2) Wy f(2))"] = p(2)|(¥(2)f(0(2))"]

IA
=
Ny
=
—~
N
~
=
S
—~
N
=

+u(2)] (20 (2)¢ (2) + ¥ (2)¢" (2)) ' (9(2)))|

+u(2)] ' (2)° " ((2))

< ()l
L2V EEE) + @
T ey e
R
() s I e
< Wz Eg 1 s + (NF* + N5) (15w = 1£(O)1)

p zZ Z
< (GEqlolz, + N N5 ) s

Taking the supremum over all z € D proves the boundedness of Wy, . O

Remark 5.1.1. By Lemmas 4.1.3 and 4.1.4 and since SP contains the constant functions,
the equivalence of the following statements (A) and (B) is an immediate result of Theo-
rem 5.3 in [10].

(A) Wy o - HP — B, is bounded.
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(B) The following quantities are finite:

¥ (2)¢'(2) + ¢(2)¢" (2)|

) T R
()

D (1= p(2)2)HHr

Comparing this equivalence with Theorem 5.1.1, we see that one of the characterizing
conditions of boundedness (the second one) is identical, while the other is very similar, but
there is a factor 2 in one of the terms in the first formula which is absent in part (B) above.

We have not been able to prove or disprove whether these conditions are equivalent.

Next, we characterize the compactness of weighted composition operators from the space

SP into the Zygmund-type space.

Theorem 5.1.2. Let pu be a positive continuous bounded function on D, ¥ € H(D), ¢ an
analytic self-map of D such that |¢|lec = 1, and Wy, : SP — Z,, is bounded. Then the
following statements are equivalent.

(a) Wy, : SP = 2, is compact.

(b) Nz,(1) = Nz,(2), where

= s (o) 2R UG
Nzﬂ(l) . ‘lﬁl|w(z)l|)>sﬂ() (1_|90(Z)|2)1/p ’
. Erey
Mol = I R O T ep

Proof. To prove (a)== (b), suppose Wy, , : SP — Z,, is compact. Let {2,} be a sequence
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in D such that 0 < |¢(zy)| — 1. We need to show that

12¢(2n) €' (2n) + ¥ (20) " (2n)|

T ey
| () (o)
nlggoﬂ(zn)(l T lo(z) P

For each n € N, let G, := F> ., and H,, := F3, as in Lemma 5.0.2. Thus

P o o
G = ), h

IGullsr = Gl < 22727, (5.16)

e
o) = [P

[Hallse = || Hpllmw < 2272/, (5.17)
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First, observe that

et = [0 a‘fﬂfgg);w @.
a- "”;’(’2;)2_1”’(1 o [
- |¢§2;>2_1/p (= e~ 1)
(1= g2 (1= 1+ fg () )
) A=)
ol )2)1_1/,, (plz)o (o)
a1 ) P, (518)
Moreover,
Culelen)) = (e 4 Mo = o S 69)
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Second, note that

A (1 () 217
(1= ¢G0P

Ho(p(zn) = /0 d,

(2 )2)3-1/ o(on
e 'ifpgz")) S e sa I
(2 )2)3-1/
NS LR
B 2 0 o (L= 0 by
20(zn) (1= [p(2n)?)?
(2 [2)1-1/p
- u 'ifog‘)) (1= (1~ o) P) (L4 (1~ p(za) )
(2 [2)1-1/p
- U 'ii@;j‘f () 2(o) (2 — Loz )
= Sl 2 ez P) (1~ lp(zn)?) 7. (5.20)
Furthermore,
() = ! and HY(p(z0)) = ——2n) (5.21)

(1= lp(zn) 21/ (1 = [p(zn) 2) /P

By (5.18) and (5.20), we see that the sequences {G,,} and {H,,} converge to 0 uniformly in

D. Since Wy, is compact, by Remark 5.0.1, it follows that

HWWSOGWHZH — O, and (5.22)

WyoHnllz, — 0, (5.23)

asn — 0.
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Arguing as in the proof of Theorem 5.1.1 for the functions G,, and H, in place of g,

and h,, (see (5.11)), using (5.19), (5.21), we have

(W¢,¢Hn),/(2n) - (Ww,soGn)H(Zn) = " (z0)Hu(p(2n)) — ¥ (20)Gn(p(20))

©(20) Y (2n) ¢’ (20)°
O [l (5:24)
Therefore,
©(2n) 0 (20) 0 (20)?
o) ‘Z(— |)Z<(zn>)\f>§+1)/p| < W Hullz, + IWo oGl z,
[0 (20) Hn(@(2n))| + 9" (20) Gn(0(2n))] (5.25)

Since |¢(2zp)| = 1, and ¢ € Z,, by Theorem 5.1.1, then by (5.18), (5.20), (5.25), (5.22), and

(5.23), we have

20)0 (20)?
Tlim. M(Zn)(l‘ip(’@(l’i)(‘2)l)+‘l/p —0. (5.26)

Again, arguing as in the proof of Theorem 5.1.1 for G,, in place of g,,, we have

2 (20) 0" (20) + (20) 9" (2n)

(Ww#,Gn)//(Zn) = 7/1”(Zn)Gn(90(zn)) + (1— |(P(Zn)|2)1/p

299(Zn)¢(2n)90/(zn)2
(1= lp(zn) )1 +1/P

+ (5.27)
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Hence

129" (20) " (2n) + Y(20) " (20)]
(1= l(zn)]?) /P

p(zn) < () |(WepoGn)" (2))

+ 1(zn) W”(Zn)Gn(‘P(zn))‘
2|p(w)ep(w)g! (w)?|
(1 () PP

+ 1(zn) (5.28)

Since |¢(2,)| = 1, and ¢ € Z,, by Theorem 5.1.1, then by (5.22), (5.18), and (5.28) we have

lim pu(zn) ‘QW(Zn)(PI(Zn) —+ ¢(zn)90”(zn)‘

o5, O leGpie O (5.29)

Hence, by (5.26) and (5.29), Nz, (1) = Nz,(2) = 0.
Finally to prove (b) = (a), suppose Nz,(1) = Nz,(2) = 0. Fix ¢ > 0 and choose

s € (0,1) such that

[¥(2)¢'(2)
(1 = le(z)[?)H+1/P

R + 0 )
W) L o) e

<eg, and pu(z) <g, (5.30)
whenever |p(2)| > s.

Let {f,} be a sequence of functions in SP converging to zero uniformly in D with SP
norms bounded by some positive constant L. By Remark 5.0.1, as uniform convergence
implies points, it suffices to show that [|[Wy , fullz, — 0asn — oco. Since [¢(0) fr.(¢(0))] — 0

and [1(0) £/, (¢(0))] = 0 as n — oo, it suffices to show that sup pu(2)|(Wy o fn)"(2)] — 0 as
z€D

n — 00.
Choose N € N such that || fu|lec < € for all n > N.

Suppose first that [¢(z)| > s. By (5.30), Lemma 4.1.3, (5.1), ) € Z,, by Theorem 5.1.1,
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and recalling that || f}||a» = || fullse — |fn(0)] < || fnllsp, for n > N, we have

U Wy o fal2))'| = p(2)|E" () fal$(2)) + 20 (2)¢' (2) f1(0(2))
+9(2) (9" () F(p(2) + ¢ ()£ (0(2)) |
< (=) (2) fal(2))
+ 1(2)| 11 ((2)) (20 (2)¢ () + (2)¢" (2)) |
+ 1)1 ()¢ (2)?]

2¢'(2)¢'(2) + ¥ (2)¢" (2)]

< Iz o+ Ialmn(a) == e

[¥(2)¢' (2)°]
(1= Je(z)2) /P

+ £l p(2)

2¢/(2)¢'(2) + ¥(2)¢" (2)|
(1= le(z)[2)HP

IN

11z, M1 falloo + [1.fnllsp 12(2)

[¥(2)¢' (2)%
(1= le(z)[2) 1P

+ [ fallspu(z)

< (I¥llz, +2L)e.

On the other hand, for |p(z)| < s, then | f/ (p(2))| < € and |f//(p(2))| < € for all n sufficiently
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large. Thus, by Theorem 5.1.1, for all such n, we have

w2 Wy o fn(2))"] = n(2)|fn(e(2))0" ()]
+u(2) | £ (0(2)) (20 (2)¢' (2) + 9 (2)¢" (2)) |
+u(2)|F(0(2))¢' (2)7|

2¢/(2)¢'(2) + ¥(2)¥" (2)]|
(1 = le(z)[2) e

x(1 = lo(2)1) 2117, (e(2))]

[¥(2)¢'(2)%
(1= le(z)[?)HH1/P

< Yllz.e + p(z)

+ p(2)

x(1 = lp(2) ) P £ ((2)]

< ([¥llz, + Nz,(1) + Nz,(2))e

Hence, [|Wy,,fallz, — 0 as n — oo, thus Wy, , is compact. O

Remark 5.1.2. By Lemmas 4.1.3 and 4.1.4 and since SP contains the constant functions,
the equivalence of the following statements (A) and (B) is an immediate consequence of
Theorem 5.5 in [10].

(A) Wy o : HP — B,, is compact.

(B) The following quantities are zero:

W) )
i—n ‘W(Z)I‘ls:“( ) (1— |p(2)[2) /P ’

| 60 G
i S PR

Comparing this equivalence with Theorem 5.1.2, we see that one of the characterizing

conditions of compactness (the second one) is identical, while the other is very similar, but
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there is a factor 2 in one of the terms in the first formula which is absent in part (B) above.

We have not been able to prove or disprove whether these conditions are equivalent.

5.2 Bounded and compact weighted composition operators
from the space S? into the weighted-type Banach spaces

V.

The following result provides sufficient conditions for the boundedness of a weighted com-

position operator from the space SP into the weighted-type Banach space V,, for n > 3.

Theorem 5.2.1. Let ¢ € H(D) and ¢ an analytic self-map of D. Then Wy, , : SP — V), is

bounded if the following quantities are finite:

My, (0) = sup(L— =) Y (Z)w‘”‘f%z)Be,o(w(z), ),
=0

zeD

n: n 77/}(nfﬁ)(z 37 / Z), o (6—k+1) Z)
Ny, (k) = itél[D)(l — 1z [ (0) i \)¢(EZI;(|;%’§1+1/p 4 ( )‘7

fork=1,...,n.

Proof. Suppose Ny, (k)for k = 0,1,...,n. Let f € SP. Then, by Lemma 4.1.4, (5.1), and
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recalling that || f'||g» < || f||se, for z € D, we have

(1= Wy o ™M) = (1—|Zl2)‘2f(k)(<ﬁ(2))

=
x2< JE B (). )
< (1= P)re(:)
\Z< Jor OB (). )
O P o

NS S (90 Bea (), ()
(= Te P17

1F oo N, (0) + [ fllsw D N, (k)

IN

2y, (0) ZNW 8))1/lls» (5.31)

Then, taking the supremum over all z € D, we obtain

ilelg(l —[2PWy o)) ()] < Ol fllso,

where C' = —2— Ny, (0) + 3 Ny, (k).
p—1 k=1

Observe that the estimate (5.31) holds also for the j-th derivative of (Wy ,f)(0) where

7 =0,...,n—1. Namely,

(WapHD(O)] < (LM, (0 +2an NlIfllsr = Cllflsr (5.32)

p_
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Thus by the definition of || - ||y, (5.31), and (5.32) we have

n—1
Woeflv, < D 1(Wy e HV(0) +Cllfls»
§=0
< 20| f|se-
proving the boundedness of Wy, .. O

In the following theorem we provide sufficient conditions for the compactness of weighted

composition operators from the space S? into the weighted-type Banach spaces V.

Theorem 5.2.2. Let o) € H(D) and ¢ an analytic self-map of D.Then Wy, , : SP — V,, is
compact if Ny, (k) is finite and
|2k (DY () Bos(@(2), - o FD ()

Ny, (k) := lim sup (1—|z|%) =0,
s—1 lp(2)|>s (1 - |30(Z)|2)k_1+1/p

for k=1,... n, where the quantities N,f" are defined in Theorem 5.2.1.

Proof. Assume N,y” <oofork=0,1,...,nand My, (k) =0for k=1,...,n.

Fix € > 0 and choose s € (0,1) such that

|2tk (DY) Ben( (2), -, “THD ()]

2
(=l (1 e e

<e, (5.33)

whenever |p(z)| > s for each k =1,...,n.
Let {fn} be a sequence of functions in SP converging to zero uniformly in D with SP
norms bounded by some positive constant L. By Lemma 5.0.4, it suffices to show that

W(O)fm@(o)))(j)} — 0 as

[Wy,ofullv, — 0 as m — oo. Since for j = 0,...,n — 1,

m — oo, it suffices to show that sup(1 — |2|?)|(Wy o fm)™(2)] — 0 as m — oco. Choose
zeD
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N € N such that || f;]|cc < € for all m > N. Suppose first that |¢(z)] > s. By (5.33),

Lemma 4.1.4, (5.1), since NJ™ < oo, and recalling that || £}, || ze < ||fmlse, for m > N, we

have

(1= Wy f) (] = (1= |22)| 3 10 0(2))

5 () om0

(1= 2P £l v

I S (O Ber(#' (), T ()
(1= (P11

IN

1 fmlloc Ng™ + Il fmllse Y A, (k)

k=1

IN

(NY™ + L)e.

On the other hand, for |¢(z)| <'s, |fr(,’f)(g0(z))| < ¢ for all m sufficiently large. Thus, for all
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such m, we have

(L= [z Wyo ) () = (1= 2P| fnl(2))]

x| Z (7) @B @), o)
=0

(1= 2P D15 (e(2)]
k=1

i (DO @B (¢ (2), - o T (2)]
(1= Jp() )t /e

x(1—[p(z) )P +t/P

< (anIOan(M)a

Hence, ||Wy o, fnllv, — 0 as m — oo, proving the compactness of Wy . O

Remark 5.2.1. Theorems 5.2.1 and 5.2.2 generalize the sufficient conditions for bound-
edness and compactness for the weighted Zygmund space Z, when u(z) = 1 — |z|, and

Y € 2, is equivalent to Ny, (0) < co. Indeed

2

Mi0) = sup(1 =[P 3 (7 )00 Brale (), )

zeD -0

= sup(l — |2*) " (2)].
zeD
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