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Abstract

SPARSE K-MEANS COMPRESSION FOR FEDERATED MACHINE LEARNING AND
LINEAR REGRESSION USING SKETCHED AND QUANTIZED PREDICTORS

Daniel Hill

George Mason University, 2025

Dissertation Director: Dr. David Kepplinger

The Information Age has led to the generation of vast and unquantifiable amounts of

data, but technology has struggled to keep pace with the growing demand for efficient

storage and transmission. Compression algorithms provide a means to reduce storage and

transmission costs while preserving essential information for learning and analysis. This

dissertation makes two contributions in this area: a novel compression scheme for federated

learning and a statistical analysis framework regarding the use of compressed data in linear

regression.

Regarding the first contribution, we propose the Sparse k-Means (SparK) algorithm

specifically designed for Federated Learning applications. SparK compresses model pa-

rameter updates between clients and a server by combining sparsification with k-means

clustering. Using the desired inverse compression rate as its sole hyperparameter, SparK

optimizes the degree of sparsification and the number of clusters in k-means for each model

layer to achieve the desired compression with minimal distortion. Experimental results

demonstrate that SparK performs comparably or better than similar sparsification and

clustering methods on a standard test bed across various compression levels.

Docusign Envelope ID: 93A6B94D-51AD-472D-BE1A-F512D3BB43DD



Regarding the second contribution, we examine dithered 1-bit compression of predictors

and response variables in the context of linear regression. We propose an M-estimator of

the associated regression coefficients and establish its asymptotic Normality and asymptotic

mean squared error (MSE). This is complemented by a non-asymptotic analysis of the

MSE for three compressors: 1-bit stochastic quantization, Gaussian sketching, and their

combination. High-probability upper bounds are derived for each compressor under both

fixed and random design assumptions. The relative efficiency in comparison to the ordinary

least squares estimator with access to uncompressed data is studied as well.
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Chapter 1: Introduction

Data is the currency of society and Machine learning (ML) unlocks its actionable and

profitable insights. These data come from hospitals, cell phones, environmental sensors,

and a myriad of other internet-of-things devices, and the number of devices and the size

of the data continue to grow. To train a ML model on this type of data, researchers

must overcome the difficulty posed by both the sensitive nature of user data and the shear

amount that each user (or sensor) creates. Compression has been introduce as a means to

both improve privacy and reduce the quantity of data during its transmission to and storage

at centralized data centers.

This dissertation adds to the work on compression by providing solutions to the data

transmission problem.

Chapter 2 introduces a new compression algorithm called SparK. We designed SparK

for compressing the parameter updates sent by clients in a federated machine learning

setting. SparK furthers the work done by [1] and [2] by combining sparsification and k-

means quantization. It takes as a hyperparameter the inverse compression rate and uses

that to adaptively determine the optimal level of sparsification and the number of bits used

for quantization in each layer of a neural network. We show its performance compared

to several comparable algorithms (top-k sparsification, QSGD, and Google’s Quantized-

encoding) on the CIFAR-100 and EMNIST datasets. We show that at very low compression

SparK outperforms these algorithms and achieves only a minor loss in accuracy.

Chapter 3 introduces 1-bit Quantized Regression (QR). QR applies the same assump-

tions and regression equation as in linear regression, but the predictor and response variables

are quantized. We begin the chapter by theoretically building up the QR framework from

a 1-predictor case to a p-predictor case. We then show that the asymptotic variance of the

quantized estimator of β can be bounded using only standard assumptions on the predictors

1
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and error terms. We then evaluate the asymptotic relative error of the quantized estimators

to the ordinary least squares estimator.

Chapter 4 shifts to a non-asymptotic analysis of regression parameter estimators cre-

ated by compressing the predictors and responses using sketching, quantization, and their

combination. Our work provides upper bounds on the variance of the estimators, allowing

us to draw conclusions on the upper bound of the expected error as functions of the number

of samples.

2
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Chapter 2: Sparse K-means (SparK)

In this chapter we present a new algorithm called Sparse K-Means (SparK). Section 2.1

of this chapter presents an overview of federated learning and introduces several existing

compression algorithms similar to SparK. Section 2.2 describes our new algorithm and

compares theoretically its performance to the algorithms presented in section 2.1. Section

2.3 provides results of a federated learning simulation implementing SparK on the EMNIST

dataset and compares those results to several similar compression algorithms. The final

section 2.4 discusses the results and speculates on possible ways to improve them in future

work.

2.1 Background

2.1.1 Introduction

The buzz word of our time is Artificial Intelligence (AI). Businesses, governments, tech

giants, and entrepreneurs race to create the machine learning (ML) model, and its AI

application, that transforms society and generates profit. The training of these models

requires vast amounts of data, energy, and computing power. Under one paradigm of

distributed learning, models are trained at a centralized location where user data are stored,

aggregated, and used to train a global model which is then made remotely accessible to user.

This paradigm puts at risk the privacy of user data as it requires both the transmission and

centralized storage of personal information, such as browsing history or health information.

Federated Learning (FL) reduces this risk by removing the need to transmit user data.

Federated Learning uses a server to hold a global ML model that is broadcast to all

clients participating in the learning process. Each client uses its own data to train the

3
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model locally. Each client then sends its updated parameters back to the server which

aggregates the client parameters and updates the global model. The new global model is

then broadcast to clients. This process repeats until the global model converges on the

server. Figure 2.1 shows a simplified representation of a FL environment with four clients.

Figure 2.1: Diagram of Federated Learning [3]

While FL eliminates the need for transmitting and storing of personal user data, it

requires instead the transmission of parameter updates to and from the clients and the

server. Millions or even billions of parameters comprise many of today’s most advanced ML

models. Such large models makes the communication of parameters in a FL paradigm a

prohibitive factor to mass implementation, especially in resource constrained or bandwidth-

limited environments. The focus of this chapter is the reduction of the communication

requirement in a FL framework by compression of parameter updates from the clients to

the server.

Federated Learning

Before we discuss the existing communication reduction methods in FL, we will follow the

lead of [4] and provide a more thorough description of FL. FL consists a system containing

a server and K clients, where each kth client has a local dataset Dk with |Dk| “ Dk data

points. The purpose of the system is to train a model consisting of weights w P RNw by

4
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collaboratively optimizing

min
wPRNw

F pwq “
1

řK
k“1Dk

K
ÿ

k“1

Dk
ÿ

ℓ“1

fpw, zk,ℓq “
1

K

K
ÿ

k“1

1

Dk

Dk
ÿ

ℓ“1

fpw, zk,ℓq (2.1)

where zk,ℓ is the ℓth data sample from the local data set Dk. This optimization is often done

in the context of mini-batch stochastic gradient descent (SGD). The process then iterates

over four steps:

1. Server broadcasts the global model. The server broadcasts the parameters of an

updated global model wt at the t-th training iteration.

2. Clients perform training on their local datasets. In the context of mini-batch SGD,

the k-th client will compute its local gradient

gt
k “

1

|Dt
k|
∇

ÿ

zk,ℓPDt
k

fpwt, zk,ℓq (2.2)

where Dt
k Ď Dk is the randomly selected mini-batch selected during the t-th training

round.

3. Clients upload local parameter updates to the server.

4. Server aggregates local parameter updates and updates global model. Based on the

aggregation method, the server obtains an averaged gradient via

gt “
1

K

K
ÿ

k“1

gtk (2.3)

and updates the global model

wt`1 “ wt ´ ηtC ¨ gt (2.4)

5
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where ηts is the server learning rate at iteration t.

These four steps are repeated until some convergence criteria is met.

Using this framework, the clients’ data remains on the client, thus improving data

privacy and removing the need for a server to store the combined data of all clients. As

mentioned previously, however, FL requires multiple rounds of client-server communication

of a large number of gradient updates, often prohibiting its implementation in resource

constrained or bandwidth-limited environments.

[1] and [5] provide an analysis of the communication requirement in a FL framework

stating that

btotal P O pN ˆ freq ˆ bˆ Cq (2.5)

is the order of the total number of bits required to achieve convergence in a FL framework. In

this equation N represents the number of training rounds (completion of steps 1-4 provided

above), freq is the frequency of communication of the client updates to the server, b is the

total number of bits transferred in a client-to-server update, and C is the number of clients

participating in each communication round.

To reduce the total required communication, one must reduce one of these four compo-

nents, optimally without reducing model accuracy or convergence speed from the baseline.

Federated Averaging

FedAvg [6] was the first to introduce effective means of conducting FL and remains a com-

monly used benchmark for new methods. FedAvg generalize FedSGD [7] while maintaining

its computationally efficiency and good convergence properties. The paper [6] explains that

FL differs from other forms of distributed learning in that FL removes three key assump-

tions:

1. independent and identically distributed (iid) data across clients

2. balanced data (number of observations at each client)

6
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3. large data relative to the number of clients.

Furthermore, [6] introduced the now widely-used idea of replacing the transmission of the

gradient of the parameters with the difference between the parameters of the client model

and the global model as a proxy of the gradient.

At each global training round t, also called epochs, the FedAvg algorithm updates the

global gradient wt`1 by taking a weighted average of the k “ 1, . . . ,K client updates wk
t`1.

That is,

wt`1 Ð

K
ÿ

k“1

nk
n
wk
t`1 (2.6)

where nk are the number of samples at client k and n is the total number of samples across

the enterprise. A description of the algorithm is provided in Algorithm 1

Algorithm 1 Federated Averaging

1: K clients, η learning rate, B batchsize, ℓpw; bq client loss function, E local epochs of

training, T max number of global epochs

2: w0 Ð 0

3: for t “ 1, . . . T do

4: for each client k “ 1, . . . ,K in parallel do

5: wk
t`1 Ð ClientUpdate(k,wt)

6: wt`1 Ð
řK

k“1
nk
n w

k
t`1

7: ClientUpdate(k,wt):

8: for i “ 1, . . . , E do

9: batches Ð data split into batches of size B

10: for batch b in batches do

11: wk Ð wk ´ η∇ℓpwk; bq

12: wk to Server

7
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FedAvg is a commonly used benchmark used to compare new aggregation or compression

algorithms against. In the next section we will provide a summary of some such algorithms.

2.1.2 Existing Compression Algorithms

We first present a few compression algorithms developed for deep neural networks in a

conventional distributed learning model where iid assumptions hold. These methods showed

performed well in these contexts and provided a foundation that subsequent research into

FL used. Seide [8] presented 1-bit SGD with error feedback for the training of DNNs in 2014.

This method sent the gradient to either -1 or 1, significantly reducing the communication

cost with only a minor degradation to accuracy, with some assumptions. Strom’s [9] work

in 2015 modified [8] by adding a thresholding, error feedback, sparsification, and loss-less

encoding. Generally, quantization, sparsification, and encoding would form the foundational

methods used by most future research into gradient compression.

Quantized SGD stochastically quantized the gradient, which preserved the statistical

properties of the original gradient and ensured an unbiased estimate of the gradient. How-

ever, it required the hyperparameter selection of the number of bins [10] prior to training.

While [10] admittedly did not take advantage of sparsity in the gradient in their method,

Aji [11] sparsified the absolute smallest gradients and Wen [12] essentially performed the

same quantization as [10], but added a degree of sparsification by performing ternary quan-

tization, allowing the the gradient to be sent to -1, 0, or 1. Stich [13] provided a theoretical

analysis of sparsification with SGD, showing it converges at the same rate as vanilla SGD

when error feedback is equipped. Albasyoni [14] showed the theoretical variance bounds of

sparse dithering in both the biased and unbiased cases (deterministic versus stochastic) of

quantization.

To this point, the compression methods we have discussed assumed iid data, even if

their evaluation was done in a federated framework. Sattler [5] pointed out that many

of the previously mentioned methods perform poorly on non-iid data, thus making them

inapplicable in a more realistic FL setting which almost inevitably has non-iid data. The
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authors then presented an algorithm that combined top-k sparsification, SignSGD [15] with

error feedback, and ternary quantization [11], [12] and showed that it worked well on non-

iid data. Furthermore, it outperformed the previous methods, making it ideal for use in a

FL setting. Additionally, [5] enabled both server-to-client and client-to-server compression,

further decreasing the required data transmission during learning.

After this point in time, most research into gradient compression combined a form

of quantization with sparsification in a novel way. Several researchers investigated how to

adaptively apply compression depending on characteristics of the gradient or of the learning

process. Tsuzuku [16] analyzed the relative amplitude and variance of each gradient value

and only relayed those values with high amplitude and low variance . Chen [17] analyzed the

residuals relative to the maximum residual, sending to zero smaller ratios and quantizing

the rest. Luo [18] adaptively selected compression rates for each layer based on the number

of parameters in each layer, but the method required many hyperparameters, similar to

AdaComp [17]. Yang [19] adjusted the compression rate by client depending on the non-

iid and data distribution of the client relative to the overall system. Liu [20] adaptively

varies the compression rate for each client based on their computational power and adjusts

compression rate by round based on the changing gradient norms. Mitchel [21] introduced

a computationally efficient method based on a hyperparameter step size that performed

quantization and sparsification combined with a novel loss-less encoding.

In more recent years, researchers have introduced methods that consider the distribu-

tion of the gradients. The k-means algorithm, commonly used for clustering, has been suc-

cessfully applied as a compression algorithm that better captures distribution than simple

quantization. ClusterGrad [22], FedZIP [1], and FedACQ [23] apply the k-means to quantize

gradients. ClusterGrad selects a subset of gradients determined by relative magnitude that

are then quantized using k-means [22]. FedZIP sequentially performs top-k sparsification

and k-means clustering on each layer, but requires as hyperparameters the sparsification

rate and the number of clusters [1]. FedACQ greedily finds the optimal number of clusters

for each layer and applies k-means clustering [23].

9
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FetchSGD [24] and Intrinsic Gradient Compression [25] apply sketching matrices to

parameter updates to reduce dimensionality. FetchSGD reduces the dimensionality of pa-

rameter updates by applying a sketching matrix and then further compresses by applying

top-k sparsification. In order to maintain a client statelessness, the authors take advantage

of the nature of the chosen sketching matrix to apply momentum and error accumulation at

the server. They provide theoretical convergence guarantees of their method [24]. Intrinsic

Gradient Compression determines the intrinsic dimension d of the minimization problem

and applies a sketching matrix to gradient updates to compress to that smaller d dimen-

sional space. They provide theoretical guarantees of performance and show their method

outperforms methods such as FetchSGD [24], [25].

Researchers have created methods that apply a pre-training or warm-up step [26], [27].

There are methods that analyze the variance or relative magnitude of gradient update

vectors as a means to select values to sparsify or how to quantize [9], [12], [16], [18]. Many

methods (to include some of those mentioned previously) apply a state at the clients that

allows for error accumulation or momentum [8], [9], [28].

2.2 Sparse K-means (SparK)

SparK follows the lead of [1], [5], and [21] by combining quantization, through k-means

clustering, with sparsification. Unlike previous methods, SparK is unique in that it requires

only a single hyperparameter, τ , which is the inverse compression rate desired by the re-

searcher. This is a unique feature of SparK because it allows its practitioners to dictate the

amount of compression the algorithm will achieve prior to its implementation.

SparK compresses model parameter updates by balancing the number of quantization

bits and sparsification rate to achieve the desired τ compression rate at each layer. The use

of k-means in the quantization step allows SparK to better capture the distribution of the

gradient as compared to simple quantization based on bin or step sizes. Additionally, by

performing the sparsification based on both a gradient’s distance from its assigned centroid
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and its magnitude, SparK allows for the possibility of retaining (not sparsifying) small, but

tightly clustered parameters if their retention would lead to a smaller distortion.

SparK takes much of its motivation from the algorithm offered by Mitchell [21], but it

offers two main advantages over the algorithm: 1) the hyperparameter, ∆, in the google-

researchers’ algorithm provides no insight into the amount of compression that will be

achieved prior to its implementation. An empirical evaluation of multiple ∆ values must

be performed to achieve a desired compression rate. SparK instead takes as input the

desired compression rate (as the inverse compression rate τ) as its only hyperparameter.

2) Using step-size quantization with a single step-size across all layers results in the same

sparsification threshold. By this we mean that given a step size ∆, the quantized-encode

algorithm in [21] will send to zero any value absolutely less than some |a| and this is applied

across layers. SparK considers the distribution of values within each layer to identify the

optimal clustering centroids for each layer. It then sparsifies values in each layer to maintain

the overall compression budget.

2.2.1 SparK Description

A formal description of SparK is provided in Algorithm 2 below.
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Algorithm 2 Sparsified k-means

Require: x P Rn, inverse compression rate 0 ă τ ď 1

1: b Ð 1

2: while b ď bmax do

3: k Ð 2b

4: Solve
!

mintθℓukℓ“1

řn
i“1minθPt0uYtθℓukℓ“1

|xi ´ θ|2
)

subject to B ď

Y

32pnτ´kq

b

]

where B

denotes the number of indices ti : 1 ď i ď nu assigned to the non-zero centroids tθℓu
k
ℓ“0

5: rx
pbq

i Ð θ˚
ℓ˚
i
for 1 ď i ď n where the tθ˚

ℓ ukℓ“1 minimize (2.7), and tℓ˚
i uni“1 denotes the

centroid assignments

6: MSEb Ð 1
n

řn
i“1 |rx

pbq

i ´ xi|
2

7: b Ð b` 1

8: Return x Ð rxpb˚q with b˚ “ argminbMSEb

Since the amount of sparsification is enforced by B and is dependent on b, then as

b increases, and thus the number of k-means centroids increases, the rate of sparsification

must increase to achieve the overall desired τ inverse compression rate. The finer granularity

of quantization from larger k must be balanced by more sparsity so that the overall rate

of compression remains unchanged. Accordingly, the modified k-means criterion (2.7) is no

longer monotonically decreasing in the number of centroids. We search through all possible

values of b up to a bmax and return the values associated with the b that minimizes the

MSE.

We note the modified k-means loss function in step 4 in Algorithm 2:

#

min
tθℓukℓ“1

n
ÿ

i“1

min
θPt0uYtθℓukℓ“1

|xi ´ θ|2

+

subject to B ď

Z

32pnτ ´ kq

b

^

(2.7)

where B denotes the number of indices ti : 1 ď i ď nu assigned to the non-zero centroids

tθℓu
k
ℓ“1. Unlike the standard k-means problem, (2.7) imposes a constraint requiring a
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number of values to be mapped to a zero centroid. This enforces sparsification. This

modified objective equation (2.7) can be solved by a modification of Lloyd’s algorithm [29]

which we detail in Algorithm 3.

Algorithm 3 Subroutine for solving (2.7)

1: procedure Modified Lloyds(x, b, τ)

2: k Ð 2b, n Ð |x|

3: Initialize tθ
p0q

ℓ ukℓ“1 by performing k-means clustering on x, ∆0 Ð |0 ´ x|2

4: if nτ ą 2b then Ź Ensures the number of parameters is large enough

5: t Ð 0, B Ð

Y

32pnτ´kq

b

]

Ź Establish the ’budget’

6: repeat
7: ∆ Ð ∆0

8: for i P t1, . . . , nu do

9: pℓ
ptq
i , d2i q Ð

ˆ

argmin1ďℓďk

∣∣∣xi ´ θ
ptq
ℓ

∣∣∣2 , min1ďℓďk

∣∣∣xi ´ θ
ptq
ℓ

∣∣∣2˙

10: δ2i Ð |xi|
2, ξ2i Ð maxtδ2i ´ d2i , 0u

11: Find a root π
ptq
˚ of the function π ÞÑ φpπq :“

ř

1ďiďn Ipξ2i ą πq ´B.

12: for i P t1, . . . , nu do

13: if ξ2i ď π
ptq
˚ then ℓ

ptq
i Ð 0

14: Update objective function: ∆0 “
ř

i: ℓ
ptq

i ‰0
d2i `

ř

i: ℓ
ptq

i “0
δ2i

15: for ℓ P t1, . . . , ku do

16: if m “
ř

i I
´

ℓ
ptq
i “ ℓ

¯

‰ 0 then θ
pt`1q

ℓ Ð 1
m

ř

i: ℓ
ptq

i “ℓ
xi

17: else θ
pt`1q

ℓ ÐRandomUnif
´

txi : ℓ
ptq
i ‰ 0u

¯

18: t Ð t` 1
19: until ∆ ´ ∆0 ă tolerance

20: θ˚
ℓ Ð θ

ptq
ℓ , ℓ “ 1, . . . , k

21: ℓ˚
i Ð ℓ

ptq
i , 1 ď i ď n

22: Return
´

tθ˚
ℓ ukℓ“0, tℓ

˚
i uni“1

¯

23: else
24: Return

`

x, t1, . . . , nu
˘

To describe the algorithm in detail, we firs note that SparK calculates a budget B based

on the current b, the hyperparameter τ , and the size n of the input x parameter vector.

This is done in line 5 of algorithm 3. We assume that an uncompressed vector would be
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stored as a vector of 32-bit floating point values and thus require 32 ˆ n bits to transmit

to the server. SparK requires the transmission of two vectors: 1) the centroids (or code

book) of the quantization and 2) the centroid assignments or mapping. We assume that the

code book will be comprised of k “ 2b centroids stored as 32-bit floating point values. The

assignments will consist of B non-zero values stored as b-bit integer values. Thus, SparK

requires the transmission of 32 ˆ k bits plus B ˆ b bits. By finding the difference between

the uncompressed number of bits with SparK’s required bits, we can determine the number

of non-zero values allowed (B) for each choice of b to achieve the desired τ .

Once the budget is established, SparK then calculates ξ. The value ξ is the maximum

of 0 and the difference between each squared value in x and that value’s squared distance

from its assigned centroid. Thus, ξ is determining if each value is either close enough to its

centroid or large enough in magnitude to be retained (not sparsified). By then ranking the

values according to their ξ and sparsifying all but the B with the largest ξ, we take steps

to minimize the distortion between the SparK compressed vector and the original x.

SparK, like other clustering methods, introduces the possibility of creating clusters to

which no values get assigned, especially if all values in a single cluster are sparsified. In

standard k-means, when a centroid is not assigned any values, it is usually handled in one

of three ways:

1. setting the quantization bin θ
ptq
ℓ Ð 0, thereby reducing the number of bins.

2. leaving the quantization bin value unchanged, thereby keeping the number of bins,

but may result in bins without any values assigned at the end.

3. randomly selecting a value from xi P txiu
n
i“1 and assigning θ

ptq
ℓ Ð xi, keeping the

number of bins and guaranteeing that all bins have at least one value assigned.

We chose to use a modification of 3. We uniformly randomly select a value from the set

txi : ℓ
ptq
i ‰ 0u. That is, we uniformly randomly select a value from the values not assigned

14

Docusign Envelope ID: 93A6B94D-51AD-472D-BE1A-F512D3BB43DD



to the zero-centroid. The selected value then becomes the centroid value of the formerly

empty quantization bin θ
ptq
ℓ .

2.2.2 SparK on Simulated Data

To demonstrate SparK, we created a vector of 1250 values by generating random normal

samples using the parameters in table 2.1. These parameters generated a vector similar to

what we would expect to see in a update sent by a client in a federated learning framework:

a few large values and many near-zero values.

Table 2.1: Parameters to Create Simulated Data.

Num Points Mean Std Dev

30
?
0.2 0.005

70
?
0.005 0.002

150
?
0.0005 0.0005

900 0 0.004

Figure 2.2 shows the sorted data in blue and the associated means values are the hori-

zontal green lines at the same location.
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Figure 2.2: Sorted Simulated Data and the Means Used to Create It.

We then applied SparK to the simulated data with varying τ values. We show four of

the outputs in Figure 2.3. SparK chose to apply four centroids in subfigures 2.3a, 2.3b, and

2.3c, while in subfigure 2.3d it chose two centroids. In all cases, the smallest in magnitude

values were sent to the zero centroid in combination with the quantization to achieve the

desired compression rate. We also see that in subfigures 2.3a and 2.3c SparK determined

it was more optimal to keep four centroids and split true centroids into two rather than

reducing the number of centroids to two. It is this kind of choosing behavior that separates

SparK from other methods such as FedZip [1] and [21] which must set either the number of

centroids or a step size as hyperparameters.
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(a) Simulated Data with τ=0.043. (b) Simulated Data with τ=0.031.

(c) Simulated Data with τ=0.01. (d) Simulated Data with τ=0.004.

Figure 2.3: SparK Applied to Simulated Data at Varying τ .

2.2.3 SparK Theory

We begin by stating a theorem:

Theorem 2.2.1. Each iteration of Algorithm 3 reduces the objective (2.7), and the con-

straint in (2.7) remains satisfied. Furthermore, each iteration of Algorithm 3 can be run in

Opnq time.
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Proof of Theorem 2.2.1

We first note that the modified k-means problem (2.7) can be expressed as the optimization

problem

min
θ,ℓ

fpθ, ℓq subject to
n

ÿ

i“1

I pℓi ‰ 0q ď B

where fpθ, ℓq :“
n

ÿ

i“1

∣∣xi ´ θℓi
∣∣2 , θ :“ tθℓu

n
ℓ“1, θ0 :“ 0,

ℓ :“ tℓiu
n
i“1 P t0, 1, . . . , kun, B :“

Z

32pnτ ´ kq

b

^

We can then show that algorithm 3 can be viewed as a block coordinate descent for mini-

mizing (2.7) by alternating between updates of θ given ℓ and vice verse:

ℓpt`1q Ð argmin
ℓ

f
´

θptq, ℓptq
¯

subject to
n

ÿ

i“1

I pℓi ‰ 0q ď B (2.8)

θpt`1q Ð argmin
θ

f
´

θptq, ℓpt`1q
¯

(2.9)

Let us first examine update (2.9). Letting rℓi “ argmin1ďℓiďk

∣∣xi ´ θℓi
∣∣, 1 ď i ď n, observe

that we can rewrite the loss function for a given round as

fpθptq, ℓq “

n
ÿ

i“1

|xi|
2 `

n
ÿ

i“1

ˆ∣∣∣xi ´ θ
ptq
rℓi

∣∣∣2 ´ |xi|
2

˙

`

“

n
ÿ

i“1

δ2i `

n
ÿ

i“1

ξ2i ,

where δi :“ |xi|, ξ2i :“ tδ2i ´ d2i , 0u`, d2i :“
∣∣∣xi ´ θ

ptq
rℓi

∣∣∣2 , 1 ď i ď n.

Thus, the optimization problem

min
ℓ
fpθptq, ℓq subject to

n
ÿ

i“1

I pℓi ‰ 0q ď B (2.10)
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is equivalent to

min
ℓ

n
ÿ

i“1

ξ2i I pℓi “ 0q subject to
n

ÿ

i“1

I pℓi ‰ 0q ď B, ℓi “ rℓi if ℓi ‰ 0. (2.11)

We can solve the last problem by finding the B-th largest value among tξ2i uni“1 and assigning

ℓ
ptq
i “ 0 for all indices i whose ξ2i is below that value. This is equivalent to finding a root

π˚ for the equation

φpπq “

n
ÿ

i“1

Ipξ2i ą πq ´B (2.12)

and setting ℓ
ptq
i “ 0 whenever ξ2i ď π˚. This can be accomplished by bi-section search in

time Opnq even though φ is not continuous. This follows from φ being a non-increasing

step function that has at least one root. All other operations in update (2.9) can also be

performed in Opnq time. The entirety of this update is done within the first half of the

repeat loop of algorithm 3.

The update (2.8) can be solved by finding the average of the values assigned to each

centroid. This operation can be done in Opnq time and is performed in the last for loop

within the repeat loop in algorithm 3. Note the loop accounts for the scenario when all

values in a centroids are re-assigned to the zero centroid or when the centroid is not assigned

any values initially.

Thus, Algorithm 3 is equivalent to a coordinate descent scheme and can be done in Opnq

time.

2.2.4 Evaluating the Use of ξ

Theorem 2.2.2. Let x “ txiu
n
i“1 be a vector of real values. Define tθ0u

Ť

tθ
ptq
ℓ ukℓ“1 to be

the union of θ0 “ 0, a fixed zero centroid, and tθ
ptq
ℓ ukℓ“1, the centroids from the t-th iteration

of the k-means algorithm. Suppose rℓ
ptq
i for i “ 1, . . . , n are the assignments of the vector
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values to the centroids in the t-th iteration of the algorithm. Then for

ξ2i pxi, θℓq :“ maxt|xi|
2 ´ |xi ´ θℓ|

2, 0u (2.13)

we have that ξ2i pxi, θ
rℓ

ptq

i

q ą 0 for all i “ 1, . . . , n and, furthermore, that ξ2i ą ξ2j when

|xi|
2 ą |xj |

2.

Proof of Theorem 2.2.2

We first show that ξ2i pxi, θ
rℓ

ptq

i

q ą 0 for all i “ 1, . . . , n.

Let x “ txiu
n
i“1 be a vector of real values. Define tθ0u

Ť

tθ
ptq
ℓ ukℓ“1 to be the union of

θ0 “ 0, a fixed zero centroid, and tθ
ptq
ℓ ukℓ“1, the centroids from the t-th iteration of the

k-means algorithm. Let rℓ
ptq

“ trℓ
ptq
i uni“1 designate the assignments of each xi to the ℓ

ptq
i

centroid θℓ during the t-th iteration of the same k-means algorithm. In the proceeding, we

drop t for simplicity of notation.

Let us first sort the centroids such that θ
ptq
j “ θ

ptq
piq where piq represent the i-th order

statistic for i, j “ 1, . . . k. Consider an xi such that rℓi “ p` 1 where p` 1 is not the index

of the zero centroid. Suppose without loss of generality that θp ě 0 and θp ă θp`1 ă θp`2.

Then by the k-means algorithm we know θp ă xi ă θp`2 and

∣∣xi ´ θp`1

∣∣2 ă
∣∣xi ´ θp

∣∣2 ùñ xi ą
θp`1 ` θp

2
when θp ă xi ă θp`1 (2.14)

∣∣xi ´ θp`1

∣∣2 ă
∣∣xi ´ θp`2

∣∣2 ùñ xi ă
θp`1 ` θp`2

2
when θp`1 ă xi ă θp`2. (2.15)

We consider these as two scenarios: scenario (2.14): θp ă xi ă θp`1 and scenario (2.15):

θp`1 ă xi ă θp`2.
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Now suppose ξpxi, θp`1q :“ maxt|xi|
2 ´

∣∣xi ´ θp`1

∣∣2 , 0u “ 0. This implies that

|xi|
2 ă |xi ´ θp`1|2 ùñ xi ă

θp`1

2
(2.16)

By this we can say that only values with magnitudes less than half the magnitudes of their

assigned centroids can have ξpxi, θp`1q “ 0. This means that any value which is greater

in magnitude than its assigned centroid will have a positive, non-zero ξ. We can them

immediately see that xi cannot be assigned to θp`1 and also be greater than θp`1. Thus,

we rule out scenario (2.15).

Now let us consider scenario (2.14). Combining (2.14) with (2.16) results in

θp`1 ` θp
2

ă x ă
θp`1

2
. (2.17)

For θp ą 0, this creates a contradiction since
θp`1`θp

2 ą
θp`1

2 . For the case when θp “ 0, we

have xi “
θp`1

2 .

Thus, the only way for ξ2i pxi, θp`1q “ 0 is for xi “
θp`1

2 . The same conclusion apply for

negative centroids. While xi “
θp`1

2 is theoretically possible, this will not occur in practice.

We can thus conclude that ξ2i ą 0 for all i “ 1, . . . , n.

Now let us examine the ordering of a vector according to its ξ2i values.

Consider two values x and y in the gradient vector x such that |x| ă |y|. Define ξpz, θzq “

maxt0,|z|2 ´|z ´ θz|2u. Let us define d21 “ |x´ θ1|2 and d22 “ |y ´ θ2|2. Suppose an iteration

of the k-means algorithm assigns x to θ1 and y to θ2 for centroids θ1 and θ2. Let us assume

ξpx, θ1q ą 0 and ξpy, θ2q ą 0.

1. Consider the case 0 ă θ1 ă x ă y ă θ2. Since we assume that y is assigned to the θ2

centroid, then we have that d22 ă |y ´ θ1|2, otherwise it would be assigned to the θ1
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centroid. For the sake of contradiction, let us assume that ξpx, θ1q ą ξpy, θ2q. Then

ξpx, θ1q ą ξpy, θ2q

x2 ´ d21 ą y2 ´ d22 ą y2 ´|y ´ θ1|2

x2 ´|x´ θ1|2 ą y2 ´|y ´ θ1|2

x2 ´ x2 ` 2θ1x´ θ21 ą y2 ´ y2 ` 2θ1y ´ θ21

2θ1x ą 2θ1y

x ą y (2.18)

This is a contradiction since we assumed 0 ă θ1 ă x ă y ă θ2. Thus, ξpx, θ1q ă

ξpy, θ2q.

2. Consider the case θ2 ă y ă x ă θ1 ă 0. Since we assume that y is assigned to the

θ2 centroid, then we have that d22 ă |y ´ θ1|2. For the sake of contradiction, let us

assume that ξpx, θ1q ą ξpy, θ2q.

ξpx, θ1q ą ξpy, θ2q

x2 ´ d21 ą y2 ´ d22 ą y2 ´|y ´ θ1|2

x2 ´|x´ θ1|2 ą y2 ´|y ´ θ1|2

x2 ´ x2 ` 2θ1x´ θ21 ą y2 ´ y2 ` 2θ1y ´ θ21

2θ1x ą 2θ1y

x ą y
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This is a contradiction since we assumed θ2 ă y ă x ă θ1 ă 0. Thus, ξpx, θ1q ă

ξpy, θ2q.

3. For cases 0 ă θ1 ă x ă θ2 ă y, 0 ă x ă θ1 ă θ2 ă y, 0 ă x ă θ1 ă y ă θ2, and each of

their negative complements (maintaining |x| ă |y|), the same method of proof can be

applied. By using (2.18), we can show a contradiction by assuming ξpx, θ1q ą ξpy, θ2q.

Thus, we conclude that the ordering of values by ξ across centroids assignments is the

same as ordering them by their magnitude.

Let us now consider the case when x and y are both assigned to the same centroid θ.

Let us assume ξpx, θq ą 0 and ξpy, θq ą 0. Consider the case when 0 ă x ă θ ă y.

Suppose for the sake of contradiction that ξpx, θq ą ξpy, θq. Then

ξpx, θq ą ξpy, θq

x2 ´ d21 ą y2 ´ d22

x2 ´|x´ θ|2 ą y2 ´|y ´ θ|2

x2 ´ x2 ` 2θx´ θ2 ą y2 ´ y2 ` 2θy ´ θ2

2θx ą 2θy

x ą y

This contradicts our assumption that 0 ă x ă θ ă y. Thus, ξpx, θq ą ξpy, θq. The

same arguments can be made for the cases 0 ă x ă y ă θ, 0θ ă x ă y, and their

negative complements maintaining the |x| ă |y| relationship. Thus, ordering using ξ

within centroids is equivalent to ordering using magnitude.
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2.3 Sparse K-means in Simulation

2.3.1 Simulation Description

Mitchell [21] performed their work using a federated simulation they created using the Ten-

sorFlow Federated (tff) package. Their simulation, combined with the tff-provided func-

tions, enabled the creation of SparK as a plug-in aggregation factory in their simulation.

As such, the experimental setup and this paper’s evaluation of SparK follows closely with

their work.

Dataset and Model

We apply SparK to the EMNIST [30] dataset. The EMNIST dataset contains 671,585 train-

ing and 77,483 test datapoints consisting of images of written characters. The simulations

consists of 3,400 clients who each have their own train and test portion of the data which

has natural heterogeneity stemming from the data being partitioned by the author of the

written digits. The number of samples each client has varies, but all have more than two

training samples and one test sample.

The server and each client train a convolutional neural network with two convolutional

layers (with 3ˆ3 kernels with a stride of 1), a max-pooling layer, a dropout layer (p “ 0.25),

and two dense layers with dropout (p “ 0.5). This setup is the same as in [31].

Algorithms

FedAvg [6] is used in the training on the EMNIST dataset. Mini-batch SGD with client

learning rate ηc “ 0.1 is performed for E epochs on a uniformly randomly selected m “ 50

clients during each global training round. The server model is updated with SGD with

server learning rate ηs “ 1.0. The value E “ 1 and a batch size of 32 is used on all clients

throughout training.
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Benchmarks

We evaluate the performance of SparK against a baseline model without compression. We

then compare its performance at varying compression levels against Top-K [11], QSGD [10],

and the algorithm presented by [21], which we refer to as quantize-encode. The hyperpa-

rameters use for these algorithms match those chosen by Mitchell [21] in order to provide a

fair comparison of SparK to the results from their work.

2.3.2 Results

Figure 2.4 and its subfigures displays the validation accuracy across training rounds on

the EMNIST dataset for all four compared compression algorithms. We note that SparK

performs well, outperforming the other algorithms in many cases, but performs comparably

otherwise.

We attempt to compare the algorithms directly in figure 2.5 by showing the average

bitrate achieved over all training rounds on the x-axis and the evaluation accuracy achieved

on the final round. A minimum of five simulations were performed at each set of hyperpa-

rameter values and their results are summarized together on this graph using averages.

The points themselves represent the average of the average bitrates and the average final

accuracies from simulations with the same parameters. The horizontal lines through points

represent the range of avgerage bitrates and the vertical lines through points represent the

range of final accuracies achieved from simulations with the same hyperparameters. SparK

outperforms other algorithms at almost all levels of compression, and it continues to perform

adequately even at very low bitrates. We omit lower bitrates for other algorithms as they

perform too poorly to display on this graph.

2.4 Discussion

Figure 2.5 clearly shows that SparK performs or outperforms the other algorithms, especially

at very high compression. Its current implementation in tensorflow federated requires very
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(a) QSGD Validation Accuracy on EMNIST (b) Top-k Validation Accuracy on EMNIST

(c) QE Validation Accuracy on EMNIST (d) SparK Validation Accuracy on EMNIST

Figure 2.4: Validation Accuracy across Training Rounds on EMNIST

long computation time and system memory making its practical use cases limited. However,

SparK offers an algorithm that performs well under extreme compression in situations where

clients have high computational power and large amounts of memory, but the bandwidth to

and from the server is extremely limited. In these cases, SparK provides the user the ability

to compress the updates to meet the bandwidth requirement without having to perform an

hyperparameter tuning.
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Figure 2.5: Average Bitrates and Final Accuracies for all Compression Algorithms.

We imagine the clients in a federated learning environment to be research vessels con-

ducting research across the world in remote areas. These vessels have substantial compu-

tational abilities, but their connection to a centralized server is only through a periodic

satellite link. The connection time to the satellite can be calculated fairly accurately, and

the connection speed is also known. Using this information, the researcher can calculate the

amount of data that can be sent in this connectivity window. Supposing that uploading the

uncompressed updates would exceed the satellite connectivity time window, a compression

algorithm would be required.

SparK is the sole compression algorithm that guarantees the required amount of com-

pression is achieved without hyperparameter tuning. SparK only requires the τ hyperpa-

rameter, which is the inverse compression rate. By using the known uncompressed update

size and the calculated amount of data that can be sent in the satellite uplink window, the

researcher can calculate the hyperparameter τ . Expensive and time consuming hyperpa-

rameter tuning is not required. This provides the researcher with the immediate knowledge

of how much compression will be achieved before implementation. SparK guarantees the
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researcher will achieve the desired amount of compression and successfully transmit the

update in the time window. To our knowledge, no other algorithm provides this benefit.

2.4.1 Future Work

• Adaptive Compression Rates. In this paper we assume that compression is re-

quired due to limited bandwidth between clients and the server in a federated environ-

ment. The same hyperparameter τ is used by all clients regardless of their connectiv-

ity. In a real-world scenario, it is likely that clients would have different connectivity

speeds. A client with better connectivity would be capable of transmitting a larger

update than a client with a worse connection in the same amount of time. Future

work should explore allowing the compression rate to vary based on the connectivity

speed of each client and a maximum time allowed for transmitting an update. The

hyperparameter τ can then be the maximum inverse compression rate that a client

must be able to achieve given its connection and the transmission time requirement.

This permits each client to individually determine its optimal compression rate within

the τ maximum and maximum transmission time.

Additionally, future work can explore varying the τ inverse compression rate across

epochs. A smaller compression rate (larger τ) in the early stages of learning and larger

compression rate later should result in faster and more robust convergence. This idea

could be explored in both the current framework and in the by-client, transmission-

speed-dependent compression described above.

Adaptive compression can also be performed within the model by varying the amount

of compression by layer. By analyzing characteristics of each layer’s model updates

(variance, magnitude, effect on loss function, etc.), one can vary the amount of com-

pression applied to each layer. The τ inverse compression rate can still be achieved by

applying greater compression to less important layers and less compression to more

important layers.
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• Learning Rate Optimization and Scheduling. The current implementation of

SparK uses a static learning rate across epochs and for all clients. Implementing a

learning rate schedule that changes the learning rate for both clients and the server

across epochs would likely improve the rate of convergence and the final accuracy of

SparK. Future work should also explore how to determine the optimal learning rates

for each client based on their individual characteristics (amount of data, heterogeneity,

etc.).

• Bidirectional Compression. Some research has explored compression applied to

both the upstream and downstream communications in federated learning; that is,

both client-to-server and server-to-client [12], [15], [32]–[34]. It is unknown how com-

pressing the server-to-client communication would affect SparK. Future research into

this would be enlightening, especially as the upload and download speeds of a con-

nection are often very different.

• Error Feedback and Accumulation. Research has shown that adding error accu-

mulation and feedback in a distributed learning setting improves learning [13], [28].

However, it has only been recently that error feedback has been studied in a federated

setting [32], [35]–[37]. Future work should explore incorporating error feedback to

improve convergence and accuracy.

• Algorithm Optimization and Generalization. The current implementation of

SparK is computationally expensive and requires large amounts of memory at the

client. This is largely due to the algorithm being implemented in Tensorflow Federated

and the framework built by [21]. At the time of this writing, Tensorflow Federated

is still in pre-release. Future implementations will likely offer improved performance

and customization that will likely improve the runtime and memory requirements

of this algorithm if it is adapted to the updates. By decreasing its computational

requirements it would allow the algorithm to be implemented on a broader range of

clients.
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In addition to coding optimization and Tensorflow Federated updates, SparK could

also benefit from research into additional methods of performing both its quantization

and sparsification. Currently, SparK uses a vanilla k-means quantization (with a

novel budget restraint). Tian, et. al [23] provides a nice summary of alternative

clustering algorithms that future work should explore as alternatives to k-means. As

for sparsification, Top-k sparsification [38] uses only the magnitude to determine which

values to sparsify. Future work should explore alternative methods of selecting the

values to sparsify.
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Chapter 3: 1-Bit Quantized Regression

3.1 Introduction

3.1.1 Background

The Internet of Things (IoT), often comprised of small, low-power, low-bandwidth, and low-

computational-power devices; offers the opportunity to learn a great deal about the world

from the data these devices collect. Because of the limited power, bandwidth, or computa-

tion power of many IoT devices, they often must reduce the data they store, transmit, and

compute. This requires statistical methods capable of inferring meaningful insights from

this ”simplified” data.

Quantization is a common method employed in signal processing to turn a digital signal

into an analog signal, or a continuous data value to an integer value. By applying quanti-

zation, the user reduces the size of the data from the standard 32 or 64 bit floating point

precision to b-bits, called the bit rate or bit precision. This allows for a nˆd matrix of data

stored in 32 bit precision to be reduced from 32nd bits of storage or bandwidth requirement

to bnd` 32b.

In more recent years, quantization has become popular to reduce the data storage re-

quirement during neural network training [10], [23], [34], [39]–[41]. The research into the

effects of quantization on linear models, and linear regression in particular, is more sparse.

In [42] we see a maximum likelihood method created from an infinite quantizer with

Ln quantization levels to estimate the parameters in a linear model. The work provides

an analysis of the error from using a uniform deterministic quantizer, and then derives a

bias-compensated estimator under Gaussian assumptions that is asymptotically consistent

and provide simulations showing the attainment of the expected asymptotic variance.
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In [43], a randomized EM algorithm is used to estimate the parameter in a linear regres-

sion model given the quantized response. They provide simulations that show the parameter

variance and estimated parameters, but do not provide formal analysis.

The work by Saha et.al. [44] takes an alternative approach. They seek to find the

optimal bit rate of quantization given some budget constraint. They begin by imposing

a budget constraint, which is the total number of bits that each sample is permitted to

use to convey its information to the model. They then solve a least squares solution on

the quantized data resulting from the enforced budget. This information-theoretic lens

differs slightly from our approach, but the analysis in the work provides a lower bound on

the minimax risk of estimating the parameters from a quantized model. The work provides

several quantization methods, those methods’ lower bound on their risk based on a provided

budget, and the computation complexity of the algorithm [44].

In [45], they analyze the effect of both a deterministic and dithered 1-bit quantizer on the

non-asymptotic bound of a masked estimator of the covariance matrix of a design matrix.

We seek to perform linear regression on 1-bit quantized data using a stochastic quantizer.

They then use numerical simulations to show the near-optimality of their estimators.

Our work resembles the work of [45] in that we seek a non-asymptotic error bound on

the covariance matrix of a design matrix. However, our work differs in a few key ways.

In [45], they use a 1-bit quantizer that simply returns the sign of the input value. Ours

returns the right and left bound of the range of the provided data point. Also, their analysis

is performed on masked covariance matrices. Our uses the original. We will provide full

explanations of our methods and definitions in proceeding sections.

In summary, our work offers an estimator of the regression parameters β̂ derived from

quantized predictors and responses. From this estimator, we provide an analysis of the

estimator’s asymptotic variance, and then compare this estimator’s asymptotic variance to

that of the Ordinary Least Squares (OLS) estimator based on uncompressed data. We then

discuss an upper bound on the MSE of the estimator.
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3.1.2 Quantization

We begin by defining a quantization method. We define a generic 1-bit stochastic quantizer

for a bounded random variable U to be

QU pUq :“

$

’

’

’

&

’

’

’

%

a with probability
b´ U

∆U

b with probability
U ´ a

∆U

(3.1)

where QU puq is defined on the range of U : ra, bs and ∆U :“ b ´ a. Equivalently, we could

also define it

QU pUq :“

$

’

’

’

&

’

’

’

%

a if U ` ξ ă t

b if U ` ξ ą t

(3.2)

where ξ „ Uniform
´

´∆U
2 , ∆U

2

¯

and t is the midpoint of the range of U .

For a quantizer of a random variable X, we note that both QXpXq and X are random

variables. Thus, when we take the expectation omitting what the expectation is with

respect to, we mean E
“

QXpxq
‰

“ EX

”

EQX

“

QXpxq
‰

ı

. We may exclude the subscript

on Q for simplicity when it is understood in context so that the expectation will read

E
“

Qpxq
‰

“ EX

”

EQ

“

QXpxq
‰

ı

Let us allow the notation

rX :“ QXpXq. (3.3)

to represent the quantization of X.

3.2 1-bit Quantized Regression, 1-Predictor Case

We begin by establishing our regression scenario:
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1. Let x “ tXiu
n
i“1 be a nˆ1 vector of random variables such that |Xi| ď R for all i and

for some value R P R`. We assume each observation pair pXi, Yiq are independent

and that the tXiu
n
i“1 are independent and identically distributed (i.i.d.).

2. Let y “ tYiu
n
i“1 be a n ˆ 1 vector of random variables such that Yi “ Xiβ

0 ` σϵi for

some β0 P R, σ P R`, and let tϵiu
n
i“1 be a set of iid standard normal random variables.

Assume |ϵi| ď L for all i so that Yi ď R|β0| ` σL for all i. Define B :“ R|β0| ` σL.

3. Let QX , QX2 , and QY be 1-bit quantizers as defined in section 3.1.2 which take

values in tXiu, tX2
i u, and tYiu, respectively. We note these quantizers are defined on

r´R,Rs, r0, R2s, and t´B,Bu.

Rather than performing regression using the random variables Xi and Yi, we wish to

use the quantized variables ĂXi :“ QXpXiq and rYi :“ QY pYiq. We propose the quantized

regression estimator

β̂ “

1
n

řn
i“1

ĂXi
rYi

1
n

řn
i“1

ĂX2
i

“
Û

V̂
(3.4)

since we know the Ordinary Least Squares estimator β˚ is given by

β˚ “

1
n

řn
i“1XiYi

1
n

řn
i“1X

2
i

“
U

V

which we know is an unbiased estimator of β0. It is also important to note that

EQ

”

Û
ı

“ EQ

«

1

n

n
ÿ

i“1

ĂXi
rYi

ff

“
1

n

n
ÿ

i“1

XiYi “ U

and similarly

EQ

”

V̂
ı

“ EQ

«

1

n

n
ÿ

i“1

ĂX2
i

ff

“
1

n

n
ÿ

i“1

X2
i “ V
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since the stochastic 1-bit quantizer is unbiased. We then can say

EQ

”

Û
ı

EQ

”

V̂
ı “

U

V
“ β˚.

We will use this fact in the subsequent sections as we provide the basis to prove the

theorem:

Theorem 3.2.1. Given x “ tXiu
n
i“1 and y “ tYiu

n
i“1 such that |Xi| ď R for all i and for

some value R P R`. Let each observation pair pXi, Yiq be independent and each tXiu
n
i“1 be

independent and identically distributed.

Let Yi “ Xiβ
0 ` σϵi for some β0 P R, σ P R`, and let tϵiu

n
i“1 be a set of iid standar

normal random variables. Assume |ϵi| ď L for all i so that Yi ď R|β0|`σL for all i. Define

B :“ R|β0| ` σL.

Let QX and QY be 1-bit quantizers as defined in section 3.1.2 defined on r´R,Rs and

r´B,Bs, respectively.

Then the estimator

β̂ “

1
n

řn
i“1

ĂXi
rYi

1
n

řn
i“1

ĂX2
i

of β0 is asymptotically unbiased with a lower order Op1{n2q term and has a variance of

order Op1{nq. Furthermore, we can then say asymptotically that

MSE
´

β̂
¯

“

B2R2 ` β0
2

´

R2EX

“

X2
1

‰

´ 2EX

“

X4
1

‰

¯

nEX

“

X2
1

‰2 “ Op1{nq. (3.5)

3.2.1 Asymptotic Bias of the 1-Bit Quantized Estimator

The work by Vershynin [46] is used throughout this section.
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Let us write our quantized estimator as a function of Û and V̂ : β̂ “ ϕ
´

Û, V̂
¯

:“ Û
V̂
.

Now we use a Taylor Expansion about the point

ˆ

EQ

”

Û
ı

,EQ

”

V̂
ı

˙

to approximate

the first moment of ϕ
´

Û, V̂
¯

. We will omit the Q in the internal expectation for brevity

and understand that the external expectation is taken with respect to X and ϵ.

E
”

β̂
ı

“ E
”

ϕpÛ, V̂ q

ı

“ E

»

—

—

–

E
”

Û
ı

E
”

V̂
ı `

¨

˚

˝

Û ´ E
”

Û
ı

V̂ ´ E
”

V̂
ı

˛

‹

‚

∇ϕ

ˆ

E
”

Û
ı

,E
”

V̂
ı

˙

`
1

2

¨

˚

˝

Û ´ E
”

Û
ı

V̂ ´ E
”

V̂
ı

˛

‹

‚

T

∇2ϕ
`

Ū, V̄
˘

¨

˚

˝

Û ´ E
”

Û
ı

V̂ ´ E
”

V̂
ı

˛

‹

‚

fi

ffi

ffi

fl

“ E

»

—

—

–

U

V
`

¨

˚

˝

Û ´ E
”

Û
ı

V̂ ´ E
”

V̂
ı

˛

‹

‚

∇ϕ

ˆ

E
”

Û
ı

,E
”

V̂
ı

˙

`
1

2

¨

˚

˝

Û ´ E
”

Û
ı

V̂ ´ E
”

V̂
ı

˛

‹

‚

T

∇2ϕ
`

Ū, V̄
˘

¨

˚

˝

Û ´ E
”

Û
ı

V̂ ´ E
”

V̂
ı

˛

‹

‚

fi

ffi

ffi

fl

“ β0
` E

»

—

—

–

¨

˚

˝

Û ´ E
”

Û
ı

V̂ ´ E
”

V̂
ı

˛

‹

‚

∇ϕ

ˆ

E
”

Û
ı

,E
”

V̂
ı

˙

`
1

2

¨

˚

˝

Û ´ E
”

Û
ı

V̂ ´ E
”

V̂
ı

˛

‹

‚

T

∇2ϕ
`

Ū, V̄
˘

¨

˚

˝

Û ´ E
”

Û
ı

V̂ ´ E
”

V̂
ı

˛

‹

‚

fi

ffi

ffi

fl

(3.6)

where Ū P

ˆ

Û,E
”

Û
ı

˙

and V̄ P

ˆ

V̂,E
”

V̂
ı

˙

. Note that by the Weak Law of Large numbers

?
n

ˆ

Û ´ E
”

Û
ı

˙

p
Ñ 0 and

?
n

ˆ

V̂ ´ E
”

V̂
ı

˙

p
Ñ 0. That is, Û ´ E

”

Û
ı

“ Opp1{
?
nq and

V̂ ´ E
”

V̂
ı

“ Opp1{
?
nq.

If we can now show that the maximum eigenvalue of ∇2ϕpÛ, V̂ q is upper bounded in

a neighborhood around

ˆ

E
”

Û
ı

,E
”

V̂
ı

˙

containing Û and V̂ , then we can control the

remainder term in the Taylor expansion.

The Hessian can be computed

∇2ϕ
´

Û, V̂
¯

“

¨

˚

˝

B2

BÛ2
ϕ

´

Û, V̂
¯

B

BÛ
B

BV̂
ϕ

´

Û, V̂
¯

B

BV̂
B

BÛ
ϕ

´

Û, V̂
¯

B2

BV̂ 2
ϕ

´

Û, V̂
¯

˛

‹

‚

“

¨

˚

˝

0 ´ 1
V̂ 2

´ 1
V̂ 2

2 Û
V̂ 3

˛

‹

‚
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Then calculating the eigenvalues gives us

p´λq

˜

2Û

V̂ 3
´ λ

¸

´
1

V̂ 4
“ 0 ùñ λ “

Û ˘

a

Û2 ` V̂ 2

V̂ 3

Note then that
a

Û2 ` V̂ 2 ď

a

Û2 `

a

V̂ 2 “ |Û | ` |V̂ | which implies Û `

a

Û2 ` V̂ 2 ď

Û ` |Û | ` V̂ . Finally we can upper bound the maximum eigenvalue

λ “
Û ˘

a

Û2 ` V̂ 2

V̂ 3
ď

2|Û | ` V̂

V̂ 3

Then for any Ū P

ˆ

Û,E
”

Û
ı

˙

and V̄ P

ˆ

V̂,E
”

V̂
ı

˙

, we can say

2
∣∣∣Û ∣∣∣ ` V̂

V̂ 3
“

2
∣∣∣Û ∣∣∣
V̂ 3

`
1

V̂ 2
ď 2

max

"∣∣∣Û ∣∣∣ ,∣∣∣∣E ”

Û
ı

∣∣∣∣*
min

"

V̂,E
”

V̂
ı

*3 `
1

min

"

V̂ 2,E
”

V̂
ı2

* “ Opp1q

Finally,

E
”

β̂
ı

“ β0 ` O
ˆ

E
”

}T ´ E rT s }22

ı

˙

“ β0 ` Op1{nq where T :“

¨

˚

˝

Û

V̂

˛

‹

‚

and we can conclude that the squared bias will be a lower order Op1{n2q term.
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3.2.2 Asymptotic Variance of the 1-bit Quantized Estimator

We begin noting that by again using a Taylor expansion and the CLT we can say that

n1{2

˜

ϕ
´

Û, V̂
¯

´ ϕ

ˆ

E
”

Û
ı

,E
”

V̂
ı

˙

¸

d
Ñ N

˜

0,∇ϕ
ˆ

E
”

Û
ı

,E
”

V̂
ı

˙T

Cov
´

ĂXi
rYi,

ĂX2
i

¯

∇ϕ
ˆ

E
”

Û
ı

,E
”

V̂
ı

˙

¸

where by ∇ϕ
ˆ

E
”

Û
ı

,E
”

V̂
ı

˙

we mean ∇ϕp¨, ¨q evaluated at E
”

Û
ı

and E
”

V̂
ı

and equiv-

alently for the partial derivatives. The variance simplifies to

∇ϕ
ˆ

E
”

Û
ı

,E
”

V̂
ı

˙T

Cov
´

ĂXi
rYi,

ĂX2
i

¯

∇ϕ
ˆ

E
”

Û
ı

,E
”

V̂
ı

˙

“

¨

˚

˚

˚

˝

B

BÛ
ϕ

ˆ

E
”

Û
ı

,E
”

V̂
ı

˙

B

BV̂
ϕ

ˆ

E
”

Û
ı

,E
”

V̂
ı

˙

˛

‹

‹

‹

‚

T
¨

˚

˝

Var
”

ĂXi
rYi

ı

Cov
´

ĂXi
rYi,

ĂX2
i

¯

Cov
´

ĂXi
rYi,

ĂX2
i

¯

Var
”

ĂX2
i

ı

˛

‹

‚

¨

˚

˚

˚

˝

B

BÛ
ϕ

ˆ

E
”

Û
ı

,E
”

V̂
ı

˙

B

BV̂
ϕ

ˆ

E
”

Û
ı

,E
”

V̂
ı

˙

˛

‹

‹

‹

‚

“

¨

˚

˚

˝

1

ErV̂ s
´ErÛs

ErV̂ s
2

˛

‹

‹

‚

T
¨

˚

˝

Var
”

ĂXi
rYi

ı

Cov
´

ĂXi
rYi,

ĂX2
i

¯

Cov
´

ĂXi
rYi,

ĂX2
i

¯

Var
”

ĂX2
i

ı

˛

‹

‚

¨

˚

˚

˝

1

ErV̂ s
´ErÛs

ErV̂ s
2

˛

‹

‹

‚

“

¨

˚

˚

˝

1

ErV̂ s
´ErÛs

ErV̂ s
2

˛

‹

‹

‚

T
¨

˚

˚

˚

˝

Var
”

ĂXi
ĂYi

ı

ErV̂ s
`

´ErÛsCov
´

ĂXi
ĂYi,

ĄX2
i

¯

ErV̂ s
2

Cov
´

ĂXi
ĂYi,

ĄX2
i

¯

ErV̂ s
`

´ErÛsVar
”

ĄX2
i

ı

ErV̂ s
2

˛

‹

‹

‹

‚

“

Var
”

ĂXi
rYi

ı

E
”

V̂
ı2 ´ 2Cov

´

ĂXi
rYi,

ĂX2
i

¯ E
”

Û
ı

E
”

V̂
ı3 ` Var

”

ĂX2
i

ı E
”

Û
ı2

E
”

V̂
ı4 (3.7)
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We calculate E
”

Û
ı

, E
”

V̂
ı

, Var
”

ĂX2
i

ı

, and Var
”

ĂXi
rYi

ı

in Appendix A. Using them, we

we can then show:

Var
”

ĂXi
rYi

ı

E
”

V̂
ı2 ´ 2Cov

´

ĂXi
rYi,

ĂX2
i

¯ E
”

Û
ı

E
”

V̂
ı3 ` Var

”

ĂX2
i

ı E
”

Û
ı2

E
”

V̂
ı4

“
B2R2 ´ β02EX

“

X2
1

‰2

EX

“

X2
1

‰2

´ 2β02
ˆ

EX

”

X4
1

ı

´ EX

”

X2
1

ı2
˙

1

EX

“

X2
1

‰2

`

ˆ

R2EX

”

X2
1

ı

´ EX

”

X2
1

ı2
˙

β02

EX

“

X2
1

‰2

“
B2R2 ´ β02EX

“

X2
1

‰2
´ 2β02

´

EX

“

X4
1

‰

´ EX

“

X2
1

‰2
¯

` β02
´

R2EX

“

X2
1

‰

´ EX

“

X2
1

‰2
¯

EX

“

X2
1

‰2

“

B2R2 ` β02
ˆ

´EX

“

X2
1

‰2
´ 2

´

EX

“

X4
1

‰

´ EX

“

X2
1

‰2
¯

`

´

R2EX

“

X2
1

‰

´ EX

“

X2
1

‰2
¯

˙

EX

“

X2
1

‰2

“

B2R2 ` β02
´

R2EX

“

X2
1

‰

´ 2EX

“

X4
1

‰

¯

EX

“

X2
1

‰2 .

Then the asymptotic variance of our estimator is given by

Var
”

β̂
ı

“
B2R2 ` β0

2
´

R2EX

“

X2
1

‰

´ 2EX

“

X4
1

‰

¯

nEX

“

X2
1

‰2 ` op1{nq “ O
ˆ

1

n

˙

(3.8)

We will verify this result using estimating equations.
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Components of the Formulation of the Asymptotic Variance

In Appendix A we show:

E
”

Û
ı

“ β0EX

”

X2
1

ı

Var
”

ĂXi
rYi

ı

“ B2R2 ´ β0
2
EX

”

X2
i

ı2

E
”

V̂
ı

“ EX

”

X2
1

ı

Var
”

ĂX2
i

ı

“ R2EX

”

X2
1

ı

´ EX

”

X2
1

ı2

Cov
´

ĂXi
rYi,

ĂX2
i

¯

“ β0
ˆ

EX

”

X4
1

ı

´ EX

”

X2
1

ı2
˙

Using these formulations, we can show the first component is:

Var
”

Û
ı

E
”

V̂
ı2 “

R2B2 ´ β0
2
EX

“

X2
1

‰2

EX

“

X2
1

‰2 .

For the second component:

2Cov
´

ĂXi
rYi,

ĂX2
i

¯ E
”

Û
ı

E
”

V̂
ı3 “ 2β0

ˆ

EX

”

X4
1

ı

´ EX

”

X2
1

ı2
˙

β0EX

“

X2
1

‰

EX

“

X2
1

‰3

“ 2β0
2

ˆ

EX

”

X4
1

ı

´ EX

”

X2
1

ı2
˙

1

EX

“

X2
1

‰2 .

And the last component:

Var
”

ĂX2
i

ı E
”

Û
ı2

E
”

V̂
ı4 “

ˆ

R2EX

”

X2
1

ı

´ EX

”

X2
1

ı2
˙

β0
2
EX

“

X2
1

‰2

EX

“

X2
1

‰4

“

ˆ

R2EX

”

X2
1

ı

´ EX

”

X2
1

ı2
˙

β0
2

EX

“

X2
1

‰2 .
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3.2.3 Alternative Derivation Using Estimating Equations

To further verify our derivations from the previous section, we derive here the asymptotic

variance of our quantized estimator using estimating equations. To begin, let us define an

estimating equation

Ψnpβq :“
1

n

n
ÿ

i“1

ψβpXi, Yiq “
1

n

n
ÿ

i“1

ĂX2
i β ´ ĂXi

rYi (3.9)

where ψβpXi, Yiq :“ ĂX2
i β ´ ĂXi

rYi. Let β̂ be a zero of Ψn. Then if we expand Ψnpβ̂q in a

Taylor series around β0, rearrange terms, and applying Slutsky’s lemma, then we can show

?
n

´

β̂ ´ β0
¯

ù N

¨

˚

˚

˝

0,
E

”

ψ2
β0

ı

E
”

ψ1
β0

ı2

˛

‹

‹

‚

(3.10)

where ψ1 indicates the derivative with respect to β and ù is convergence in distribution.

Examining the variance

E
”

ψ2
β0

ı

E
”

ψ1
β0

ı2 “

E

„

´

ĂX2
1β

0 ´ ĂX1
ĂY1

¯2
ȷ

E
”

ĂX2
1

ı2 “

E

„

β0
2

ĂX2
1

2
` ĂX1

2
ĂY1

2
´ 2β0 ĂX2

1
ĂX1

ĂY1

ȷ

E
”

ĂX2
1

ı2

“

β0
2
E

„

ĂX2
1

2
ȷ

` E

„

ĂX1
2
ĂY1

2
ȷ

´ 2β0E
”

ĂX2
1

ĂX1
ĂY1

ı

E
”

ĂX2
1

ı2 . (3.11)
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Examining each term

E

„

ĂX2
1

2
ȷ

“ EX

«

pR2q2
X2

1

R2
` p0q2

R2 ´X2
1

R2

ff

“ R2EX

”

X2
1

ı

(3.12)

E

„

ĂX1
2
ĂY1

2
ȷ

“ B2R2 (3.13)

E
”

ĂX2
1

ĂX1
ĂY1

ı

“ E
”

X3
1Y1

ı

“ β0EX

”

X4
1

ı

(3.14)

E
”

ĂX2
1

ı2
“ EX

”

X2
1

ı2
(3.15)

Combining these and plugging them into our variance, we have

E
”

ψ2
β0

ı

E
”

ψ1
β0

ı2 “
B2R2 ` β0

2
R2EX

“

X2
1

‰

´ 2β0
2
EX

“

X4
1

‰

EX

“

X2
1

‰2 . (3.16)

Thus, we can conclude that the asymptotic variance of our estimator is

Var
”

β̂
ı

“

B2R2 ` β0
2

´

R2EX

“

X2
1

‰

´ 2EX

“

X4
1

‰

¯

nEX

“

X2
1

‰2 ` op1{nq “ O
ˆ

1

n

˙

, (3.17)

which agrees with our formulation in the previous section. If we wish to upper bound the

numerator we can further say

Var
”

β̂
ı

ď
B2R2 ` β0

2
R4

nEX

“

X2
1

‰2 ` op1{nq “ O
ˆ

1

n

˙

. (3.18)

We do this to more easily see its agreement with the upper bound of the variance in the

d-predictor case in Section 3.3.
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3.2.4 MSE and Asymptotic Relative Efficiency

Having identified the asymptotic variance and bias of our estimator, we can now find its

asymptotic MSE.

MSE
´

β̂
¯

“ Var
”

β̂
ı

`Bias
´

β̂
¯2

“ Op1{nq ` Op1{n2q “ O
`

1{n
˘

. (3.19)

This implies that the rate of error between our estimator and the OLS estimator (which in

the random design setting is equivalent to β0) decays at a rate of 1{n.

We know that the asymptotic variance of the OLS estimator β˚ is given by

Var
“

β˚
‰

“
σ2

nEX

“

X2
1

‰ ` op1{nq. (3.20)

Thus, the asymptotic relative efficiency compared to our quantized estimator is

AREpβ̂, β0q “

B2R2 ` β0
2

´

R2EX

“

X2
1

‰

´ 2EX

“

X4
1

‰

¯

nEX

“

X2
1

‰2 ¨
nEX

“

X2
1

‰

σ2

“

B2R2 ` β0
2

´

R2EX

“

X2
1

‰

´ 2EX

“

X4
1

‰

¯

σ2EX

“

X2
1

‰ . (3.21)

The tighter of a bound that can be achieved on the data, the closer it will be to achieving

the optimal efficiency.

3.3 1-Bit Quantized Regression, d-Predictor Case

We now move to extend our analysis of 1-bit quantized regression from the 1-predictor case,

to a general d-dimensional case. As in the previous section, the work by Vershynin [46] was

used throughout. In this section we prove the theorem:
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3.3.1 Results

Theorem 3.3.1. Let X be a nˆd matrix of random variable predictors whose rows txT
i uni“1

are 1 ˆ d vectors of random variables Xij, j “ 1, . . . , d. Let the rows of X be independent

and identically distributed. Let |Xij | ď R for all i, j for some R P R`.

Let y “ tYiu
n
i“1 be an nˆ1 vector of random variable responses such that Yi “ xT

i β
0`σϵi

for β0 P Rd and σ P R`. Let tϵiu
n
i“1 be a set of iid standard normal random variables

independent of the elements of xT
i . Assume |ϵi| ď L for all i so that we can say |Yi| ď

R
∥∥∥β0

∥∥∥
1

` σL for all i. Define B :“ R
∥∥∥β0

∥∥∥
1

` σL.

Define

ĄXij – QXpXijq, rYi :“ QY pYiq,
ĄX2

ij :“ QX2pX2
ijq,

where QX and QY are 1-bit quantizers for elements of X and y defined on r´R,Rs and

r´B,Bs, respectively, as defined in section 3.1.2. Furthermore, let QX2 be a 1-bit quantizer

for the squared elements of X. Let rxi
T be the quantized ith row of X and ry be the quantized

vector of y.

Then for rΣxi
:“ rxi rxi

T
` r∆i for r∆i “ diag

ˆ

ĄX2
ij ´ ĄXij

2
˙

the estimator β̂ that solves the

estimating equation

rΨnpβq :“
1

n

n
ÿ

i“1

rΣxiβ ´ rxi
T

ryi “ 0

is unbiased and has a covariance matrix whose entries are bounded by a value of order

O
´

1
n

¯

. Furthermore, if λmin pΣq is the smallest magnitude eigenvalue of Σ, we have

MSE
´

β̂
¯

ď n´1d

ˆ

B2R2 ` 7R4
∥∥∥β0

∥∥∥2
1

˙

1

λmin pΣq
2 “ O

ˆ

d

n

˙

. (3.22)

44

Docusign Envelope ID: 93A6B94D-51AD-472D-BE1A-F512D3BB43DD



3.3.2 Introduction

We now extend to the multivariate case with d predictors. We begin by establishing our

regression scenario:

1. Let X be a nˆ d matrix of random variable predictors whose rows txT
i uni“1 are 1 ˆ d

vectors of random variables Xij such that |Xij | ď R P R` for all i, j where i “ 1, . . . , n

and j “ 1, . . . , d. We assume that all rows of X are independent and identically

distributed, but that the columns are not necessarily so.

2. Let y “ tYiu
n
i“1 be an n ˆ 1 vector of random variable responses such that Yi “

xT
i β

0 `σϵi for β
0 P Rd and σ P R. Let tϵiu

n
i“1 be a set of iid standard normal random

variable. Assume |ϵi| ď L for all i so that we can say |Yi| ď R
řd

j“1 |β0j | ` σL for all

i. Define B :“ R
řd

j“1 |β0j | ` σL

3. Let QX , QX2 , and QY be 1-bit quantizers as defined in section 3.1.2 which take values

r´R,Rs, r0, R2s, and r´B,Bs, respectively.

Notation

We provide Table 3.1 as a reference for important notation. Throughout this section, we will

consistently use i “ 1, . . . , n and i1 “ 1, . . . , n as indices of observations and j “ 1, . . . , d as

indices for features. We will consistently use bold capital letters (both English and Greek)

to indicate matrices, bold lowercase letters to denote vectors, and capital non-bold letters

to indicate random variables.
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Table 3.1: Table of Important Notation

X A nˆ d matrix of predictor variables.
xT
i The ith row vector of X.

β A dˆ 1 vector of parameters.
βj The jth entry of the vector β.
xij , Xij The value found in the ith row and jth column of the matrix X or,

equivalently, the jth element of the vector xT
i .

ĄXij “

QXpXijq

The output of the quantization function for predictor value Xij .

ĄX2
ij “

QX2pX2
ijq

The output of the quantization function for squared predictor value
X2

ij .

rYi “ QY pYiq The output of the quantization function for response value Yi.

rxi
T A vector whose values have been quantized using the QX quantizer.

e.g., given xT
i “ pXi1, Xi2, Xi3q, rxT

i “ pĄXi1,ĄXi2,ĄXi3q.
rX A matrix X whose values have been quantized using the QX quan-

tizer.
rΣxi The dˆ d quantized covariance matrix estimate defined as

rΣxi “

¨

˚

˚

˚

˚

˚

˚

˚

˝

Ăx2i1 Ăxi1 Ăxi2 Ăxi1 Ăxi3 . . . Ăxi1 Ăxid

Ăxi2 Ăxi1
Ăx2i2 Ăxi2 Ăxi3 . . . Ăxi2 Ăxid

Ăxi3 Ăxi1 Ăxi3 Ăxi2
Ăx2i3 . . . Ăxi3 Ăxid

...
...

...
. . .

...

Ăxid Ăxi1 Ăxid Ăxi2 Ăxid Ăxi3 . . . Ăx2id

˛

‹

‹

‹

‹

‹

‹

‹

‚

Note Ăx2ij ‰ Ăxij
2. This is because Ăx2ij “ QX2px2ijq, which uses the

QX2p¨q quantizer, where as Ăxij
2

“
`

QXpxiq
˘2

which uses the QXp¨q

quantizer. This is a subtle but important distinction.
rΣX The sum of the quantized covariance matrix estimates derived from

each sample, that is: 1
n

řn
i“1

rΣxi .
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3.3.3 Quantized Predictor of β0

We now proceed to estimate β0 using the quantized values of xT
i and Yi, namely rxi

T and

rYi. We define the estimating equation

rΨnpβq :“
1

n

n
ÿ

i“1

rψβ

´

xi
T , Yi

¯

“
1

n

n
ÿ

i“1

rΣxiβ ´ rxi
T

ryi, (3.23)

where rψβ

´

xi
T , Yi

¯

:“ rΣxiβ ´ rxi
T

rYi. Let us assume β̂ is a root of rΨnpβq.

Note in this equation we use rΣxi , as defined in Table 3.1. This is a subtle but important

distinction, as defining it in this way results in

EQ

”

rΣxi

ı

“ xix
T
i , (3.24)

taking advantage of the unbiasedness of the element-wise quantizers. Note that when eval-

uated at β0:

E
”

rψβ0

ı

“ E

„

EQ

”

rΣxiβ
0 ´ rxi

rYi

ı

ȷ

“ E
”

xix
T
i β

0 ´ xiYi

ı

“ 0 (3.25)

for all i, making rΨn an unbiased estimating equation.

3.3.4 Asymptotic Variance of the Quantized Estimator

Using estimating equations and the sandwich method, we move to establish the asymptotic

variance of the quantized estimator β̂, which is the estimator that solves

rΨnpβq :“
1

n

n
ÿ

i“1

rψβ

´

xi
T , Yi

¯

“
1

n

n
ÿ

i“1

rΣxiβ ´ rxi
T

ryi “ 0.
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Again using a Taylor expansion about β0, we can show

?
n

´

β̂ ´ β0
¯

ù N

ˆ

0,E
”

rψ1
β0

ı´1
E

”

rψβ0 rψT
β0

ı

E
”

rψ1
β0

ı´1
˙

. (3.26)

where rψ1
β is the gradient with respect to β. We have that rψ1

β0 “ rΣxi . Then since rΣX “

1
n

řn
i“1

rΣxi is a consistent estimator of Σ :“ E
”

XTX
ı

, then by the continuous mapping

theorem rΣ
´1

converges asymptotically to Σ´1. Then we can refine the distribution

?
n

´

β̂ ´ β0
¯

ù N

ˆ

0,Σ´1E
”

rψβ0 rψT
β0

ı

Σ´1

˙

. (3.27)

Let us now move to evaluate the asymptotic variance of our estimator.

Bounding the Entries of E
”

rψβ0 rψT
β0

ı

in the Asymptotic Variance. We proceed by

first looking at the meat portion of the formula: E
”

rψβ0 rψT
β0

ı

. We note that E
”

Ăxij
2
ı

” R2

and E

„

rYi
2
ȷ

” B2. Before we begin, let us recall that we have defined

rΣxi
:“ rxi rxi

T
` ∆iwhere ∆i :“ diag

´

Ăx2ip ´R2
¯d

p“1
.
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To begin the evaluation of the entries of E
”

rψβ0 rψT
β0

ı

, we note that we can express the

matrix as:

E
”

rψβ0 rψT
β0

ı

“ E

„

´

rΣxiβ
0 ´ rxi

rYi

¯ ´

rΣxiβ
0 ´ rxi

rYi

¯T
ȷ

“ E

„

rΣxiβ
0β0T

rΣ
T

xi
´ rΣxiβ

0
rYirx

T
i ´ rxi

rYiβ
0T

rΣ
T

xi
` rxi

rYi rYirx
T
i

ȷ

“ E
„

´

rxi rxi
T

` ∆i

¯

β0β0T
´

rxi rxi
T

` ∆i

¯

´

´

rxi rxi
T

` ∆i

¯

β0
rYi rxi

T

´ rxi
rYiβ

0T
´

rxi rxi
T

` ∆i

¯

` rxi
rYi rYi rxi

T

ȷ

“ E
”

rxi rxi
Tβ0β0T

rxi rxi
T

` ∆iβ
0β0T

rxi rxi
T

` rxi rxi
Tβ0β0T∆i ` ∆iβ

0β0T∆i

´ rYi

´

rxi rxi
Tβ0

rxi
T

` ∆iβ
0

rxi
T

` rxiβ
0T

rxi rxi
T

` rxiβ
0T∆i

¯

`B2
rxi rxi

T

ȷ

. (3.28)

Then the j, k-th element is given by

´

rψβ0 rψT
β0

¯

jk

“

d
ÿ

ℓ“1

d
ÿ

m“1

Ăxij Ăxiℓβ
0
ℓβ

0
mĄxim Ăxik ` δjβ

0
j

d
ÿ

m“1

β0mĄxim Ăxik ` δkβ
0
k

d
ÿ

m“1

β0mĄxim Ăxij ` δjβ
0
j β

0
kδk

´ rYi

¨

˝

d
ÿ

m“1

β0mĄxim Ăxij Ăxik ` β0j δj Ăxik `

d
ÿ

m“1

β0mĄxim Ăxij Ăxik ` β0kδk Ăxij

˛

‚`B2
Ăxij Ăxik (3.29)
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where we have let δp be the p, pth element of ∆i. Then taking the expectation with respect

to the quantizers results in

EQ

„

´

rψβ0 rψT
β0

¯

jk

ȷ

“

d
ÿ

ℓ“1

d
ÿ

m“1

β0ℓβ
0
mEQ

“

Ăxij ĂxiℓĄxim Ăxik
‰

looooooooooooooooooomooooooooooooooooooon

paq

`β0jEQ

“

δj
‰

d
ÿ

m“1

β0mEQ

“

Ąxim Ăxik
‰

looooooooooooooooooomooooooooooooooooooon

pbq

` EQ rδksβ0k

d
ÿ

m“1

β0mEQ

“

Ąxim Ăxij
‰

looooooooooooooooooomooooooooooooooooooon

pcq

`δjβ
0
j β

0
kδk `B2EQ

“

Ăxij Ăxik
‰

´ EQ

”

rYi

ı

¨

˚

˚

˚

˚

˚

˝

2
d

ÿ

m“1

β0mEQ

“

Ąxim Ăxij Ăxik
‰

loooooooooooooomoooooooooooooon

pdq

`β0jEQ

“

δj
‰

EQ

“

Ăxik
‰

` β0kEQ rδksEQ

“

Ăxij
‰

˛

‹

‹

‹

‹

‹

‚

. (3.30)

It is important to note that EQ

“

Ăxip Ăxiq
‰

‰ EQ

“

Ăxip
‰

EQ

“

Ăxiq
‰

when p “ q. We have instead

that EQ

“

Ăxip Ăxiq
‰

“ R2 since Ăxip Ăxiq ” R2 when p “ q.

So, when calculating the j, kth term of E
”

rψβ0 rψT
β0

ı

, we must expand all possible com-

binations of the relationships of the iteration variables in (a), (b), (c), and (c). The full

derivation of their formulas can be found in Appendix B.

Furthermore, we show in Appendix B that the entries of E
”

rψβ0 rψT
β0

ı

are upper bounded

by

E

„

´

rψβ0 rψT
β0

¯

jk

ȷ

ď B2R2 `R4

ˆ∥∥∥β0
∥∥∥2
2

` 2
∣́∣∣β0j ∣∣∣ `

∣∣∣β0k∣∣∣¯∥∥∥β0
∥∥∥
1

` 2
∥∥∥β0

∥∥∥2
1

˙

(3.31)

when k ‰ j and by

E

„

´

rψβ0 rψT
β0

¯

jj

ȷ

ď B2R2 `R4

ˆ∥∥∥β0
∥∥∥2
2

` 4
∣∣∣β0j ∣∣∣∥∥∥β0

∥∥∥
1

` 2
∥∥∥β0

∥∥∥2
1

˙

(3.32)
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when k “ j. Furthermore, we can then say that all entries of the matrix E
”

rψβ0 rψT
β0

ı

are

bounded by

E

„

´

rψβ0 rψT
β0

¯

jk

ȷ

ď B2R2 ` 7R4
∥∥∥β0

∥∥∥2
1
. (3.33)

We now use this bound to upper bound the MSE of our estimator.

3.3.5 MSE of the Estimator

Let us begin by defining the notation
.
“ which we define to be asymptotic equality up to

op1{nq. Using this notation allows us to omit the op1{nq term. Then we can say that the

asymptotic MSE of the estimator is given by

MSE
´

β̂
¯

“ tr

ˆ

Var
”

β̂
ı

˙

.
“ tr

ˆ

n´1Σ´1E
”

rψβ0 rψT
β0

ı

Σ´1

˙

“ n´1
d

ÿ

j

d
ÿ

k

d
ÿ

ℓ

Σ´1
jk E

”

rψβ0 rψT
β0

ı

kℓ
Σ´1

ℓj .

Taking the absolute value of the trace gives us

∣∣∣∣∣tr
ˆ

Σ´1E
”

rψβ0 rψT
β0

ı

Σ´1

˙

∣∣∣∣∣ “

∣∣∣∣∣∣n´1
d

ÿ

j

d
ÿ

k

d
ÿ

ℓ

Σ´1
jk E

”

rψβ0 rψT
β0

ı

kℓ
Σ´1

ℓj

∣∣∣∣∣∣
ď n´1

d
ÿ

j

d
ÿ

k

d
ÿ

ℓ

∣∣∣Σ´1
jk

∣∣∣∣∣∣∣E ”

rψβ0 rψT
β0

ı

kℓ

∣∣∣∣∣∣∣Σ´1
ℓj

∣∣∣
ď n´1

ˆ

B2R2 ` 7R4
∥∥∥β0

∥∥∥2
1

˙ d
ÿ

j

d
ÿ

k

d
ÿ

ℓ

∣∣∣Σ´1
jk

∣∣∣∣∣∣Σ´1
ℓj

∣∣∣
“ n´1

ˆ

B2R2 ` 7R4
∥∥∥β0

∥∥∥2
1

˙∥∥∥Σ´1
∥∥∥2
F
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where ∥¨∥F is the Frobenius norm. Then we can refine our MSE bound by using the fact

that ∥¨∥F ď
?
d~¨~2:∣∣∣∣∣tr

ˆ

Σ´1E
”

rψβ0 rψT
β0

ı

Σ´1

˙

∣∣∣∣∣ ď n´1

ˆ

B2R2 ` 7R4
∥∥∥β0

∥∥∥2
1

˙∥∥∥Σ´1
∥∥∥2
F

ď n´1d

ˆ

B2R2 ` 7R4
∥∥∥β0

∥∥∥2
1

˙

1

λmin pΣq
2 . (3.34)

Thus, we can bound our MSE by

MSE
´

β̂
¯

ď n´1d

ˆ

B2R2 ` 7R4
∥∥∥β0

∥∥∥2
1

˙

1

λmin pΣq
2 “ O

ˆ

d

n

˙

. (3.35)

3.3.6 Asymptotic Relative Efficiency

We wish to analyze the asymptotic relative efficiency (ARE) between the quantized estima-

tor in the d-predictor case β̂ and the OLS estimator β. Having not yet examined the form

of the asymptotic variance of the OLS estimator, we provide it here.

Assuming X is full rank and each row of X, xT
i , is independent of ϵi, we know the least

squares estimator is given by β˚ “

´

XTX
¯´1

XTy and solves the estimating equation:

Ψnpβq :“
1

n

n
ÿ

i“1

ψβpxi, Yiq “
1

n

n
ÿ

i“1

xi

´

xT
i β ´ Yi

¯

“ 0, (3.36)

where we let 0 denote a vector containing all zeros, in this case a dˆ 1 vector of zeros. We

assume the pair pxT
i , Yiq is independent of every other pair pxT

i1 , Yi1q for all i1 ‰ i, then ψβ

is independent of ψi1 .

Then the asymptotic variance of the estimator β˚ is given by

Var
“

β˚
‰ .

“ Σ´1E
”

ψβ0ψT
β0

ı

Σ´1 “ n´1σ2Σ´1. (3.37)
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The ARE is then given by

ARE
´

β̂,β˚
¯

.
“

tr

˜

n´1Σ´1E

„

´

rψβ0 rψT
β0

¯

jk

ȷ

Σ´1

¸

tr
´

n´1σ2Σ´1
¯ . (3.38)

We have upper bounded the numerator in the previous section. Now we lower bound the

denominator by using properties of norms

tr
´

n´1σ2Σ´1
¯

ě n´1dσ2λmin pΣq
´1 . (3.39)

Combining these we can say

ARE
´

β̂,β˚
¯

ď

n´1d

ˆ

B2R2 ` 7R4
∥∥∥β0

∥∥∥2
1

˙

1
λminpΣq

2

n´1dσ2λmin pΣq
´1 “

B2R2 ` 7R4
∥∥∥β0

∥∥∥2
1

σ2λmin pΣq
. (3.40)

3.4 Conclusion

3.4.1 Summary

We have shown in the 1-predictor case using two methods that the estimator

β̂ “

1
n

řn
i“1

ĂXi
rYi

1
n

řn
i“1

ĂX2
i

(3.41)

is asymptotically unbiased and has asymptotic variance of

Var
”

β̂
ı

p
Ñ

B2R2 ` β0
2

´

R2EX

“

X2
1

‰

´ 2EX

“

X4
1

‰

¯

nEX

“

X2
1

‰2 ď
B2R2 ` β0

2
R4

nEX

“

X2
1

‰2 .
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This allows us to say the MSE of the estimator asymptotically approaches

MSE
´

β̂
¯

“

B2R2 ` β0
2

´

R2EX

“

X2
1

‰

´ 2EX

“

X4
1

‰

¯

nEX

“

X2
1

‰2 “ Op1{nq. (3.42)

Furthermore, we can say the asymptotic relative efficiency compared to the OLS estimator

is

AREpβ̂, β0q “
B2R2 ` β0

2
´

R2EX

“

X2
1

‰

´ 2EX

“

X4
1

‰

¯

σ2EX

“

X2
1

‰ . (3.43)

In the d-predictor case, we showed that an estimator β̂, that is the solution to the estimating

equation

rΨnpβq :“
1

n

n
ÿ

i“1

rψβ

´

xi
T , Yi

¯

“
1

n

n
ÿ

i“1

rΣxiβ ´ rxi
T

ryi “ 0,

converges in distribution to

β̂ ù N

ˆ

β0, n´1Σ´1E
”

rψβ0 rψT
β0

ı

Σ´1

˙

. (3.44)

We then bounded the elements of E
”

rψβ0 rψT
β0

ı

by

E

„

´

rψβ0 rψT
β0

¯

jk

ȷ

ď B2R2 ` 7R4
∥∥∥β0

∥∥∥2
1
. (3.45)

This leads us to an upper bound on MSE of the estimator

MSE
´

β̂
¯

ď n´1d

ˆ

B2R2 ` 7R4
∥∥∥β0

∥∥∥2
1

˙

1

λmin pΣq
2 “ O

ˆ

d

n

˙

. (3.46)
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Furthermore, we can say that the ARE is upper bounded by

ARE
´

β̂,β˚
¯

ď

B2R2 ` 7R4
∥∥∥β0

∥∥∥2
1

σ2λmin pΣq
. (3.47)
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Chapter 4: Bounding the Error from Sketched and

Quantized Regression Parameters

4.1 Introduction

4.1.1 Introduction

In the era of big data, the extreme number of samples in a dataset frequently presents chal-

lenges for learning algorithms, even one so fundamental to machine learning and statistics

as linear regression. Moreover, the substantial size of data can impede its transfer from

its source to a processing location. Researchers have created many lossy compression algo-

rithms that overcome these difficulties while still allowing learning algorithms to function

with some error. This paper examines the error incurred in linear regression when using

data compressed by three compression algorithms: 1-bit quantization, random sketching,

and their combination, sketching and 1-bit quantization. It provides a theoretical upper

bound on the difference between the regression parameters obtained from compressed data

using each of these methods and those derived from standard least squares using the origi-

nal dataset in both a fixed and random design setting. Finally, the paper provides a closed

formula for the error’s upper bound based on dimensions of the original dataset and the

sketching matrix.

4.1.2 Background

The size of datasets in the modern age requires that we invest in and research methods

capable of compressing data while retaining our ability to learn from it. We focus on

methods designed to compress data for use in a linear regression model.
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Compressed Linear Regression (CLR) is often referred to as a method that reduces

the features from d to some k ăă d ăă n where n is the number of samples. Maillard

and Munos [47], Kaban [48], and Slawski [49] explore using a random projection matrix of

size dˆ k to reduce the feature set and analyzing the expected excess risk of OLS with the

reduced data. Slawski provides an improved analysis over [47], [48] that shows CLR performs

similarly to Principal Component Regression (PCR) and highlights CLR’s advantages in

computation, but not necessarily in the statistical sense. Principal Component Analysis in

linear regression [50]–[54] and dimension reduction by a Johnson-Lindenstrauss transform

or its like have been extensively studied [55]–[57]. Slawski [58] provides a comparison

of both the computational and statistical performance of PCR compared to a Johnson-

Lindenstrauss transform under mild assumptions.

While these methods are effective at reducing the size of the dataset by reducing the

number of features, they do nothing to reduce the number of samples. There are many works

that perform a reduction of the number of samples, which we call ’sketching’ from now on

[57], [59]–[67]. Each of these methods shows, under varying assumptions, how sketching

can reduce the computational complexity and data storage requirements, and they provide

theoretical upper bounds on the expected error, usually as expected excess risk from the

hypothesized true relationship between X and y in a linear regression model.

Dobriban and Liu [62] perform an asymptotic analysis using various assumptions on

the sketching matrix. They show the asymptotic increase in parameter estimation error,

prediction efficiency, and out-of-sample prediction efficiency under different scenarios. While

their work is asymptotic, our work similarly shows the increase in parameter estimation

error.

Raskutti and Mahoney [66] provide a framework for evaluating the effectiveness of differ-

ent sketching methods. They bin the types of sketching into two main categories: random

selection and random projection. They then use the metrics prediction efficiency and resid-

ual efficiency to evaluate the usefulness of a sketching matrix instead of the usual ratio of

variances of the estimators. They prove the following theorem
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Theorem 4.1.1. [66] For any n ˆ d matrix X, there exists a constant c such that if r ě

c logpnq, then with probability greater than 0.7, it holds that rankpSSGP q “ d and that

CPEpSSGP q “

E

«∥∥∥∥X´

β0 ´ βSSGP

¯

∥∥∥∥2
2

ff

E

«∥∥∥∥X´

β0 ´ β˚
¯

∥∥∥∥2
2

ff ď 44

ˆ

1 `
n

r

˙

where r is the first dimension of the projection matrix SSGP whose entries are iid standard

gaussian, and βSSGP
is the solution to the LS equation using data projected using the SSGP

matrix, β˚ is the OLS solution, and β0 are the true values in the LS equation [66].

Pilanci and Wainwright [65] perform sub-Gaussian and randomized orthogonal system

projections. They provide high-probability guarantees in terms of the size of the sketching

matrix on the optimality of the sketched estimators to the least squares problem. Their

main result most pertinent to our work is given in their Theorem 1 which provides the

value of a sub-Gaussian sketching matrix that will provide a high probability bound error

between the OLS estimation error and a sketched estimator error. The theorem states

Theorem 4.1.2. [65] Let S P Rmˆn be drawn from a σ-sub-Gaussian ensemble. Then there

are universal constants pc0, c1, c2q such that, for any tolerance parameter δ P p0, 1q, given a

sketch size lower bounded as

m ě
c0
δ2

W pXKq ,

the approximate solution β̂ is guaranteed to be δ-optimal for the original program with

probability at least 1´c1 exp
´c2mδ2, where XK denotes the linearly transformed cone tX∆ P

Rn ∆ P Ku and W pXKq :“ E
”

supzPXK
Ş

Sn´1 |xg, zy|
ı

for g P Rn.

This paper builds on Pilanci’s [65] and Raskutti’s [66] work. We focus on estimators

of the covariance matrix and the product of the design matrix and response vector. In
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doing this, we can perform analysis to show upper bounds on the parameter error in both

the fixed and random design settings. Additionally, we examine the effect of stochastic

quantization (or dithering) on linear regression and provide the same upper bounds. Lastly,

we combine both sketching and quantization as a new method of compression with desirable

error bounds.

4.1.3 Problem Setup

Suppose we are given pairs px1, Y1q, . . . , pxn, Ynq where each xi is a vector and each Yi P R.

Assume these pairs have a linear relationship described by

Yi “ xT
i β

0 ` σϵi, 1 ď i ď n (4.1)

for some linear map β0 and noise terms ϵi. While we assume throughout that the noise terms

are standard Gaussian, we expect that a more relaxed assumption of symmetry is possible

using different proof techniques. In this chapter we will investigate a novel estimator β̂ of

the optimal solution β˚ under both a fixed and random design setting. We will evaluate an

upper bound of the squared error between this estimator and the true linear map β˚.

Bounding the Estimator Error

Let the matrix X be comprised of vectors txT
i uni“1, and the vector y “ tYiu

n
i“1 contain

random variates where the relationship (4.1) holds for each i. The solution to the quadratic

minimization problem corresponding to the least squares problem is given by

β˚
“ argmin

β

"

1

2
βTΣβ ´ ΣXyβ

*

, (4.2)

where in the fixed design setting

Σ :“
XTX

n
and ΣXy :“

XTy

n
(4.3)
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and in the random design setting

Σ :“ E

«

XTX

n

ff

and ΣXy :“ E

«

XTy

n

ff

. (4.4)

We define an estimator β̂

β̂ :“ argmin
β

"

1

2
βT Σ̂β ´ Σ̂Xyβ

*

, (4.5)

where Σ̂ and Σ̂Xy are unbiased estimators of Σ and ΣXy derived from transformed data,

denoted as ŷ and X̂ that maintain conformability.

Then we can show that:

Lemma 1. Given a matrix X comprised of vectors txT
i uni“1 and the vector y “ tYiu

n
i“1

having a linear relationship y “ Xβ0 `σϵ with standard regression assumptions. Let β˚ be

the solution that minimizes

β˚ “ argmin
β

"

1

2
βTΣβ ´ ΣXyβ

*

(4.6)

and let β̂ be the solution that minimizes

β̂ “ argmin
β

"

1

2
βT Σ̂β ´ Σ̂Xyβ

*

(4.7)

where X̂ and ŷ are transformations of X and y that maintain the necessary conformability.

In the fixed design setting define

Σ :“
XTX

n
and ΣXy :“

XTy

n
(4.8)
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and in the random design setting define

Σ :“ E

«

XTX

n

ff

and ΣXy :“ E

«

XTy

n

ff

. (4.9)

Let Σ̂ and Σ̂Xy be unbiased estimators of Σ and ΣXy derived from the transformed data

X̂ and ŷ.

Then if λmin pΣq is the smallest magnitude eigenvalue of Σ, we have

∥∥∥β̂ ´ β˚
∥∥∥
2

ď

4
∥∥β˚

∥∥
2

‌

‌

‌
Σ̂ ´ Σ

‌

‌

‌
` 4

∥∥∥Σ̂Xy ´ ΣXy

∥∥∥
2

λmin pΣq
.

Proof of Lemma 1

Proof. Let

fpβq :“
1

2
βTΣβ ´ ΣXyβ and gpβq :“

1

2
βT Σ̂β ´ Σ̂Xyβ. (4.10)

We note that both β˚ and β̂ are feasible solutions to both f and g, but β˚ is optimal for

f and β̂ is optimal for g. Thus, we can say

fpβ˚q ď fpβ̂q (4.11)

gpβ̂q ď gpβ˚q. (4.12)

We now use ((4.12)) and the definition of g to say:

gpβ̂q ď gpβ˚q ùñ
1

2
β̂
T
Σ̂β̂ ´ Σ̂T

Xyβ̂ ď
1

2
β˚T Σ̂β˚ ´ Σ̂T

Xyβ
˚

ùñ
1

2
β̂
T
Σ̂β̂ ď

1

2
β˚T Σ̂β˚ ` Σ̂T

Xy

´

β̂ ´ β˚
¯

. (4.13)
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Then, adding and subtracting 1
2 β̂

T
Σ̂β˚, 1

2β
˚T Σ̂β̂, and β˚T Σ̂β˚ from ((4.13)) and let-

ting δ̂ “ β̂ ´ β˚, we get

1

2
δ̂T Σ̂δ̂ ď β˚T Σ̂β˚ ´ β˚T Σ̂β̂ ` Σ̂T

Xyδ̂

“ β˚T Σ̂pβ˚ ´ β̂q ´ Σ̂T
Xypβ˚ ´ β̂q. (4.14)

Now adding and subtracting β˚T pΣ̂´Σqδ̂ and pΣ̂Xy´ΣXyqT δ̂ from the right side of (4.14)

and using that xΣβ˚ ´ ΣXy,β
˚ ´ β̂y “ pΣXy ´ Σβ˚qT pβ˚ ´ β̂q, we get:

1

2
δ̂T Σ̂δ̂ ď ´xΣβ˚ ´ ΣXy,β

˚ ´ β̂y ´ β˚T pΣ̂ ´ Σqδ̂ ` pΣ̂Xy ´ ΣXyqT δ̂.

Using the optimality of β˚ for the original problem (4.11) and since xΣβ˚´ΣXy,β
˚´β̂y ě 0,

we have

1

2
δ̂T Σ̂δ̂ “ ´β˚T pΣ̂ ´ Σqδ̂ ` pΣ̂Xy ´ ΣXyqT δ̂ (4.15)

Examining the right-hand side

´β˚T pΣ̂ ´ Σqδ̂ ` pΣ̂Xy ´ ΣXyqT δ̂ “

´

´β˚T pΣ̂ ´ Σq ` pΣ̂Xy ´ ΣXyqT
¯

δ̂

ď

∥∥∥δ̂∥∥∥
2

ˆ∥∥β˚
∥∥
2

‌

‌

‌
Σ̂ ´ Σ

‌

‌

‌
`

∥∥∥pΣ̂Xy ´ ΣXyq

∥∥∥
2

˙

(4.16)
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by Cauchy Schwarz, the triangle inequality, and properties of induced norms (see (4.31) for

the definition of ~¨~). Now examining the left-hand side

1

2
δ̂T Σ̂δ̂ “

1

2

ˆ

δ̂TΣδ̂ ´ δ̂T
´

Σ ´ Σ̂
¯

δ̂

˙

ě
1

2

ˆ

λmin pΣq

∥∥∥δ̂∥∥∥2
2

´

‌

‌

‌
Σ̂ ´ Σ

‌

‌

‌

∥∥∥δ̂∥∥∥2
2

˙

“
1

2

∥∥∥δ̂∥∥∥2
2

´

λmin pΣq ´

‌

‌

‌
Σ̂ ´ Σ

‌

‌

‌

¯

ě
λmin pΣq

4

∥∥∥δ̂∥∥∥2
2

(4.17)

where we require
‌

‌

‌
Σ̂ ´ Σ

‌

‌

‌
ď

λminpΣq

2 . We will call this the lambda-min-requirement and

reference it as requirement (4.17). This requirement can be shown to be met with high

probability when the the estimator is designed such that

Σ̂ “
1

n

n
ÿ

i“1

Σ̂i and E
”

Σ̂i

ı

“ Σ, (4.18)

for all i, which will be the case for all the estimators in this paper. Each section will provide

a value of n such that with high probability we have

λmin pΣq

4

∥∥∥δ̂∥∥∥2
2

ď

∥∥∥δ̂∥∥∥
2

ˆ

´
∥∥β˚

∥∥
2

‌

‌

‌
Σ̂ ´ Σ

‌

‌

‌
`

∥∥∥pΣ̂Xy ´ ΣXyq

∥∥∥
2

˙

ùñ

∥∥∥δ̂∥∥∥
2

ď

4
∥∥β˚

∥∥
2

‌

‌

‌
Σ̂ ´ Σ

‌

‌

‌
` 4

∥∥∥pΣ̂Xy ´ ΣXyq

∥∥∥
2

λmin pΣq
(4.19)
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The inequality (4.19) is the general problem of this chapter and will be referenced

repeatedly. We will separate problem (4.19) into two parts:

(a):
‌

‌

‌
Σ̂ ´ Σ

‌

‌

‌
(b):

∥∥∥Σ̂Xy ´ ΣXy

∥∥∥
2

(4.20)

We will use varying methods to control (a) and (b) based on the methods of each chapter

and the assumptions made in each section. We will then combine their results to find an

upper bound on
∥∥∥δ̂∥∥∥

2
.

4.1.4 Assumptions and Definitions

Regression Model, Error Independence, and Scaling

We will construct a n ˆ d design matrix Z and a n ˆ 1 response vector w such that w “

Zβ0 ` σϵ where the elements of ϵ are independent and standard normally distributed.

Depending on the chapter, we will either perform analysis on Z and w or scale them and

use X “ Z?
n
and y “ w?

n
. In the case of scaling, we will redefine Σ and ΣXy accordingly.

Independence of Samples and Errors

We assume the elements of Z and the elements of ϵ are independent.

Bounding (4.19) in the Fixed Design Setting

We recognize that in the random design setting β˚ “ β0, but this is not the case in the

fixed design setting. In the fixed design setting, we can use the triangle inequality to say

∥∥∥β0 ´ β̂
∥∥∥ ď

∥∥∥β0 ´ β˚
∥∥∥ `

∥∥∥β̂ ´ β˚
∥∥∥ . (4.21)
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It is well known that if d ď n and Σ :“ ZTZ
n , which we assume for fixed design, then

∥∥∥β0 ´ β˚
∥∥∥2 ď

MSE
`

Zβ˚
˘

λmin pΣq
(4.22)

where MSE
`

Zβ˚
˘

:“ 1
n

∥∥∥Zβ˚ ´ Zβ0
∥∥∥2
2
. By Theorem 2.2 in [68], we know that

MSE
`

Zβ˚
˘

ď σ2
r ` logp1{δq

n
(4.23)

with probability 1 ´ 1{δ for any δ ą 0 and where r “ RankpZTZq. Combining these, we

can say ∥∥∥β0 ´ β˚
∥∥∥2 ď

σ2
`

r ` logp1{δq
˘

λmin pΣqn
(4.24)

with the same probability 1 ´ 1{δ. Since we assume Σ has full rank, then r “ d and we

conclude

∥∥∥β0 ´ β˚
∥∥∥ ď

d

σ2
`

d` logp1{δq
˘

λmin pΣqn
(4.25)

with high probability. Throughout this paper we will assume that δ is chosen close enough

to 1 that we can simply say

∥∥∥β0 ´ β˚
∥∥∥ ď

d

σ2d

λmin pΣqn
“ rO

˜

c

d

n

¸

. (4.26)

We will include this additional error in the error bounds in the fixed design cases.
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Sub-gaussian Behavior of Fixed Z

We will make the assumption that a fixed design matrix Z with bounded entries |zij | ď R

for all i, j behaves similarly to a bounded random design matrix such that, for arbitrary β,

max
i

∣∣∣zTi β∣∣∣ ď RC
a

logpnq∥β∥2 . (4.27)

This is assumed as it eases calculations in the fixed design settings. We show here that

this bound holds in the random setting. We can show using a Hoeffding bound that for a

random design matrix with rows zTi and bounded entries
∣∣zij∣∣ ď r that

P
∣́∣∣zTi β∣∣∣ ě t

¯

ď 2 exp

˜

´t2

2R2∥β∥22

¸

. (4.28)

Then letting t “

b

2R2∥β∥22 logpn2q and using a union bound argument

P
ˆ

max
i

∣∣∣zTi β∣∣∣ ě t

˙

ď 2n exp

˜

´t2

2R2∥β∥22

¸

“
2

n
. (4.29)

Thus, for a bounded random design matrix Z, we can say

max
i

∣∣∣zTi β∣∣∣ ď

b

2R2∥β∥22 logpn2q “ RC
a

logpnq∥β∥2 (4.30)

with high probability where C “ 2, but more generally we can allow C ą 0.

Modified Big-O Notation

We introduce the notation rO p¨q to be a modified O p¨q that simply removes constant and

log terms.
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Indices

A note on indices: throughout this paper we will remain consistent with the use of indices.

We will let i and i1 range from 1 to n, k range from 1 to m, and j and j1 range from 1 to d.

Operator Norm

Throughout the paper we will use the ℓ2 ´ ℓ2 operator norm or spectral norm, denoted by

~¨~, which yields the largest singular value of the matrix A. That is:

~A~ “
b

max
i

|λi pA˚Aq|, for A P Rnˆd (4.31)

where λipA
˚Aq denotes the ith eigenvalue ofA˚A andA˚ denotes the conjugate transpose.

4.2 Quantized Regression Parameters

4.2.1 Introduction

Let Z be a n ˆ d design matrix and let w be a n ˆ 1 response vector where it is assumed

a linear relationship w “ Zβ0 ` σϵ exists. We assume the elements of ϵ are independent

and standard normally distributed. Whether Z is fixed or random will be stated at the

beginning of each major section.

Quantizers

We define a generic 1-bit stochastic quantizer for a bounded random variable U to be

QU pUq :“

$

’

’

’

&

’

’

’

%

a with probability
b´ U

∆U

b with probability
U ´ a

∆U

(4.32)

where QU puq is defined on the range of U : ra, bs and ∆U :“ b´ a.
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Using this definition, we define three element-wise quantizers:

1. QZ

`

zij
˘

is the quantizer defined on the range r´R,Rs where R is the maxij
∣∣Zij

∣∣ :“ R

or is defined on the range of high-probability bounds of the elements of Z as defined

in Section 4.2.3 in the random design case. We define

rzij :“ QZ

`

zij
˘

. (4.33)

We allow the notation rZ to be the matrix of quantized elements from Z and rzTi to be

the ith row of rZ.

2. QZ2

´

z2ij

¯

is a quantizer defined on the interval r0, R2s where R is again a bound (or

high-probability bound) of the elements of Z. We define

Ăz2ij :“ QZ2

´

z2ij

¯

. (4.34)

3. Qw pwiq is the quantizer defined on the high-probability range of wi, which will be

defined in Section 4.2.2 and 4.2.3. We define

Ăwi “ Qw pwiq . (4.35)

We allow the notation rw to be the vector of quantized w values.

The exact ranges of these quantizers will be established in each section, as they depend

on the assumptions made on Z.

In section 4.2.2 we assume Z to be fixed and in section 4.2.3 we assume Z has standard

normal independent elements.
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4.2.2 Quantized Scenario with Fixed Z

Throughout this section we will assume Z is fixed and that the elements of Z, tziju1ďiďn,1ďjďd

are bounded by some R. That is, |zij | ď R for all i, j. Thus, we use the definitions

Σ :“
ZTZ

n
and ΣZw :“

ZTw

n
. (4.36)

We define estimators of Σ and ΣZw in a 1-bit quantized setting with fixed Z to be

rΣ :“
1

n

n
ÿ

i“1

rΣi “
1

n

n
ÿ

i“1

rzirz
T
i ` ∆i (4.37)

rΣZw :“
rZT

rw

n
“

1

n

n
ÿ

i“1

rzij rwi for 1 ď j ď d (4.38)

where we let rΣi “ rzirz
T
i `∆i where ∆i “ diag

´

Ăz2ij ´ rz2ij

¯d

j“1
be a modified sample estimate

ofΣ based on the ith row of rΣ. These definition allow rΣ and rΣZw to be unbiased estimators,

as shown in equations (C.1) and (C.2) in the appendix.

From these assumption and definitions we will prove

Theorem 4.2.1. Let Z be a design matrix whose elements zij are fixed and |zij | ď R for

some R P R` for i “ 1, . . . , n and j “ 1, . . . , d and let w “ twiu
n
i“1 be a vector of response

variables. Suppose Z and w have a relationship such that w “ Zβ0 `σϵ where the elements

of ϵ are standard normally distributed and independent and independent of the elements of

Z.

Then for Σ, rΣ, ΣZw, and rΣZw, as defined in (4.36), (4.37), and (4.38); for

τ0 “ R2 ~Σ~ `
R4 p1 ` 3dq

d
, b0 “ 2R2 ` d´1 ~Σ~ ,

ℓ “ RC
a

logpnq

∥∥∥β0
∥∥∥
2

` σ
a

2 logp2n2q, η “
2

λmin pΣq
;
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for some constant C ą 0, and when n is chosen such that

n ě max

$

&

%

23d logp2dqη2

˜

3r4 `R2 ~Σ~ `
R4

d

¸

, 22d logp2dqηb0

,

.

-

;

then with probability at least 1 ´ 3{n,

∥∥∥β0
´ β̂

∥∥∥
2

ď

4
∥∥β˚

∥∥
2

ˆ

b

2d logp2ndqτ0
n `

2d logp2ndqb0
n

˙

` 4
b

8R2ℓ2d logp2ndq

n

λmin pΣq
`

d

σ2d

λmin pΣqn

“ rO

˜

c

d

n

¸

.

Proof of Theorem 4.2.1

Proof. We wish to bound

∥∥∥β̂ ´ β0
∥∥∥
2

ď

4
∥∥β˚

∥∥
2

‌

‌

‌

rΣ ´ Σ
‌

‌

‌
` 4

∥∥∥p rΣZw ´ ΣZwq

∥∥∥
2

λmin pΣq
`

∥∥∥β0 ´ β˚
∥∥∥

by controlling

(a):
‌

‌

‌

rΣ ´ Σ
‌

‌

‌
(b):

∥∥∥rΣZw ´ ΣZw

∥∥∥
2
.

Analyzing Part (a) in the Quantized Scenario with Fixed Z. By Lemma 3 we

have

‌

‌

‌

rΣ ´ Σ
‌

‌

‌
ď

c

2 logp2ndqτ

n
`

2 logp2ndqb

n
(4.39)

with probability 1 ´ 1{n where

τ “ d

˜

R2 ~Σ~ `
R4 p1 ` 3dq

d

¸

and b ě 2dR2 ` ~Σ~ .
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Recall in the formulation of the general problem (4.19) that we required

‌

‌

‌

rΣ ´ Σ
‌

‌

‌
ď
λmin pΣq

2
. (4.40)

Thus, we wish to find a n such that

c

2 logp2ndqτ

n
`

2 logp2ndqb

n
ď
λmin pΣq

2
. (4.41)

It is sufficient to show that each term is less than λminpΣq

4 . Let us consider each term

individually. For the first term:

c

2 logp2ndqτ

n
ď
λmin pΣq

4

ùñ

logp2ndqd
´

R2 ~Σ~ `
R4p1`3dq

d

¯

n
ď
λ2min pΣq

25

ùñ

logp2dqd
´

R2 ~Σ~ `
R4p1`3dq

d

¯

n
ď
λ2min pΣq

25

ùñ n ě

25 logp2dqd
´

R2 ~Σ~ `
R4p1`3dq

d

¯

λ2min pΣq

ùñ n ě 23d logp2dqη2

˜

3R4 `R2 ~Σ~ `
R4

d

¸

(4.42)

where

η “
2

λmin pΣq
. (4.43)
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The second term:

2 logp2ndqb

n
ď
λmin pΣq

4

logp2dq

n
ď
λmin pΣq

23b

ùñ n ě 22 logp2dqηb. (4.44)

Thus, if we allow

n ě max

$

&

%

23d logp2dqη2

˜

3R4 `R2 ~Σ~ `
R4

d

¸

, 22 logp2dqηb

,

.

-

, (4.45)

then we have guaranteed

‌

‌

‌

rΣ ´ Σ
‌

‌

‌
ď

c

2 logp2ndqτ

n
`

2 logp2ndqb

n
ď
λmin pΣq

2
. (4.46)

We have thus satisfied the requirement and we have bound part (a) with probability at least

1 ´ 1{n.

Analyzing Part (b) in the 1-bit Quantization Setting. We now upper bound

∥∥∥rΣZw ´ ΣZw

∥∥∥
2

ď
?
d
∥∥∥rΣZw ´ ΣZw

∥∥∥
8
.

Recall that we have defined rΣZw to be

rΣZw “
rZT

rw

n
“

1

n

n
ÿ

i“1

rzij rwi for 1 ď j ď d. (4.47)
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Let us define

ψj “

n
ÿ

i“1

rzji rwi ´

n
ÿ

i1

zji1wi1 (4.48)

so that

1

n
ψj “

´

rΣZw ´ ΣZw

¯

j
“

1

n

n
ÿ

i“1

rzji rwi ´
1

n

n
ÿ

i1

zji1wi1 (4.49)

is the jth term of the difference between the quantized estimator and the term to be

estimated.

Let us define the event

E : max
i

|wi| ď ℓ (4.50)

for ℓ “ RC
a

logpnq

∥∥∥β0
∥∥∥
2

` σ
a

2 logp2n2q. We recognize under the condition of E, ψj is

the sum of zero-mean, bounded random variables in the region r´2rℓ, 2rℓs. We can thus

apply a Hoeffding bound and say

P
∣̀∣ψj

∣∣ ě t E
˘

ď 2 exp

˜

´2t2

np2Rℓ` 2Rℓq2

¸

“ 2 exp

˜

´t2

8nR2ℓ2

¸

(4.51)

for all t ą 0 (see Wainwright Exercise 2.4, Example 2.4, and Equation 2.11) [69]. Using a

union bound argument and letting t “
a

8R2ℓ2n logp2ndq we have

P
ˆ

max
j

∣∣ψj

∣∣ ě t E

˙

ď 2d exp

˜

´
t2

8nR2ℓ2

¸

“
1

n
. (4.52)

Applying the law of total probability, we recognize that

P pAq “ P pA EqP pEq ` P
`

A|Ec
˘

P pEcq ď P pA Eq ` P pEcq . (4.53)
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By Lemma 2 in section 4.2.2 we established that E occurs with probability 1 ´ 1{n. Thus

we can say

P
ˆ

max
j

1

n

∣∣ψj

∣∣ ě
t

n

˙

“ P

˜

max
j

´

rΣZw ´ ΣZw

¯

j
ě

c

8R2ℓ2 logp2ndq

n

¸

ď 1{n` 1{n “ 2{n. (4.54)

Thus, we have bounded our desired quantity:

∥∥∥rΣZw ´ ΣZw

∥∥∥
2

ď
?
d
∥∥∥rΣZw ´ ΣZw

∥∥∥
8

ď

c

8R2ℓ2d logp2ndq

n
(4.55)

with probability at least 1 ´ 2{n.

Combining (4.39) and (4.55) results in

∥∥∥β̂ ´ β˚
∥∥∥
2

ď

4
∥∥β˚

∥∥
2

ˆ

b

4 logp2ndqτ
n `

4 logp2ndqb
n

˙

` 4

b

8R2ℓ2d logp2ndq

n

λmin pΣq
.

with probability at least 1´
`

1{n` 2{n
˘

. We now add on the additional error from
∥∥∥β̂ ´ β˚

∥∥∥
from the inequality

∥∥∥β0 ´ β̂
∥∥∥ ď

∥∥∥β̂ ´ β˚
∥∥∥ `

∥∥∥β0 ´ β˚
∥∥∥ . (4.56)

Then with probability 1 ´
`

1{n` 2{n
˘

∥∥∥β0
´ β̂

∥∥∥
2

ď

4
∥∥β˚

∥∥
2

ˆ

b

4 logp2ndqτ
n `

4 logp2ndqb
n

˙

` 4
b

8R2ℓ2d logp2ndq

n

λmin pΣq
`

d

σ2d

λmin pΣqn
. (4.57)

The following sections provide the lemmas used to prove Theorem 4.2.1.

74

Docusign Envelope ID: 93A6B94D-51AD-472D-BE1A-F512D3BB43DD



Establishing a High-Probability Bound on the Elements of w with Fixed Z

We will establish a high-probability bound for the elements of w “ Zβ0 ` σϵ. Using this,

we define

ℓ :“ RC
a

logpnq

∥∥∥β0
∥∥∥
2

` σ
a

2 logp2n2q (4.58)

for some constant C ą 0 so we can say that |wi| ď ℓ for all i with probability at least

1 ´ 1{n.

Lemma 2. Let w “ Zβ0 ` σϵ for independent and standard normally distributed ϵ and Z

is defined as in 4.1. Then with probability at least 1 ´ 1{n

max
i

|wi| ď RC
a

logpnq

∥∥∥β0
∥∥∥
2

` σ
a

2 logp2n2q. (4.59)

Proof. We assumed the elements of ϵ to be independent and standard normally distributed.

We can thus apply a Gaussian tail bound to say

P
`

|ϵi| ě t
˘

ď 2 exp

˜

´
t2

2

¸

(4.60)

for each i. Letting t “
a

2 logp2n2q and using a union bound argument yields

P
ˆ

max
i

|ϵi| ě t

˙

ď 2n exp

˜

´
t2

2

¸

“
1

n
. (4.61)

Letting zTi be the ith row of Z, we assumed (see 4.1.4) that

max
i

∣∣∣zTi β0
∣∣∣ ď RC

a

logpnq

∥∥∥β0
∥∥∥
2

(4.62)

for some constant C ą 0.

75

Docusign Envelope ID: 93A6B94D-51AD-472D-BE1A-F512D3BB43DD



Then using the triangle inequality, we can say

|wi| “

∣∣∣zTi β0 ` σϵi

∣∣∣ ď

∣∣∣zTi β0
∣∣∣ ` σ|ϵi| ď RC

a

logpnq

∥∥∥β0
∥∥∥
2

` σ
a

2 logp2n2q (4.63)

for all i with probability at least 1 ´ 1{n.

Establishing the Bounds of the Quantizers with Fixed Z

We must establish the bounds of our quantizers. We will use our assumption that |zij | ď R

and the bound for wi established using Lemma 2 to define our bounds for our quantizers

QZ and QZ2 . We have from Lemma 2 that

|wi| ď ℓ “ RC
a

logpnq

∥∥∥β0
∥∥∥
2

` σ
a

2 logp2n2q (4.64)

for all i with probability 1 ´ 1{n. Then our quantizers can be defined on:

α´ α` ∆

QZ ´R R 2R

QZ2 0 R2 R2

Qw ´ℓ ℓ 2ℓ

where the bounds of Qw are with probability 1 ´ 1{n.

Matrix Bernstein Inequality for the Quantized Estimator with Fixed Z

We apply the Matrix Bernstein Inequality to bound
‌

‌

‌

rΣ ´ Σ
‌

‌

‌
.
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Lemma 3. Given the same assumptions on Z and w given in 4.1 and 4.2 and the definitions

of Σ and rΣ in (4.36) and (4.37). For

τ “ d

˜

R2 ~Σ~ `
R4 p1 ` 3dq

d

¸

and b ě 2dR2 ` ~Σ~ , (4.65)

we have with probability at least 1 ´ 1{n that

‌

‌

‌

rΣ ´ Σ
‌

‌

‌
ď

c

2 logp2ndqτ

n
`

2 logp2ndqb

n
. (4.66)

Proof of Lemma 3

Proof. We begin the proof by by noting a few important facts. First, we note that rz2ij ” R

for all i, j, since rzij P t´R,Ru. Second, Ăz2ij P t0, R2u for all i, j, since z2ij P r0, R2s. Lastly,

we see that Ăz2ij ´ rz2ij ď 0 for all i, j, allowing us to note that ∆i “ diag
´

Ăz2ij ´ rz2ij

¯d

j“1
is a

vector consisting of all non-positive values.

Recognizing that

‌

‌

‌

rΣ ´ Σ
‌

‌

‌
“

1

n

‌

‌

‌

‌

‌

n
ÿ

i“1

´

rΣi ´ Σ
¯

‌

‌

‌

‌

‌

, (4.67)

we can then apply a Matrix Bernstein inequality (Theorem 6.17 in Wainwright) [69] to say

P

˜

1

n

‌

‌

‌

‌

‌

n
ÿ

i“1

´

rΣi ´ Σ
¯

‌

‌

‌

‌

‌

ě θ

¸

ď 2 rank

˜

n
ÿ

i“1

Var
”

rΣi

ı

¸

exp

˜

´nθ2

2pσ2
rΣ

` bθq

¸

(4.68)

for some b ą

‌

‌

‌

rΣi ´ Σ
‌

‌

‌
and θ ě 0 and where

σ2
rΣ

“
1

n

‌

‌

‌

‌

‌

n
ÿ

i“1

Var
”

rΣi

ı

‌

‌

‌

‌

‌

“
1

n

‌

‌

‌

‌

nVar
”

rΣi

ı

‌

‌

‌

‌

“

‌

‌

‌

‌

Var
”

rΣi

ı

‌

‌

‌

‌

. (4.69)
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In order to use the Matrix Bernstein inequality, we must show that rΣi ´ Σ satisfies the

condition
‌

‌

‌

rΣi ´ Σ
‌

‌

‌

2
ď b (4.70)

almost surely. Using the boundedness of Z, we first show that for all i and for any element

of rΣi

´

rΣi

¯

j,j1
“

´

rzirz
T
i

¯

j,j1
´

ˆ

diag
´

Ăz2ij ´R2
¯d

j“1

˙

j,j1

ď max
!

´R2, R2
)

´ min
!

0,´R2
)

ď R2 `R2 “ 2R2. (4.71)

Using this, we can then show

‌

‌

‌

rΣi ´ Σ
‌

‌

‌

2

2
ď

‌

‌

‌

rΣi

‌

‌

‌

2
` ~Σ~

2
“ sup

∥v∥2“1
vT

rΣ
T

i
rΣiv ` ~Σ~

2

“ sup
∥v∥2“1

∣∣∣∣∣∣∣
d

ÿ

j,j1

vjvj1

¨

˝

d
ÿ

ℓ

´

rΣi

¯

ℓj

´

rΣi

¯

ℓj1

˛

‚

∣∣∣∣∣∣∣ ` ~Σ~
2

ď sup
∥v∥2“1

d
ÿ

j,j1

∣∣vj∣∣∣∣vj1

∣∣∣∣∣∣∣∣
d

ÿ

ℓ

´

rΣi

¯

ℓj

´

rΣi

¯

ℓj1

∣∣∣∣∣∣ ` ~Σ~
2

ď d
´

2r2
¯2

sup
∥v∥2“1

∥v∥21 ` ~Σ~
2

“ d2
´

2r2
¯2

` ~Σ~
2

ùñ

‌

‌

‌

rΣi ´ Σ
‌

‌

‌

2
ď 2dR2 ` ~Σ~ , (4.72)

satisfying the Bernstein condition.

We proceed by bounding σ2
rΣ
, which we defined previously as

σ2
rΣ

“

‌

‌

‌

‌

Var
”

rΣi

ı

‌

‌

‌

‌

. (4.73)
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Using the definition of variance and the unbiasedness of our estimator, we can show that

Var
”

rΣi

ı

can be written as

Var
”

rΣi

ı

“ E

„

rΣ
2

i

ȷ

´ E
”

rΣi

ı2
“ E

„

rΣ
2

i

ȷ

´ Σ2

“ E
”

przirz
T
i ` ∆iq

T przirz
T
i ` ∆iq

ı

´ Σ2

“ E
”

rzirz
T
i rzirz

T
i

ı

` E
”

∆2
i

ı

` E
”

rzirz
T
i ∆i

ı

` E
”

∆T
i rzirz

T
i

ı

´ Σ2

“ E
”

rzi∥rzi∥22 rzTi

ı

` E
”

∆2
i

ı

` E
”

rzirz
T
i ∆i

ı

` E
”

∆irzirz
T
i

ı

´ Σ2

“ dr2E
”

rzirz
T
i

ı

` E
”

∆2
i

ı

` E
”

rzirz
T
i ∆i

ı

` E
”

∆irzirz
T
i

ı

´ Σ2 (4.74)

We can represent E
”

rzirz
T
i

ı

as

E
”

rzirz
T
i

ı

“

»

—

—

—

—

—

—

—

—

–

E
“

rz2i1
‰

E rrzi1rzi2s . . . E rrzi1rzids

E rrzi2rzi1s E
“

rz2i2
‰

. . . E rrzi2rzids

...
...

. . . ¨ ¨ ¨

E rrzidrzi1s E rrzidrzi2s . . . E
“

rz2id
‰

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

“

»

—

—

—

—

—

—

—

—

–

R2 zi1zi2 . . . zi1zid

zi2zi1 R2 . . . zi2zid
...

...
. . . ¨ ¨ ¨

zidzi1 zidzi2 . . . R2

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

“ ziz
T
i `

»

—

—

—

—

—

—

—

—

–

R2 ´ z2i1 0 . . . 0

0 R2 ´ z2i1 . . . 0

...
...

. . .
...

0 0 . . . R2 ´ z2id

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

“ Σ `

»

—

—

—

—

—

—

—

—

–

R2 ´ z2i1 0 . . . 0

0 R2 ´ z2i1 . . . 0

...
...

. . .
...

0 0 . . . R2 ´ z2id

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

“ Σ ` D (4.75)

where we added and subtracted a diagonal matrix with entries
!

z2ij

)d

j“1
, and we defined

D “ diag
´

R2 ´ z2ij

¯d

j“1
. Viewing E

”

rzirz
T
i

ı

this way allows us to more easily bound its
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spectral norm as:

‌

‌

‌

‌

E
”

rzirz
T
i

ı

‌

‌

‌

‌

“ ~Σ ` D~ ď ~Σ~ ` ~D~ ď ~Σ~ `R2. (4.76)

Now we are able to bound σ2
rΣ
:

σ2
rΣ

“

‌

‌

‌

‌

Var
”

rΣi

ı

‌

‌

‌

‌

“

‌

‌

‌

‌

dr2E
”

rzirz
T
i

ı

` E
”

∆2
i

ı

` 2E
”

∆irzirz
T
i

ı

´ Σ2

‌

‌

‌

‌

ď

‌

‌

‌

‌

dr2E
”

rzirz
T
i

ı

` E
”

∆2
i

ı

` 2E
”

∆irzirz
T
i

ı

‌

‌

‌

‌

ď

‌

‌

‌

‌

dr2E
”

rzirz
T
i

ı

‌

‌

‌

‌

`

‌

‌

‌

‌

E
”

∆2
i

ı

‌

‌

‌

‌

` 2

‌

‌

‌

‌

E
”

∆irzirz
T
i

ı

‌

‌

‌

‌

ď dr2
‌

‌

‌

‌

E
”

rzirz
T
i

ı

‌

‌

‌

‌

`R4 ` 2E
”

~∆i~

‌

‌

‌
rzirz

T
i

‌

‌

‌

ı

ď dr2
´

~Σ~ `R2
¯

`R4 ` 2dR4

“ dr2 ~Σ~ `R4p1 ` 3dq

“ d

˜

R2 ~Σ~ `
R4 p1 ` 3dq

d

¸

(4.77)

where we used Jensen’s inequality and the convexity of the spectral norm. We were able to

drop
‌

‌

‌
Σ2

‌

‌

‌
in the second step using the fact that Var

”

rΣi

ı

ľ 0 and Σ ľ 0 and applying

(D.1).

Let us define the value τ to be the upper bound established for σ2
rΣ
:

τ :“ d

˜

R2 ~Σ~ `
R4 p1 ` 3dq

d

¸

. (4.78)
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Recognizing that Var
”

rΣi ´ Σ
ı

“ Var
”

rΣi

ı

, and since σ2
rΣ

ď τ , then we can say

P

˜

1

n

‌

‌

‌

‌

‌

n
ÿ

i“1

´

rΣi ´ Σ
¯

‌

‌

‌

‌

‌

ě θ

¸

ď 2d exp

¨

˚

˝

´nθ2

2
´

σ2
rΣ

` bθ
¯

˛

‹

‚

ď 2d exp

˜

´nθ2

2 pτ ` bθq

¸

. (4.79)

In order to further refine this probability, we examine possible choices of θ and b. We wish

to find a θ and b such that

nθ2

2 pτ ` bθq
ě min

#

nθ2

2τ
,
nθ

2b

+

ě logp2ndq (4.80)

Let us choose

θ “

c

2 logp2ndqτ

n
`

2 logp2ndqb

n
. (4.81)

We can then show

nθ2

2σ2
ě

n

ˆ

b

2 logp2ndqτ
n `

2 logp2ndqb
n

˙2

2τ

“

n

ˆ

2 logp2ndqτ
n `

4 log2p2ndqb2

n2 `
4 logp2ndqb

n

b

2 logp2ndqτ
n

˙

2τ

“ logp2ndq `
2 log2p2ndqb2

nτ
`
b
b

4 log3p2ndqτ

τ
?
n

ě logp2ndq, (4.82)

and similarly

nθ

2b
“

n

ˆ

b

2 logp2ndqτ
n `

2 logp2ndqb
n

˙

2b
“ logp2ndq `

a

2 logp2ndqτ

2b
ě logp2ndq. (4.83)
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Now we can say

P

˜

1

n

‌

‌

‌

‌

‌

n
ÿ

i“1

´

rΣi ´ Σ
¯

‌

‌

‌

‌

‌

ě θ

¸

ď 2d exp

˜

´nθ2

2 pτ ` bθq

¸

ď 2d exp
`

´ logp2ndq
˘

“
1

n
(4.84)

for θ “

b

2 logp2ndqτ
n `

2 logp2ndqb
n , τ “ d

´

R2 ~Σ~ `
R4p1`3dq

d

¯

, and some b ě 2dR2`~Σ~.

Thus, we have bound the spectral norm of the error between our estimator and its true

value, namely:

‌

‌

‌

rΣ ´ Σ
‌

‌

‌
ď

c

2 logp2ndqτ

n
`

2 logp2ndqb

n
. (4.85)

with probability at least 1 ´ 1{n.

Summary of the Quantized Scenario with Fixed Z

This section summarizes the definitions and conclusions made throughout this chapter with

the addition of

For fixed Z with bounded elements |zij | ď R for all i, j and definitions

Σ “
ZTZ

n
rΣ “

1

n

n
ÿ

i“1

rΣi “
1

n

n
ÿ

i“1

rzirz
T
i ` ∆i (4.86)

ΣZw “
ZTw

n
rΣZw “

rZT
rw

n
“

1

n

n
ÿ

i“1

rzij rwi for 1 ď j ď d, (4.87)

we showed that

‌

‌

‌

rΣ ´ Σ
‌

‌

‌
ď

c

2 logp2ndqτ

n
`

2 logp2ndqb

n
w.p. 1 ´ 1{n (4.88)

∥∥∥rΣZw ´ ΣZw

∥∥∥
2

ď

c

8R2ℓ2d logp2ndq

n
w.p. 1 ´ 2{n (4.89)
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for b ě 2dR2 ` ~Σ~ and C ě 0 and where

τ “ d

˜

R2 ~Σ~ `
R4 p1 ` 3dq

d

¸

ℓ “ RC
a

logpnq

∥∥∥β0
∥∥∥
2

` σ
a

2 logp2n2q.

We can summarize by stating

‌

‌

‌

rΣ ´ Σ
‌

‌

‌
“ O

¨

˚

˝

d

`

dR2 `R4
˘

logpndq

n

˛

‹

‚

“ O

˜

c

d logpndq

n

¸

(4.90)

∥∥∥rΣZw ´ ΣZw

∥∥∥
2

“ O

˜

c

R2ℓ2d logpndq

n

¸

“ O

˜

c

d logpndq logpnq

n

¸

. (4.91)

We include here an interim step where we retain the r and ℓ to illustrate the error bound’s

dependence on these values. Ultimately, these values are either a constant or dependent on

n and d and are thus removed in the final O formulation.

We introduce a new notation that removes the constants and log terms rO p¨q:

‌

‌

‌

rΣ ´ Σ
‌

‌

‌
ď

c

2 logp2ndqτ

n
`

2 logp2ndqb

n
“ rO

˜

c

d

n

¸

(4.92)

∥∥∥rΣZw ´ ΣZw

∥∥∥
2

ď

c

8R2ℓ2d logp2ndq

n
“ rO

˜

c

d

n

¸

. (4.93)

We identified that

n ě max

$

&

%

23d logp2dqη2

˜

3R4 `R2 ~Σ~ `
R4

d

¸

, 22 logp2dqηb

,

.

-

(4.94)
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for η “ 2
λminpΣq

satisfies the requirement for our general problem allowing us to conclude

∥∥∥β˚ ´ β̂
∥∥∥
2

ď

4
∥∥β˚

∥∥
2

‌

‌

‌

rΣ ´ Σ
‌

‌

‌
` 4

∥∥∥p rΣXy ´ ΣXyq

∥∥∥
2

λmin pΣq

ď

4
∥∥β˚

∥∥
2

ˆ

b

2d logp2ndqτ0
n `

2d logp2ndqb0
n

˙

` 4

b

8R2ℓ2d logp2ndq

n

λmin pΣq
(4.95)

“ rO

˜

c

d

n

¸

(4.96)

with probability at least 1 ´
`

1{n` 2{n
˘

. We define τ0 “ R2 ~Σ~ `
R4p1`3dq

d and b0 “

2R2`d´1 ~Σ~ to allow for more easily recognized dependence on d in the final formulation.

We now add on the additional error from
∥∥∥β̂ ´ β˚

∥∥∥ from the inequality

∥∥∥β0 ´ β̂
∥∥∥ ď

∥∥∥β0 ´ β˚
∥∥∥ `

∥∥∥β̂ ´ β˚
∥∥∥ (4.97)

and say that,

∥∥∥β0
´ β̂

∥∥∥
2

ď

4
∥∥β˚

∥∥
2

ˆ

b

2d logp2ndqτ0
n `

2d logp2ndqb0
n

˙

` 4
b

8R2ℓ2d logp2ndq

n

λmin pΣq
`

d

σ2d

λmin pΣqn
(4.98)

“ rO

˜

c

d

n

¸

` rO

˜

c

d

n

¸

“ rO

˜

c

d

n

¸

(4.99)

with probability 1 ´ 3{n.

4.2.3 Quantized Scenario with Gaussian Z

Let us assume the rows of Z, namely zTi , are drawn independently from a multivariate

normal distribution with mean 0 and covariance Idˆd. Let w “ Zβ0 ` σϵ for independent
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and standard normally distributed ϵi elements of ϵ. We thus use the definitions

Σ “ E

«

ZTZ

n

ff

“ Id (4.100)

ΣZw “ E

«

ZTw

n

ff

. (4.101)

and we define their estimators

rΣ “
1

n

n
ÿ

i“1

rΣi “
1

n

n
ÿ

i“1

rzirz
T
i ` ∆i (4.102)

rΣZw “
rZT

rw

n
“

1

n

n
ÿ

i“1

rzij rwi for 1 ď j ď d (4.103)

where ∆i “ diag
´

Ăz2ij ´ rz2ij

¯d

j“1
and the r̈ notation denotes the quantization as defined in

Section 4.1. We show in the the appendix in equations (C.3) and (C.4) that these estimators

are unbiased.

Theorem 4.2.2. Let Z be a design matrix with standard normally distributed and indepen-

dent elements zij for i “ 1, . . . , n and j “ 1, . . . , d. Let w “ Zβ0 ` σϵ where the elements

of ϵ are standard normally distributed and independent of each other and of the elements

of Z. Let

Σ :“ E

«

ZTZ

n

ff

“ Id and ΣZw :“ E

«

ZTw

n

ff

.

and their estimators

rΣ :“
1

n

n
ÿ

i“1

rΣi “
1

n

n
ÿ

i“1

rzirz
T
i ` ∆i

rΣZw :“
rZT

rw

n
“

1

n

n
ÿ

i“1

rzij rwi for 1 ď j ď d.
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Then for

η “
2

λmin pΣq
, τ0 “ log2p2n2dq

ˆ

12 `
4

d

˙

, b0 “ 2R2
g ` d´1 ~Σ~ ,

ℓg “

d

2

ˆ∥∥∥β0
∥∥∥2
2

` σ2
˙

logp2n2q, Rg “
a

2 logp2n2dq,

and ensuring n is selected such that

n ě max

#

23d log3p2dqη2
ˆ

12 `
4

d

˙

, 22d logp2dqb0η

+

(4.104)

then with probability at least 1 ´ 5{n

∥∥∥β0
´ β̂

∥∥∥
2

ď

4
∥∥β˚

∥∥
2

‌

‌

‌
Σ̂ ´ Σ

‌

‌

‌
` 4

∥∥∥pΣ̂Xy ´ ΣXyq

∥∥∥
2

λmin pΣq

ď

4
∥∥β˚

∥∥
2

ˆ

b

2d logp2ndqτ0
n `

2d logp2ndqb0
n

˙

` 4

b

8dR2
gℓ

2
g logp2ndq

n

λmin pΣq
“ rO

˜

c

d

n

¸

(4.105)

where rOp¨q denotes the order with log terms removed.

Proof of Theorem 4.2.2

Proof. We wish to bound

∥∥∥β̂ ´ β0
∥∥∥
2

ď

4
∥∥β˚

∥∥
2

‌

‌

‌

rΣ ´ Σ
‌

‌

‌
` 4

∥∥∥p rΣZw ´ ΣZwq

∥∥∥
2

λmin pΣq

by controlling

(a):
‌

‌

‌

rΣ ´ Σ
‌

‌

‌
(b):

∥∥∥rΣZw ´ ΣZw

∥∥∥
2
.
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Analyzing Part (a) in the Quantized Scenario with Gaussian Z We will establish

a high-probability bound for
‌

‌

‌

rΣ ´ Σ
‌

‌

‌
under Gaussian assumptions on Z.

We can apply the results established in section 4.2.3 directly to conclude that

1

n

‌

‌

‌

‌

‌

n
ÿ

i“1

´

rΣi ´ Σ
¯

‌

‌

‌

‌

‌

“

‌

‌

‌

rΣ ´ Σ
‌

‌

‌
ď

c

2 logp2ndqτ

n
`

2 logp2ndqb

n
(4.106)

for τ “ d log2p2n2dq

´

12 ` 4
d

¯

, and for any b ě d
´

2R2
g ` r2

n

¯

with probability 1 ´ 2{n. To

satisfy the lambda min requirement (4.17), it is sufficient to show that

c

2 logp2ndqτ

n
ď
λmin pΣq

4
and

2 logp2ndqb

n
ď
λmin pΣq

4
. (4.107)

We will examine each terms individually beginning with the first:

c

2 logp2ndqτ

n
ď
λmin pΣq

4

ùñ

g

f

f

e

2 logp2ndqd log2p2n2dq

´

12 ` 4
d

¯

n
ď
λmin pΣq

4

ùñ

2d log3p2dq

´

12 ` 4
d

¯

n
ď
λ2min pΣq

24

ùñ n ě

25d log3p2dq

´

12 ` 4
d

¯

λ2min pΣq

ùñ n ě 23d log3p2dq

ˆ

12 `
4

d

˙

4

λ2min pΣq

ùñ n ě 23d log3p2dqη2
ˆ

12 `
4

d

˙

(4.108)
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where

η “
2

λmin pΣq
. (4.109)

The second term:

2 logp2ndqb

n
ď
λmin pΣq

4

ùñ
2 logp2dqb

n
ď
λmin pΣq

4

ùñ n ě 4 logp2dqbη. (4.110)

Thus, by selecting

n ě max

#

23d log3p2dqη2
ˆ

12 `
4

d

˙

, 22 logp2dqbη

+

(4.111)

we guarantee we satisfy the requirement.

Analyzing Part (b) in the Quantized Scenario with Gaussian Z We now upper

bound ∥∥∥rΣZw ´ ΣZw

∥∥∥
2

ď
?
d
∥∥∥rΣZw ´ ΣZw

∥∥∥
8
. (4.112)

Recall that we have defined rΣZw to be

rΣZw “
rZT

rw

n
“

1

n

n
ÿ

i“1

rzij rwi for 1 ď j ď d. (4.113)

Let us define

ψj “

n
ÿ

i“1

rzji rwi ´

n
ÿ

i1

E
“

zji1wi1

‰

(4.114)
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so that

1

n
ψj “

´

rΣZw ´ ΣZw

¯

j
“

1

n

n
ÿ

i“1

rzji rwi ´
1

n

n
ÿ

i1

E
“

zji1wi1

‰

(4.115)

is the jth term of the difference between the quantized estimator and the term to be

estimated. We recognize that by conditioning on the event

E :

ˆ

max
i

|wi| ď ℓg AND max
ij

|zij | ď Rg

˙

(4.116)

the random variable ψj E is the sum zero-mean, bounded random variables in the region

r´2Rgℓg, 2Rgℓgs. Thus, we can apply a Hoeffding bound and say

P
∣̀∣ψj

∣∣ ě t E
˘

ď 2 exp

˜

´
t2

8nR2
gℓ

2
g

¸

(4.117)

for all t ą 0 (see Wainwright Exercise 2.4, Example 2.4, and Equation 2.11) [69]. Using a

union bound argument and letting t “

b

8nR2
gℓ

2
g logp2ndq we have

P
ˆ

max
j

∣∣ψj

∣∣ ě t E

˙

ď 2d exp

˜

´
t2

8nR2
gℓ

2
g

¸

“
1

n
, (4.118)

which allows us to say

P
ˆ

max
j

´

rΣZw ´ ΣZw

¯

j
ě
t

n
E

˙

“ P

˜

max
j

´

rΣZw ´ ΣZw

¯

j
ě

c

8R2
gℓ

2
g logp2ndq

n
E

¸

ď
1

n
.

(4.119)
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Applying the law of total probability with events

A : max
j

´

rΣZw ´ ΣZw

¯

j
ě

d

8R2
gℓ

2
g logp2ndq

n
(4.120)

E :

ˆ

max
i

|wi| ď ℓg AND max
ij

|zij | ď Rg

˙

, (4.121)

we recognize that

P pAq “ P pA EqP pEq ` P
`

A|Ec
˘

P pEcq ď P pA Eq ` P pEcq . (4.122)

In section 4.2.3 we established that maxi |wi| ď ℓg with probability 1 ´ 1{n, and in section

4.2.3 we established that maxij |zij | ď Rg, also with probability 1 ´ 1{n. Thus we can say

P

˜

max
j

´

rΣZw ´ ΣZw

¯

j
ě

c

8R2
gℓ

2
g logp2ndq

n

¸

ď P

˜

max
j

´

rΣZw ´ ΣZw

¯

j
ě

c

8R2
gℓ

2
g logp2ndq

n
E

¸

` P
ˆ

max
i

|wi| ě ℓg OR max
ij

|zij | ě Rg

˙

“ 3{n. (4.123)

Thus, we have bounded our desired quantity:

∥∥∥rΣZw ´ ΣZw

∥∥∥
2

ď
?
d
∥∥∥rΣZw ´ ΣZw

∥∥∥
8

ď

d

8dR2
gℓ

2
g logp2ndq

n
(4.124)

with probability at least 1 ´ 3{n.

Combining (4.106) and (4.124) we can show

∥∥∥β̂ ´ β0
∥∥∥
2

ď

4
∥∥β˚

∥∥
2

ˆ

b

2 logp2ndqτ
n `

2 logp2ndqb
n

˙

`

b

8dR2
gℓ

2
g logp2ndq

n

λmin pΣq
“ rO

˜

c

d

n

¸

.
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with probability at least 1 ´ 5{n.

Establishing a High-Probability Bound on the Elements of a Gaussian Z

We will establish a high-probability bound for the elements of Z where the rows of Z are

independent and multivariate standard normally distributed. Then we define

Rg :“
a

2 logp2n2dq (4.125)

so we can then say |zij | ď Rg for all i, j with probability at least 1 ´ 1{n.

Lemma 4. Let Z have independent and multivariate standard normally distributed elements

zij. Then

|zij | ě
a

2 logp2n2dq. (4.126)

with probability at least 1 ´ 1{n.

Proof of Lemma 4

Proof. For an element zij of Z, zij „ Np0, 1q. Thus, we can use a Gaussian tail bound to

state

P
∣̀∣zij∣∣ ě t

˘

ď 2 exp

˜

´
t2

2

¸

. (4.127)

Letting t “
a

2 logp2n2dq and using a union bound we can say

P
ˆ

max
ij

|zij | ě t

˙

ď 2nd exp

˜

´
t2

2

¸

“
1

n
. (4.128)
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Establishing a High-Probability Bound on the Elements of w

We will establish a high-probability bound for the elements of w “ Zβ0 ` σϵ. Then we

define

ℓg :“
a

2σ2w logp2n2q (4.129)

σw “

∥∥∥β0
∥∥∥2
2

` σ2, so we can say that |wi| ď ℓg for all i with probability at least 1 ´ 1{n.

Lemma 5. Let w “ Zβ0 ` σϵ for independent and standard normally distributed ϵ and Z

is defined as in 4.1. Then with probability at least 1 ´ 1{n

max
i

|wi| ď
a

2σ2w logp2n2q. (4.130)

where σ2w “

∥∥∥β0
∥∥∥2
2

` σ2.

Proof of Lemma 5

Proof. Having established w “ Zβ0 ` σϵ and having assumed the rows of Z to be in-

dependent and multivariate standard normally distributed, we wish to establish a high-

probability bound for the elements of w. With ϵ having independent and standard nor-

mally distributed elements, we recognize that the ith element of w is normally distributed

wi „ N

ˆ

0,
∥∥∥β0

∥∥∥2
2

` σ2
˙

. We can apply a Gaussian tail bound to say

P
`

|wi| ě t
˘

ď 2 exp

˜

´
t2

2σ2w

¸

(4.131)
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where σ2w “

∥∥∥β0
∥∥∥2
2

`σ2. Applying a union bound argument and letting t “
a

2σ2w logp2n2q,

we can then say

P
ˆ

max
i

|wi| ě t

˙

ď 2n exp

˜

´
t2

2σ2w

¸

“
1

n
. (4.132)

Establishing the Bounds of the Quantizers with Gaussian Z

We must establish the bounds of our quantizers under Gaussian assumptions on Z. We

showed in section 4.2.3 that

|zij | ď Rg “
a

2 logp2n2dq (4.133)

for all i, j with probability 1 ´ 1{n. We also showed in section 4.2.3 that

|wi| ď ℓg “
a

2σ2w logp2n2q (4.134)

for all i with probability 1´ 1{n where σw “

∥∥∥β0
∥∥∥2
2

`σ2. Using these results, we define the

bounds of our quantizers as:

α´ α` ∆

QZ ´Rg Rg 2Rg

QZ2 0 R2
g R2

g

Qw ´ℓg ℓg 2ℓg

where the bounds of each quantizer are with probability 1 ´ 1{n.

Matrix Bernstein Inequality in the Quantized Scenario with Gaussian Z

We apply the Matrix Bernstein Inequality to bound
‌

‌

‌

rΣ ´ Σ
‌

‌

‌
.
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Lemma 6. Given the same assumptions on Z and w given in 4.1 and 4.2 and the definitions

of Σ and rΣ in Section 4.2.3. For

τ “ d log2p2n2dq

ˆ

12 `
4

d

˙

b ě 2dR2
g ` ~Σ~ , Rg “

a

2 logp2n2dq, (4.135)

then with probability at least 1 ´ 2{n

‌

‌

‌

rΣ ´ Σ
‌

‌

‌
ď

c

2 logp2ndqτ

n
`

2 logp2ndqb

n
. (4.136)

Proof of Lemma 6

Proof. Let us define the event

E : max
ij

|zij | ď Rg (4.137)

where Rg “
a

2 logp2n2dq By Lemma 4 we know event E occurs with probability 1 ´ 1{n.

Conditioning on event E allows us to state a few important facts that will be helpful

throughout this section. Conditioned on E, we have rz2ij “ R2
g for all i, j. Also, we can

say Ăz2ij P

!

0, R2
g

)

. Lastly, we can see that Ăz2ij ´ rz2ij ď 0 for all i, j resulting in ∆i “

diag
´

Ăz2ij ´ rz2ij

¯d

j“1
to consist of all non-positive values. Recall that we defined

rΣi :“ rzirz
T
i ` ∆i. (4.138)

We now apply the Matrix Bernstein inequality (Theorem 6.17 in Wainwright)[69] to

bound the error between our estimator rΣ and its true value Σ. We will use the fact

that Var
”

rΣi ´ Σ
ı

“ Var
”

rΣi

ı

. We apply a Bernstein result to the zero-mean matrices
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t rΣi ´ Σuni“1 conditioned on E:

P

˜

1

n

‌

‌

‌

‌

‌

n
ÿ

i“1

´

rΣi ´ Σ
¯

‌

‌

‌

‌

‌

ě δ E

¸

ď 2 rank

˜

n
ÿ

i“1

Var
”

rΣi E
ı

¸

exp

¨

˚

˝

´nδ2

2
´

σ2
rΣ

` bδ
¯

˛

‹

‚

(4.139)

for some δ ě 0 and where

σ2
rΣ

“
1

n

‌

‌

‌

‌

‌

n
ÿ

i“1

Var
”

rΣi E
ı

‌

‌

‌

‌

‌

“
1

n

‌

‌

‌

‌

nVar
”

rΣi E
ı

‌

‌

‌

‌

“

‌

‌

‌

‌

Var
”

rΣi E
ı

‌

‌

‌

‌

. (4.140)

We recognize that the matrices t rΣi´Σuni“1 conditioned on E satisfy the Bernstein condition

when b is chosen such that b ě 2dR2
g `~Σ~ following the same argument as in section 4.2.2.

We proceed by bounding σ2
rΣ
. We first note that Var

”

rΣi E
ı

can be written as

Var
”

rΣi E
ı

“ E

„

rΣ
2

i E

ȷ

´ E
”

rΣi E
ı2

“ E

„

rΣ
2

i E

ȷ

´ Σ2

“ E
”

przirz
T
i ` ∆iq

T przirz
T
i ` ∆iq E

ı

´ Σ2

“ E
”

rzirz
T
i rzirz

T
i E

ı

` E
”

∆2
i E

ı

` E
”

rzirz
T
i ∆i E

ı

` E
”

∆T
i rzirz

T
i E

ı

´ Σ2

“ E
”

rzi∥rzi∥22 rzTi E
ı

` E
”

∆2
i E

ı

` E
”

rzirz
T
i ∆i E

ı

` E
”

∆irzirz
T
i E

ı

´ Σ2

“ dR2
gE

”

rzirz
T
i E

ı

` E
”

∆2
i E

ı

` E
”

rzirz
T
i ∆i E

ı

` E
”

∆irzirz
T
i E

ı

´ Σ2 (4.141)
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We then find a bound for σ2
rΣ
:

σ2
rΣ

“

‌

‌

‌

‌

Var
”

rΣi

ı

E

‌

‌

‌

‌

“

‌

‌

‌

‌

dR2
gE

”

rzirz
T
i E

ı

` E
”

∆2
i E

ı

` E
”

rzirz
T
i ∆i E

ı

` E
”

∆irzirz
T
i E

ı

´ Σ2

‌

‌

‌

‌

ď

‌

‌

‌

‌

dR2
gE

”

rzirz
T
i E

ı

` E
”

∆2
i E

ı

` 2E
”

∆irzirz
T
i E

ı

‌

‌

‌

‌

ď dR2
g

‌

‌

‌

‌

E
”

rzirz
T
i E

ı

‌

‌

‌

‌

`

‌

‌

‌

‌

E
”

∆2
i E

ı

‌

‌

‌

‌

`

‌

‌

‌

‌

2E
”

∆irzirz
T
i E

ı

‌

‌

‌

‌

ď dR4
g `R4

g ` 2E
”‌

‌

‌
rzirz

T
i

‌

‌

‌
~∆i~ E

ı

ď dR4
g `R4

g ` 2dR4
g

“ p3d` 1qR4
g. (4.142)

Here we used Jensen’s inequality and the convexity of the spectral norm. Additionally, we

used the facts:

1. Since Var
”

rΣi

ı

ľ 0 and Σ ľ 0 we applied (D.1) to drop Σ from the second step.

2. We recognize that zij conditioned on E is distributed according to a truncated normal

distribution, giving us

E
“

zij E
‰

“ µzk `
φpαq ´ φpβq

Φpβq ´ Φpαq
σzj (4.143)

Var
“

zij E
‰

“ σ2zj

«

1 ´
βφpβq ´ αφpαq

Φpβq ´ Φpαq
´

ˆ

φpαq ´ φpβq

Φpβq ´ Φpαq

˙2
ff

(4.144)
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where

α “
´r ´ µzj
σzj

β “
r ´ µzj
σzj

(4.145)

µzj is the mean of zij σ2zj is the variance of zij (4.146)

φp¨q is the probability density function of ¨ (4.147)

Φp¨q is the cumulative distribution function of ¨ . (4.148)

In the scenario where the left and right bounds are equal in absolute value, then we

have

E
“

zij E
‰

“ µzj @ i, j (4.149)

E
”

z2ij E
ı

“ Var
“

zij E
‰

` E
“

zij E
‰2

“ σ2Z

„

1 ´
2rφprq

Φprq ´ Φprq

ȷ

` µ2zj (4.150)

Let us briefly consider the scenario where Z is distributed according to a multivariate

normal distribution with mean vector µ “
`

µz1µz2 , . . . , µzd
˘T

and arbitrary covariance
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matrix Σ. Then calculating E
”

rzirz
T
i E

ı

:

E
”

rzirz
T
i E

ı

“ E

»

—

—

—

—

—

—

—

—

—

–

»

—

—

—

—

—

—

—

—

–

rz2i1 rzi1rzi2 . . . rzi1rzid

rzi2rzi1 rz2i2 . . . rzi2rzid
...

...
. . .

...

rzidrzi1 rzidrzi2 . . . rz2id

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

E

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

“ diag

ˆ

E
”

rz2ij E
ı

´ E
”

Ăz2ij E
ı

˙d

j“1

` E

»

—

—

—

—

—

—

—

—

—

–

»

—

—

—

—

—

—

—

—

–

Ăz2i1 rzi1rzi2 . . . rzi1rzid

rzi2rzi1
Ăz2i2 . . . rzi2rzid

...
...

. . .
...

rzidrzi1 rzidrzi2 . . . Ăz2id

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

E

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

“ diag

ˆ

R2
g ´

´

σ2
zj p1 ´ Cq ` µ2

zj

¯

˙d

j“1

`

»

—

—

—

—

—

—

—

—

–

σ2
z1 p1 ´ Cq ` µ2

z1 EZ rzi1zi2 Es . . . EZ rzi1zid Es

EZ rzi2zi1 Es σ2
z2 p1 ´ Cq ` µ2

z2 . . . EZ rzi2zid Es

...
...

. . .
...

EZ rzidzi1 Es EZ rzidzi2 Es . . . σ2
zd

p1 ´ Cq ` µ2
zd

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

“ diag
´

R2
g

¯d

j“1
`

»

—

—

—

—

—

—

—

—

–

0 EZ rzi1zi2 Es . . . EZ rzi1zid Es

EZ rzi2zi1 Es 0 . . . EZ rzi2zid Es

...
...

. . .
...

EZ rzidzi1 Es EZ rzidzi2 Es . . . 0

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

“ diag
´

R2
g

¯d

j“1
` D (4.151)

where we let D be the off-diagonal matrix. We recognize that, conditioned on E,

zijzij1 ď R2
g. Thus, using the Gershgorin circle theorem we can bound ~D~ ď dR2

g.

98

Docusign Envelope ID: 93A6B94D-51AD-472D-BE1A-F512D3BB43DD



Then we can bound the operator norm of E
”

rzirz
T
i E

ı

by

‌

‌

‌

‌

E
”

rzirz
T
i E

ı

‌

‌

‌

‌

“

‌

‌

‌

‌

diag
´

R2
g

¯d

j“1
` D

‌

‌

‌

‌

ď

‌

‌

‌

‌

diag
´

R2
g

¯d

j“1

‌

‌

‌

‌

` ~D~

ď r2g ` dR2
g (4.152)

In the case when Z has a zero mean vector and covariance matrix Σ “ Idˆd, then D

becomes a zero matrix and the bound becomes

‌

‌

‌

‌

E
”

rzirz
T
i E

ı

‌

‌

‌

‌

ď R2
g (4.153)

3. Recognizing that all the elements in rzirz
T
i are bounded in absolute value by R2

g, then

a bound of
‌

‌

‌
rzirz

T
i

‌

‌

‌
conditioned on E is given by

‌

‌

‌
rzirz

T
i

‌

‌

‌

2
“ sup

∥v∥“1
vT

rzTi rzirzirz
T
i v “ sup

∥v∥“1

∣∣∣∣∣∣∣
ÿ

j,j1

vjvj1

¨

˝

d
ÿ

ℓ

´

rzTi rzi

¯

ℓj

´

rzirz
T
i

¯

ℓj1

˛

‚

∣∣∣∣∣∣∣
ď sup

∥v∥“1

ÿ

j,j1

∣∣vj∣∣∣∣vj1

∣∣∣∣∣∣∣∣
d

ÿ

ℓ

´

rzTi rzi

¯

ℓj

´

rzirz
T
i

¯

ℓj1

∣∣∣∣∣∣
ď dR4

g sup
∥v∥“1

∥v∥21 “ d2R4
g

ùñ

‌

‌

‌
rzirz

T
i

‌

‌

‌
ď dR2

g (4.154)
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4. We use rz2ij “ R2
g for all i, jand Ăz2ij P

!

0, R2
g

)

when conditioned on E to say

E
“

~∆i~ E
‰

“ E

«

‌

‌

‌

‌

diag
´

Ăz2ij ´ rz2ij

¯d

j“1

‌

‌

‌

‌

E

ff

“ E

«

‌

‌

‌

‌

diag
´

R2
g ´ rz2ij

¯d

j“1

‌

‌

‌

‌

E

ff

ď R2
g. (4.155)

We proceed by defining τ to be the bound established for σ2
rΣ
:

τ :“ p3d` 1qR4
g “ d

´

a

2 logp2n2dq

¯4
ˆ

3 `
1

d

˙

“ d log2p2n2dq

ˆ

12 `
4

d

˙

. (4.156)

Since σ2
rΣ

“

‌

‌

‌

‌

Var
”

rΣi E
ı

‌

‌

‌

‌

ď τ by (4.142) we can say

P

˜

1

n

‌

‌

‌

‌

‌

n
ÿ

i“1

´

rΣi ´ Σ
¯

‌

‌

‌

‌

‌

ě δ E

¸

ď 2d exp

¨

˚

˝

´nδ2

2
´

σ2
rΣ

` bδ
¯

˛

‹

‚

ď 2d exp

˜

´nδ2

2 pτ ` bδq

¸

. (4.157)

Let us choose

δ “

c

2 logp2ndqτ

n
`

2 logp2ndqb

n
(4.158)

so that, following the same logic as in section 4.2.2

nδ2

2pτ ` bδq
ě min

#

nδ2

2τ
,
nδ

2b

+

ě logp2ndq. (4.159)

Then we have

P

¨

˝

1

n

‌

‌

‌

‌

‌

n
ÿ

i“1

´

rΣi ´ Σ
¯

‌

‌

‌

‌

‌

ě δ E

˛

‚ď 2d exp

˜

´nδ2

2pτ ` bδq

¸

ď 2d exp
`

´ logp2ndq
˘

“
1

n
(4.160)

for δ “

b

2 logp2ndqτ
n `

2 logp2ndqb
n , for τ “ d log2p2n2dq

´

12 ` 4
d

¯

, and for any b ě 2dR2
g `~Σ~.
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Applying the law of total probability, we conclude

P

¨

˝

1

n

‌

‌

‌

‌

‌

n
ÿ

i“1

´

rΣi ´ Σ
¯

‌

‌

‌

‌

‌

ě δ

˛

‚ď P

¨

˝

1

n

‌

‌

‌

‌

‌

n
ÿ

i“1

´

rΣi ´ Σ
¯

‌

‌

‌

‌

‌

ě δ E

˛

‚` P
`

|zij | ě Rg

˘

“
2

n
. (4.161)

Summary of Quantized Scenario with Gaussian Z

For a random Z whose rows zTi are drawn independently from a multivariate normal distri-

bution with mean 0 and covariance Idˆd and definitions

Σ “ E

«

ZTZ

n

ff

“ Id rΣ “
1

n

n
ÿ

i“1

rΣi “
1

n

n
ÿ

i“1

rzirz
T
i ` ∆i (4.162)

ΣZw “ E

«

ZTw

n

ff

rΣZw “
rZT

rw

n
“

1

n

n
ÿ

i“1

rzij rwi for 1 ď j ď d, (4.163)

we showed that

‌

‌

‌

rΣ ´ Σ
‌

‌

‌
ď

c

2 logp2ndqτ

n
`

2 logp2ndqb

n
w.p. 1 ´ 2{n (4.164)

∥∥∥rΣZw ´ ΣZw

∥∥∥
2

ď

d

8dR2
gℓ

2
g logp2ndq

n
w.p. 1 ´ 3{n (4.165)

where

τ “ d log2p2n2dq

ˆ

12 `
4

d

˙

b ě 2dR2
g ` ~Σ~

ℓg “

d

2

ˆ∥∥∥β0
∥∥∥2
2

` σ2
˙

logp2n2q Rg “
a

2 logp2n2dq.
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We can then say the order of the two terms are

‌

‌

‌

rΣ ´ Σ
‌

‌

‌
“ O

¨

˚

˝

d

d log3pndq

n

˛

‹

‚

“ rO

˜

c

d

n

¸

(4.166)

∥∥∥rΣZw ´ ΣZw

∥∥∥
2

“ O

¨

˚

˝

d

d logpnq log2pndq

n

˛

‹

‚

“ rO

˜

c

d

n

¸

(4.167)

where we again use the notation rO p¨q to denote the order of the terms with constants and

log terms removed. Then ensuring that n is selected such that

n ě max

#

23d log3p2dqη2
ˆ

12 `
4

d

˙

, 22 logp2dqbη

+

(4.168)

for η “ 2
λminpΣq

satisfies the lambda-min-requirement and allows us to say

∥∥∥β̂ ´ β˚
∥∥∥
2

ď

4
∥∥β˚

∥∥
2

‌

‌

‌
Σ̂ ´ Σ

‌

‌

‌
` 4

∥∥∥pΣ̂Xy ´ ΣXyq

∥∥∥
2

λmin pΣq

ď

4
∥∥β˚

∥∥
2

ˆ

b

2d logp2ndqτ0
n `

2d logp2ndqb0
n

˙

` 4

b

8dR2
gℓ

2
g logp2ndq

n

λmin pΣq
“ rO

˜

c

d

n

¸

(4.169)

with probability at least 1´5{n where τ0 “ log2p2n2dq

´

12 ` 4
d

¯

and b0 “ 2R2
g `d´1 ~Σ~.

4.3 Sketched Regression Parameters

This section examines the effect of transforming the scaled design matrix X “ Z?
n

and

scaled response vector y “ w?
n
by left multiplying by a sketching matrix S consisting of

independent standard gaussian rows.
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4.3.1 Introduction

Throughout this section we will perform our analysis on a scaled design matrix and response

vector:

X :“
Z

?
n

and y :“
w

?
n
, (4.170)

where Z and w have the linear relationship w “ Zβ0 ` σϵ. We transform our data using

this sketching matrix and define

X̂ :“ SX, ŷ :“ Sy. (4.171)

In the sections where Z is assumed to be fixed, let us define

Σ “ XTX “
ZTZ

n
(4.172)

ΣXy “ XTy “
ZTw

n
. (4.173)

When we assume Z consists of random variables, we will define

Σ :“ E
”

XTX
ı

“ E

«

ZTZ

n

ff

“ Idˆd (4.174)

ΣXy :“ E
”

XTy
ı

“ E

«

ZTw

n

ff

. (4.175)

Section 4.3.2 will assume Z to be fixed and section 4.3.3 will assume the elements of Z

to be independent and standard normally distributed.

4.3.2 Sketched Scenario with Fixed Z

This section will assume that the n ˆ d matrix Z is fixed and that the elements of Z, zij

are bounded in the range r´R,Rs. That is |zij | ď R for all i “ 1, . . . , n and j “ 1, . . . , d.
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We then define our estimators of Σ and ΣXy, as defined in (4.172) and (4.173), as

Σ̂ :“
1

m
XTSTSX “

1

m
X̂T X̂ (4.176)

Σ̂Xy :“
1

m
XTSTSy “

1

m
X̂T ŷ. (4.177)

We will prove

Theorem 4.3.1. Let Z be a fixed nˆd matrix whose elements |zij | ď R for all i “ 1, . . . , n

and j “ 1, . . . , d. Let w “ Zβ0 ` σϵ where ϵ „ Np0, Iq. Let X :“ Z?
n
and y :“ w?

n
. Let S

be a m ˆ n matrix, for some m ă n, whose elements si1j are drawn independently from a

standard normal distribution. Let Σ, ΣXy, Σ̂, and Σ̂Xy be defined as in (4.172), (4.173),

(4.174), and (4.175), respectively. Then for

η “
2

λmin pΣq
, ϵ0 “

˜

1 `

c

2 logp2nq

d

¸

,

and m chosen such that

m ě 2dη ~Σ~

˜

1 `
2
a

2 logp2nq

d
`

2 logp2nq

d

¸

max
!

23η ~Σ~ , 1
)

then with probability at least 1 ´ 3{n and some C ą 0

∥∥∥β˚
´ β̂

∥∥∥
2

“

4

ˆ

2
b

d
mϵ0 ` d

mϵ
2
0

˙

¨∥̋∥β˚
∥∥
2

~Σ~ `

˜

RC
a

logpnq

∥∥∥β0
∥∥∥
2

` σ

ˆ

1 `

b

2 logpnq

n

˙

¸

~X~

˛

‚

λmin pΣq

“ rO

˜

c

d

m

¸

.
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Adding in the additional error from
∥∥∥β̂ ´ β˚

∥∥∥ from the inequality

∥∥∥β0 ´ β̂
∥∥∥ ď

∥∥∥β0 ´ β˚
∥∥∥ `

∥∥∥β̂ ´ β˚
∥∥∥ . (4.178)

Then with probability 1 ´ 3{n

∥∥∥β0
´ β̂

∥∥∥
2

ď

4

ˆ

2
b

d
m
ϵ0 ` d

m
ϵ20

˙

¨∥̋∥β˚
∥∥
2

~Σ~ `

˜

RC
a

logpnq

∥∥∥β0
∥∥∥
2

` σ

ˆ

1 `

b

2 logpnq

n

˙

¸

~X~

˛

‚

λmin pΣq
`

d

σ2d

λmin pΣqn

“ rO

˜

c

d

m

¸

` rO

˜

c

d

n

¸

.

Proof of Theorem 4.3.1

Proof. We wish to bound

∥∥∥β̂ ´ β˚
∥∥∥
2

ď

4
∥∥β˚

∥∥
2

‌

‌

‌

rΣ ´ Σ
‌

‌

‌
` 4

∥∥∥p rΣZw ´ ΣZwq

∥∥∥
2

λmin pΣq

by controlling

(a):
‌

‌

‌

rΣ ´ Σ
‌

‌

‌
(b):

∥∥∥rΣZw ´ ΣZw

∥∥∥
2
.

Analyzing Part (a) in the Sketched Scenario with Fixed Z Let us examine part

(a), that is, let us find a high-probability bound for
‌

‌

‌
Σ̂ ´ Σ

‌

‌

‌
. Recognizing that X̂ “ SX

is a Gaussian matrix with covariance matrix Σ “ XTX and having defined Σ̂ “ 1
mX̂T X̂,
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we can directly apply Theorem 6.1 and example 6.3 in Wainwright [69] to get

P

¨

˚

˝

‌

‌

‌
Σ̂ ´ Σ

‌

‌

‌

~Σ~
ě 2

c

d

m
` 2δ `

˜

c

d

m
` δ

¸2
˛

‹

‚

ď 2e´mδ2{2 (4.179)

for all δ ą 0. Letting δ “

b

2 logp2nq

m , then

P

¨

˚

˝

‌

‌

‌
Σ̂ ´ Σ

‌

‌

‌

~Σ~
ě 2

c

d

m
` 2δ `

˜

c

d

m
` δ

¸2
˛

‹

‚

ď
1

n
(4.180)

Then we can say with probability at least 1 ´ 1{n that

‌

‌

‌
Σ̂ ´ Σ

‌

‌

‌
ď ~Σ~

´

2ϵ` ϵ2
¯

(4.181)

where we have let ϵ “

b

d
m `

b

2 logp2nq

m .

To satisfy the lambda min requirement (4.17), we require

´

2ϵ` ϵ2
¯

“ 2

c

d

m
` 2

c

2 logp2nq

m
`

˜

c

d

m
`

c

2 logp2nq

m

¸2

ď
λmin pΣq

2~Σ~
. (4.182)

It is sufficient to find an m such that the inequalities hold:

2

c

d

m
` 2

c

2 logp2nq

m
ď
λmin pΣq

4~Σ~
and

˜

c

d

m
`

c

2 logp2nq

m

¸2

ď
λmin pΣq

4~Σ~
. (4.183)
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We examine each inequality separately beginning with the first

2

c

d

m
` 2

c

2 logp2nq

m
ď
λmin pΣq

4~Σ~

ùñ

´?
d`

a

2 logp2nq

¯2

m
ď
λ2min pΣq

26 ~Σ~
2

ùñ m ě

26 ~Σ~
2

´?
d`

a

2 logp2nq

¯2

λ2min pΣq

ùñ m ě

26 ~Σ~
2

´

d` 2
a

2d logp2nq ` 2 logp2nq

¯

λ2min pΣq

ùñ m ě 24dη2 ~Σ~
2

˜

1 `
2
a

2 logp2nq

d
`

2 logp2nq

d

¸

(4.184)

where

η “
2

λmin pΣq
. (4.185)

Examining the second term:

˜

c

d

m
`

c

2 logp2nq

m

¸2

ď
λmin pΣq

4~Σ~

ùñ

´?
d`

a

2 logp2nq

¯2

m
ď
λmin pΣq

4~Σ~

ùñ m ě
4~Σ~

λmin pΣq

´

d` 2
a

2d logp2nq ` 2 logp2nq

¯

ùñ m ě 2dη ~Σ~

˜

1 `
2
a

2 logp2nq
?
d

`
2 logp2nq

d

¸

. (4.186)
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Selecting m such that

m ě 2dη ~Σ~

˜

1 `
2
a

2 logp2nq

d
`

2 logp2nq

d

¸

max
!

23η ~Σ~ , 1
)

(4.187)

ensures the requirement is met.

Analyzing Part (b) in the Sketched Scenario with Fixed Z We wish to now upper

bound ∥∥∥Σ̂Xy ´ ΣXy

∥∥∥
2
.

We note that the normed difference can be bounded by Cauchy Schwarz

∥∥∥Σ̂Xy ´ ΣXy

∥∥∥
2

“

∥∥∥∥ 1

m
XTSTSy ´ XTy

∥∥∥∥
2

“

∥∥∥∥∥XT

ˆ

1

m
STS ´ I

˙

y

∥∥∥∥∥
2

ď ~X~

‌

‌

‌

‌

1

m
STS ´ I

‌

‌

‌

‌

∥y∥2 . (4.188)

Then we apply Theorem 6.1 and Example 6.2 from Wainwright [69] to the middle term to

get

P
ˆ‌

‌

‌

‌

1

m
STS ´ I

‌

‌

‌

‌

ě 2ϵ` ϵ2
˙

ď 2e´mδ2{2

where ϵ “

b

d
m ` δ for all δ ą 0 and assuming m ě d. Letting δ “

b

2 logp2nq

m , then

‌

‌

‌

‌

1

m
STS ´ I

‌

‌

‌

‌

ď 2ϵ` ϵ2 (4.189)

with probability at least 1 ´ 1{n.

Thus, we can say ∥∥∥Σ̂Xy ´ ΣXy

∥∥∥
2

ď∥y∥2
´

2ϵ` ϵ2
¯

~X~ (4.190)
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with probability at least 1 ´ 1{n for ϵ “

b

d
m `

b

2 logp2nq

m . Combining this with the result

from section 4.3.2 Lemma 7 which provided a bound on ∥y∥2, and using union bounds, we

conclude

∥∥∥Σ̂Xy ´ ΣXy

∥∥∥
2

ď

¨

˝RC
a

logpnq
∥∥β˚

∥∥
2

` σ

˜

1 `

c

2 logpnq

n

¸

˛

‚

´

2ϵ` ϵ2
¯

~X~ (4.191)

with probability 1 ´
`

1{n` 1{n
˘

.

Combining (4.181) and (4.191) yields with probability at least 1 ´
`

1{n` 1{n` 1{n
˘

∥∥∥β˚
´ β̂

∥∥∥
2

ď

4
`

2ϵ` ϵ2
˘

¨∥̋∥β˚
∥∥
2

~Σ~ `

˜

RC
a

logpnq
∥∥β˚

∥∥
2

` σ

ˆ

1 `

b

2 logpnq

n

˙

¸

~X~

˛

‚

λmin pΣq

“ rO

˜

c

d

m

¸

.

We now add on the additional error from
∥∥∥β̂ ´ β˚

∥∥∥ from the inequality

∥∥∥β0 ´ β̂
∥∥∥ ď

∥∥∥β0 ´ β˚
∥∥∥ `

∥∥∥β̂ ´ β˚
∥∥∥ . (4.192)

Then with probability 1 ´ 3{n

∥∥∥β0
´ β̂

∥∥∥
2

(4.193)

ď

4
´

2ϵ ` ϵ2
¯

¨∥̋∥β˚
∥∥
2

~Σ~ `

˜

RC
a

logpnq
∥∥β˚

∥∥
2

` σ

ˆ

1 `

b

2 logpnq

n

˙

¸

~X~

˛

‚

λmin pΣq
`

d

σ2d

λmin pΣqn
(4.194)

“ rO

˜

c

d

m

¸

` rO

˜

c

d

n

¸

. (4.195)

The subsequent sections will provide the lemmas for this proof.
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Establishing a High-Probability Bound on the Norm of y with Fixed Z

Lemma 7. Let Z be a fixed nˆ d matrix whose elements |zij | ď R for all i “ 1, . . . , n and

j “ 1, . . . , d. Let w “ Zβ0 ` σϵ where ϵ „ Np0, Iq. Let X :“ Z?
n
and y :“ w?

n
. Then for

some C ą 0 and with probability at least 1 ´ 1{n

∥y∥2 ď

∥∥∥Xβ0
∥∥∥
2

` σ
∥ϵ∥2?
n

ď RC
a

logpnq

∥∥∥β0
∥∥∥
2

` σ

˜

1 `

c

2 logpnq

n

¸

.

Proof of Lemma 7

Proof. We will bound ∥y∥2. We analyze ∥y∥2 in two steps: 1)
∥∥∥Xβ0

∥∥∥
2
, and 2)

∥∥ϵ{
?
n
∥∥
2
.

We assumed in section 4.1.4 that

∣∣∣zTi β0
∣∣∣ ď RC

a

logpnq

∥∥∥β0
∥∥∥
2
, (4.196)

for all i and some C ą 0. This allows us to say

∥∥∥Zβ0
∥∥∥
2

ď RC
a

n logpnq

∥∥∥β0
∥∥∥
2
, (4.197)

which implies

∥∥∥Xβ0
∥∥∥
2

“

∥∥∥Zβ0
∥∥∥
2?

n
ď RC

a

logpnq
∥∥β˚

∥∥
2
. (4.198)

We now examine ϵ{
?
n. We follow Example 2.28 in Wainwright [69]. We first recognize

that ∥ϵ∥22 “
řn

i“1 ϵ
2
i follows a χ2-distribution with n degrees of freedom. We define

V “
∥ϵ∥2?
n
. (4.199)
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Using that the Euclidean norm is a 1-Lipschitz function, Theorem 2.26 in Wainwright[69]

implies that

P
`

V ě E rVs ` δ
˘

ď e´nδ2{2 for all δ ě 0. (4.200)

Using concavity of the square root function and Jensen’s inequality

E rVs ď

b

E
“

V2
‰

“

«

1

n

n
ÿ

i“1

E
”

ϵ2i

ı

ff1{2

“ 1. (4.201)

Using that V “

b

∥ϵ∥22{
?
n and by combining these pieces

P
ˆ

∥ϵ∥2?
n

ě 1 ` δ

˙

ď e´nδ2{2 for all δ ě 0. (4.202)

Letting δ “

b

2 logpnq

n , then

∥ϵ∥2?
n

ď 1 ` δ (4.203)

with probability at least 1 ´ 1{n. Using the triangle inequality, we can then say

∥y∥2 ď

∥∥∥Xβ0
∥∥∥
2

` σ
∥ϵ∥2?
n

ď RC
a

logpnq

∥∥∥β0
∥∥∥
2

` σ

˜

1 `

c

2 logpnq

n

¸

(4.204)

with probability at least 1 ´ 1{n.
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Summary of the Sketched Scenario with Fixed Z

For fixed Z with bounded elements |zij | ď R for all i, j and definitions

Σ “
ZTZ

n
Σ̂ “

1

m
X̂T X̂ “

1

m
XTSTSX

ΣXy “
ZTw

n
Σ̂Xy “

1

m
X̂T ŷ “

1

m
XTSTSy.

we showed that
‌

‌

‌
Σ̂ ´ Σ

‌

‌

‌
ď ~Σ~

´

2ϵ` ϵ2
¯

w.p. 1 ´ 1{n

∥∥∥Σ̂Xy ´ ΣXy

∥∥∥
2

ď

¨

˝RC
a

logpnq

∥∥∥β0
∥∥∥
2

` σ

˜

1 `

c

2 logpnq

n

¸

˛

‚

´

2ϵ` ϵ2
¯

~X~ w.p.
`

1 ´ 1{n
˘2

for ϵ “

b

d
m `

b

2 logp2nq

m . We can summarize by stating

‌

‌

‌

rΣ ´ Σ
‌

‌

‌
“ O

˜

c

d

m

¸

“ rO

˜

c

d

m

¸

(4.205)

∥∥∥rΣZw ´ ΣZw

∥∥∥
2

“ O

˜

R

c

d logpnq

m

¸

“ O

˜

c

d logpnq

m

¸

“ rO

˜

c

d

m

¸

. (4.206)

Ensuring that m is chosen such that

m ě 2dη ~Σ~

˜

1 `
2
a

2 logp2nq

d
`

2 logp2nq

d

¸

max
!

23η ~Σ~ , 1
)
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for η “ 2
λminpΣq

satisfies the lambda min requirement and allows us to say

∥∥∥β̂ ´ β˚
∥∥∥
2

ď

4
∥∥β˚

∥∥
2

‌

‌

‌
Σ̂ ´ Σ

‌

‌

‌
` 4

∥∥∥pΣ̂Xy ´ ΣXyq

∥∥∥
2

λmin pΣq

ď

4

ˆ

2
b

d
mϵ0 ` d

mϵ
2
0

˙

¨∥̋∥β˚
∥∥
2

~Σ~ `

˜

RC
a

logpnq

∥∥∥β0
∥∥∥
2

` σ

ˆ

1 `

b

2 logpnq

n

˙

¸

~X~

˛

‚

λmin pΣq

with probability at least 1 ´ 3{n where ϵ0 :“

ˆ

1 `

b

2 logp2nq

d

˙

to more easily see the

dependence on d and m.

We now add on the additional error from
∥∥∥β̂ ´ β˚

∥∥∥ from the inequality

∥∥∥β0 ´ β̂
∥∥∥ ď

∥∥∥β0 ´ β˚
∥∥∥ `

∥∥∥β̂ ´ β˚
∥∥∥ .

Then with probability 1 ´ 3{n,

∥∥∥β0
´ β̂

∥∥∥
2

4

ˆ

2
b

d
m
ϵ0 ` d

m
ϵ20

˙

¨∥̋∥β˚
∥∥
2

~Σ~ `

˜

RC
a

logpnq

∥∥∥β0
∥∥∥
2

` σ

ˆ

1 `

b

2 logpnq

n

˙

¸

~X~

˛

‚

λmin pΣq
`

d

σ2d

λmin pΣqn

“ rO

˜

c

d

m

¸

` rO

˜

c

d

n

¸

where again ϵ0 :“

ˆ

1 `

b

2 logp2nq

d

˙

is defined to more easily see the dependence on d and

m.

4.3.3 Sketched Scenario with Gaussian Z

Let us assume the rows of Z, namely zTi , are drawn independently from a multivariate

normal distribution with mean 0 and covariance Idˆd. Assume Z and w have the linear
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relationship w “ Zβ0 ` σϵ where the elements of ϵ are drawn independently from Np0, 1q

distribution. Let the mˆ n sketching matrix S consisting of rows tsTi1 u
m
i1“1 drawn IID from

a multivariate Np0, Inˆnq distribution for some m ă n. Then define

X :“
Z

?
n

and y :“
w

?
n

(4.207)

and

X̂ :“ SX, ŷ :“ Sy. (4.208)

We use the definitions

Σ “ E
”

`

X ´ E rXs
˘T `

X ´ E rXs
˘

ı

“ E
”

XTX
ı

“ E

«

ZTZ

n

ff

“ Id (4.209)

ΣXy “ E
”

XTy
ı

“ E

«

ZTw

n

ff

, (4.210)

and we define their estimators

Σ̂ “
1

m
X̂T X̂ “

1

m
XTSTSX (4.211)

Σ̂Xy “
1

m
X̂T ŷ “

1

m
XTSTSy. (4.212)

Then we show

Theorem 4.3.2. Let Z be a nˆ d matrix whose elements are drawn independently from a

standard normal distribution. Let S be amˆn sketching matrix S consisting of rows tsTi1 u
m
i1“1

drawn IID from a multivariate Np0, Inˆnq distribution for some m ă n. Let w “ Zβ0 ` σϵ

where the elements of ϵ are drawn independently from Np0, 1q distribution. Define

X :“
Z

?
n

and y :“
w

?
n
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and

X̂ :“ SX, ŷ :“ Sy. (4.213)

Then define Σ, ΣXy, Σ̂, and Σ̂Xy as in (4.209), (4.210), (4.211), and (4.212), respectively.

Then for

ϵ0 “ 1 `

c

2 logp2nq

d
, η “

2

λmin pΣq
, b0 “ 2R̂2

g ` d´1 ~Σ~

R̂g “

´

1 `
a

2 logpndq

¯

a

2 logp2nmdq, C “

∥∥∥β0
∥∥∥
2

` σ,

D “

˜

1 `

c

2 logpnq

n
`

c

d

n

¸ ˜

1 `

c

2 logpnq

n

¸

C,

and m chosen such that

m ě max

$

&

%

24d log2pndq logp2ndqη2 ~Σ~

˜

2 `
1

logpndq
`

2
?
2

a

logpndq

¸

, 22 logpndqbη

,

.

-

,

then with probability at least 1 ´ 8{n

∥∥∥β˚ ´ β̂
∥∥∥
2

ď
4

λmin pΣq

c

d

m

¨∥̋∥β˚
∥∥
2

˜

b

2 logpndqR̂2
g ~Σ~ ` 2 logpndqb0

c

d

m

¸

`

˜

2ϵ0 ` ϵ20

c

d

m

¸

D

˛

‚

“ rO

˜

c

d

m

¸

.
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Proof of 4.3.2

Proof. We wish to bound

∥∥∥β̂ ´ β˚
∥∥∥
2

ď

4
∥∥β˚

∥∥
2

‌

‌

‌

rΣ ´ Σ
‌

‌

‌
` 4

∥∥∥p rΣZw ´ ΣZwq

∥∥∥
2

λmin pΣq

by controlling

(a):
‌

‌

‌

rΣ ´ Σ
‌

‌

‌
(b):

∥∥∥rΣZw ´ ΣZw

∥∥∥
2
.

Analyzing Part (a) in the Sketched Scenario with Gaussian Z The results from

section 4.3.3 allow us to immediately say with probability at least 1 ´ 4{n

‌

‌

‌
Σ̂ ´ Σ

‌

‌

‌
ď

d

2d logpndqR̂2
g ~Σ~

m
`

2 logpndqb

m
(4.214)

where R̂g “

´

1 `
a

2 logpndq

¯

a

2 logp2nmdq. To ensure the lambda min requirement is

met, we must ensure that

d

2d logpndqR̂2
g ~Σ~

m
`

2 logpndqb

m
ď
λmin pΣq

2
. (4.215)
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It is sufficient to show that for a given m each term is less than λminpΣq

4 . Examining the

first term:

g

f

f

f

e

2d logpndq

ˆ

´

1 `
a

2 logpndq

¯

a

2 logp2nmdq

˙2

~Σ~

m
ď
λmin pΣq

4

ùñ

g

f

f

e

4d logpndq

´

1 `
a

2 logpndq

¯2
logp2nmdq ~Σ~

m
ď
λmin pΣq

4

ùñ

4d logpndq

´

1 `
a

2 logpndq

¯2
logp2ndq ~Σ~

m
ď
λ2min pΣq

24

ùñ m ě

26d logpndq

´

1 `
a

2 logpndq

¯2
logp2ndq ~Σ~

λ2min pΣq

ùñ m ě d logpndq logp2ndq

´

1 ` 2
a

2 logpndq ` 2 logpndq

¯ 26 ~Σ~

λ2min pΣq

ùñ m ě 24d log2pndq logp2ndqη2 ~Σ~

˜

2 `
1

logpndq
`

2
?
2

a

logpndq

¸

(4.216)

where

η “
2

λmin pΣq
. (4.217)

Examining the second term:

2 logpndqb

m
ď
λmin pΣq

4

ùñ m ě 22 logpndqbη. (4.218)
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Thus, choosing m such that

m ě max

$

&

%

24d log2pndq logp2ndqη2 ~Σ~

˜

2 `
1

logpndq
`

2
?
2

a

logpndq

¸

, 22 logpndqbη

,

.

-

(4.219)

ensures the condition is met.

Analyzing Part (b) in the Sketched Scenario with Gaussian Z We restate the

inequality from section 4.3.2:

∥∥∥Σ̂Xy ´ ΣXy

∥∥∥
2

“

∥∥∥∥ 1

m
XTSTSy ´ XTy

∥∥∥∥
2

“

∥∥∥∥∥XT

ˆ

1

m
STS ´ I

˙

y

∥∥∥∥∥
2

ď ~X~

‌

‌

‌

‌

1

m
STS ´ I

‌

‌

‌

‌

∥y∥2 .

(4.220)

Then applying Lemmas 8 and 10, which upper bounded
∣∣x̂kj∣∣ with probability 1 ´ 2{n and

∥y∥ with probability 1 ´ 2{n, using union bounds, we can refine this bound and say

∥∥∥Σ̂Xy ´ ΣXy

∥∥∥
2

ď

˜

1 ` δ `

c

d

n

¸

‌

‌

‌

‌

1

m
STS ´ I

‌

‌

‌

‌

p1 ` δq

ˆ∥∥∥β0
∥∥∥
2

` σ

˙

(4.221)

with probability at least 1 ´
`

2{n` 2{n
˘

for δ “

b

2 logpnq

n . Now we reuse the result from

section 4.3.2, which states

‌

‌

‌

‌

1

m
STS ´ I

‌

‌

‌

‌

ď 2ϵ` ϵ2 (4.222)
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with probability at least 1 ´ 1{n for ϵ “

b

d
m `

b

2 logp2nq

m . Combining the elements, we

conclude by stating that

∥∥∥Σ̂Xy ´ ΣXy

∥∥∥
2

ď

˜

1 ` δ `

c

d

n

¸

´

2ϵ` ϵ2
¯

p1 ` δqC

“

˜

1 `

c

2 logpnq

n
`

c

d

n

¸

´

2ϵ` ϵ2
¯

˜

1 `

c

2 logpnq

n

¸

C (4.223)

with probability at least 1 ´
`

2{n` 2{n` 1{n
˘

“ 1 ´ 5{n for C “

∥∥∥β0
∥∥∥
2

` σ.

Combining (4.214) and (4.223) we have with probability at least 1 ´
`

5{n` 3{n
˘

“

1 ´ 8{n

∥∥∥β˚
´ β̂

∥∥∥
2

(4.224)

ď

4
∥∥β˚

∥∥
2

ˆ
b

2d logpndqR̂2
g~Σ~

m
`

2 logpndqb
m

˙

` 4

ˆ

1 `

b

2 logpnq

n
`

b

d
n

˙

´

2ϵ ` ϵ2
¯

ˆ

1 `

b

2 logpnq

n

˙

C

λmin pΣq
.

(4.225)

The following sections show the lemmas used in the proof.

Establishing a High-Probability Bound on the Sketched Data with Gaussian Z

We will establish a high-probability bound for the elements of X̂. Then we define

R̂g “

´

1 `
a

2 logpndq

¯

a

2 logp2nmdq (4.226)

so we can say
∣∣x̂kj∣∣ ď R̂g for all k, j with probability at least 1 ´ 2{n.

Lemma 8. Let Z be a nˆd matrix whose elements are drawn independently from a standard

normal distribution. Let S be a mˆn sketching matrix S consisting of rows tsTi1 u
m
i1“1 drawn
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IID from a multivariate Np0, Inˆnq distribution for some m ă n. Define X :“ Z?
n

and

X̂ :“ SX where x̂kj are the elements of X̂ for k “ 1, . . . ,m and j “ 1, . . . ,m. Then with

probability at least 1 ´ 2{n

∣∣x̂kj∣∣ ď

´

1 `
a

2 logpndq

¯

a

2 logp2nmdq

for all k, j.

Proof of 8

Proof. We begin by examining the columns of X where we will denote the jth column of

X as x¨j . Using the fact that the euclidean norm is 1-Lipschitz, we can use Theorem 2.26

in Wainwright [69] to say

P
ˆ∥∥x¨j

∥∥
2

´ E
”∥∥x¨j

∥∥
2

ı

ě δ

˙

ď exp
´

´δ2{2
¯

(4.227)

for all δ ě 0. Then, using the concavity of the square root function and Jensen’s inequality,

we have that E
”∥∥x¨j

∥∥
2

ı

ď 1. Then we can say

P
´∥∥x¨j

∥∥2
2

ě p1 ` δq
2
¯

ď exp
´

´δ2{2
¯

(4.228)

for all δ ě 0. We use a union bound argument to say

P
ˆ

max
j

∥∥x¨j

∥∥2
2

ě p1 ` δq
2

˙

ď d exp
´

´δ2{2
¯

(4.229)
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for all δ ě 0. Then if we let δ “
a

2 logpndq we can say

P
ˆ

max
j

∥∥x¨j

∥∥2
2

ě p1 ` δq2
˙

ď
1

n
. (4.230)

Let us define the event

E : max
j

∥∥x¨j

∥∥2
2

ď

´

1 `
a

2 logpndq

¯2
, (4.231)

which is true with probability 1 ´ 1{n. We will use this event as we examine the elements

of X̂, denoted as x̂kj “ sTk x¨j “
řn

i“1 xijski where x¨j is the jth column of X and sTk is the

kth row of S. Since ski „ Np0, 1q for all k, i, then we know that x̂kj X „ N
´

0,
∥∥x¨j

∥∥2
2

¯

.

This also means that

VarS
“

x̂kj E
‰

“ ES

„

xT
¨j

´

sTk

¯T
sTk x¨j E

ȷ

“
∥∥x¨j

∥∥2
2

ď

´

1 `
a

2 logpndq

¯2
. (4.232)

Here we used that
´

sTk

¯T
sTk is a n ˆ n diagonal matrix whose entries are each distributed

acorrding to a χ-squared distribution with 1 degree of freedom. Thus, E

„

´

sTk

¯T
sTk

ȷ

“

Inˆn.

Now we can apply a Gaussian tail bound to our conditioned sketched data and use a

union bound to say

P
ˆ

max
k,j

∣∣x̂kj∣∣ ě t E

˙

ď 2md exp

˜

´t2

2σ2x̂

¸

ď 2md exp

¨

˚

˚

˝

´
t2

2
´

1 `
a

2 logpndq

¯2

˛

‹

‹

‚

(4.233)

121

Docusign Envelope ID: 93A6B94D-51AD-472D-BE1A-F512D3BB43DD



where σ2x̂ “ Var
“

x̂kj E
‰

. Letting

t “

c

2
´

1 `
a

2 logpndq

¯2
logp2nmdq “

´

1 `
a

2 logpndq

¯

a

2 logp2nmdq (4.234)

then

P
ˆ

max
k,j

∣∣x̂kj∣∣ ě t E

˙

ď
1

n
. (4.235)

Then applying the law of total probability

P
ˆ

max
k,j

∣∣x̂kj∣∣ ě t

˙

ď P
ˆ

max
k,j

∣∣x̂kj∣∣ ě t E

˙

` P pEcq

ď
1

n
`

1

n
“

2

n
. (4.236)

Then we have ∣∣x̂kj∣∣ ď

´

1 `
a

2 logpndq

¯

a

2 logp2nmdq (4.237)

for all k, j with probability at least 1 ´ 2{n.

Matrix Bernstein Inequality for the Sketched Scenario with Gaussian Z

Lemma 9. Let Z be a nˆd matrix whose elements are drawn independently from a standard

normal distribution. Let S be a mˆn sketching matrix S consisting of rows tsTi1 u
m
i1“1 drawn

IID from a multivariate Np0, Inˆnq distribution for some m ă n. Define X :“ Z?
n

and

X̂ :“ SX where x̂kj are the elements of X̂ for k “ 1, . . . ,m and j “ 1, . . . ,m. Then for Σ

and Σ̂ as defined in (4.172) and (4.211) and

b ě 2dR̂2
g ` ~Σ~ and R̂g “

´

1 `
a

2 logpndq

¯

a

2 logp2nmdq,
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then with probability at least 1 ´ 3{n

‌

‌

‌
Σ̂ ´ Σ

‌

‌

‌
ď

d

2d logp2ndqR̂2
g ~Σ~

m
`

2 logp2ndqb

m
.

Proof of 9

Proof. Let us begin by defining

Σ̂k “ x̂kx̂
T
k (4.238)

where x̂T
k is the kth row of X̂ and x̂k is the transpose of the kth row of X̂. Then we can

say

Σ̂ “
1

m

m
ÿ

k“1

Σ̂k. (4.239)

Let us define the event

E : max
kj

|x̂kj | ď R̂g (4.240)

which we know is true with probability at least 1 ´ 2{n by Lemma 8. We now apply

the Matrix Bernstein inequality (Theorem 6.17 in Wainwright)[69]. We use the fact that

Var
”

Σ̂k ´ Σ
ı

“ Var
”

Σ̂k

ı

, and apply the Bernstein result to the zero-mean matrices

tΣ̂k ´ Σumk“1. Then we can say

P

¨

˚

˝

1

m

‌

‌

‌

‌

‌

‌

m
ÿ

k“1

´

Σ̂k ´ Σ
¯

‌

‌

‌

‌

‌

‌

ě δ E

˛

‹

‚

ď 2 rank

¨

˝

m
ÿ

k“1

Var
”

Σ̂k E
ı

˛

‚exp

¨

˚

˝

´mδ2

2
´

σ2
Σ̂

` bδ
¯

˛

‹

‚

(4.241)
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for some b ě

‌

‌

‌
Σ̂k ´ Σ

‌

‌

‌
and δ ě 0 and where

σ2
Σ̂

“
1

m

‌

‌

‌

‌

‌

‌

m
ÿ

k“1

Var
”

Σ̂k E
ı

‌

‌

‌

‌

‌

‌

“
1

m

‌

‌

‌

‌

mVar
”

Σ̂k E
ı

‌

‌

‌

‌

“

‌

‌

‌

‌

Var
”

Σ̂k E
ı

‌

‌

‌

‌

. (4.242)

In order to use the Matrix Bernstein inequality, we must show that Σ̂k ´Σ conditioned on

the event E satisfies the condition

‌

‌

‌
Σ̂k ´ Σ

‌

‌

‌

2
ď b (4.243)

almost surely. Given event E, we know immediately that any element of Σ̂k is bounded in

absolute value by R̂2
g. Using this, we can then show

‌

‌

‌
Σ̂k ´ Σ

‌

‌

‌

2

2
ď

‌

‌

‌
Σ̂k

‌

‌

‌

2
` ~Σ~

2

“ sup
∥v∥2“1

vT Σ̂T
k Σ̂kv ` ~Σ~

2

“ sup
∥v∥2“1

∣∣∣∣∣∣∣
d

ÿ

j,j1

vjvj1

¨

˝

d
ÿ

ℓ

´

Σ̂k

¯

ℓj

´

Σ̂k

¯

ℓj1

˛

‚

∣∣∣∣∣∣∣ ` ~Σ~
2

ď sup
∥v∥2“1

d
ÿ

j,j1

∣∣vj∣∣∣∣vj1

∣∣∣∣∣∣∣∣
d

ÿ

ℓ

´

Σ̂k

¯

ℓj

´

Σ̂k

¯

ℓj1

∣∣∣∣∣∣ ` ~Σ~
2

ď d
´

2R̂2
g

¯2
sup

∥v∥2“1
∥v∥21 ` ~Σ~

2

“ d2
´

2R̂2
g

¯2
` ~Σ~

2

ùñ

‌

‌

‌
Σ̂k ´ Σ

‌

‌

‌

2
ď 2dR̂2

g ` ~Σ~ , (4.244)
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satisfying the Bernstein condition. Bounding σ2
Σ̂

yields

σ2
Σ̂

“

‌

‌

‌

‌

Var
”

Σ̂k E
ı

‌

‌

‌

‌

“

‌

‌

‌

‌

E
”

Σ̂2
k E

ı

´ E
”

Σ̂k E
ı2

‌

‌

‌

‌

“

‌

‌

‌

‌

E
”

Σ̂2
k E

ı

´ Σ2

‌

‌

‌

‌

ď

‌

‌

‌

‌

E
”

x̂kx̂
T
k x̂kx̂

T
k E

ı

‌

‌

‌

‌

“

‌

‌

‌

‌

E
”

x̂k∥x̂k∥22 x̂
T
k E

ı

‌

‌

‌

‌

ď dR̂2
g

‌

‌

‌

‌

E
”

x̂kx̂
T
k E

ı

‌

‌

‌

‌

“ dR̂2
g ~Σ~ . (4.245)

We were able to drop
‌

‌

‌
Σ2

‌

‌

‌
in the second step using the fact that Var

”

Σ̂k

ı

ľ 0 and Σ ľ 0

and applying (D.1). In the last step we used that the k, jth element of x̂kx̂
T
k can be written

as x̂kj “
řn

i“1 xijski. Then for the j, j1 element of x̂kx̂
T
k where j ‰ j

E

„

´

x̂kx̂
T
k

¯

j,j1
E

ȷ

“ E

»

–

˜

n
ÿ

i“1

xijski

¸ ˜

n
ÿ

i1“1

xi1j1ski1

¸

E

fi

fl

“ E

«

n
ÿ

i“1

xijskixi1j1ski1 E

ff

“ E

«

n
ÿ

i“1

ÿ

i1“i

xijxij1s2ki E

ff

` E

»

–

n
ÿ

i“1

ÿ

i1‰i

xijxi1j1s2ki E

fi

fl

“

n
ÿ

i“1

EX

“

xijxij1 E
‰

ES

”

s2ki E
ı

`

n
ÿ

i“1

ÿ

i1‰i

EX

“

xijxi1j1 E
‰

ES

”

s2ki E
ı

“

n
ÿ

i“1

EX

“

xijxij1

‰

(4.246)

by the independence and zero mean of the rows of Z and that the variance of the elements

of S is 1. In the last step, the conditioning is dropped because it has no effect on the
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distribution of the elements of X. For the case when j “ j1:

E

„

´

x̂kx̂
T
k

¯

j,j1
E

ȷ

“ E

»

—

–

˜

n
ÿ

i“1

xijski

¸

¨

˝

n
ÿ

i1“1

xi1j1ski1

˛

‚ E

fi

ffi

fl

“ E

«

n
ÿ

i“1

xijskixi1j1ski1 E

ff

“ E

»

–

n
ÿ

i“1

ÿ

i1“1

x2ijs
2
ki E

fi

fl ` E

»

–

n
ÿ

i“1

ÿ

i1‰i

xijxi1js
2
ki E

fi

fl

“

n
ÿ

i“1

E
”

x2ij

ı

(4.247)

using the independence of the rows of Z and that the variance of each element of S is 1. In

the last step, the conditioning is dropped because it has no effect on the distribution of the

elements of X. Combining these facts,

E

„

´

x̂kx̂
T
k

¯

j,j1
E

ȷ

“

n
ÿ

i“1

E

»

—

—

—

—

—

—

—

—

—

–

»

—

—

—

—

—

—

—

—

–

x2i1 xi1xi2 . . . xi1xid

xi2xi1 x2i2 . . . xi2xid
...

...
. . .

...

xidxi1 xidxi2 . . . x2id

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

“

n
ÿ

i“1

E
”

xix
T
i

ı

“ E
”

XTX
ı

“ Σ (4.248)

Proceeding, since σ2
Σ̂

“

‌

‌

‌

‌

Var
”

Σ̂k E
ı

‌

‌

‌

‌

ď dR̂2
g ~Σ~, we can say

P

¨

˚

˝

1

m

‌

‌

‌

‌

‌

‌

m
ÿ

k“1

´

rΣk ´ Σ
¯

‌

‌

‌

‌

‌

‌

ě δ E

˛

‹

‚

ď 2d exp

¨

˚

˝

´mδ2

2
´

σ2
Σ̂

` bδ
¯

˛

‹

‚

ď 2d exp

¨

˚

˝

´mδ2

2
´

dR̂2
g ~Σ~ ` bδ

¯

˛

‹

‚

.

(4.249)
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Following the techniques in section 4.2.3, let us choose

δ “

d

2 logp2ndqdR̂2
g ~Σ~

m
`

2 logp2ndqb

m
(4.250)

so that

mδ2

2
´

dR̂2
g ~Σ~ ` bδ

¯ ě min

#

mδ2

2dR̂2
g ~Σ~

,
mδ

2b

+

ě logp2ndq. (4.251)

Then we have

P

¨

˚

˝

1

m

‌

‌

‌

‌

‌

‌

m
ÿ

k“1

´

Σ̂k ´ Σ
¯

‌

‌

‌

‌

‌

‌

ě δ E

˛

‹

‚

ď 2d exp

¨

˚

˝

´mδ2

2
´

dR̂2
g ~Σ~ ` bδ

¯

˛

‹

‚

ď 2d exp
`

´ logp2ndq
˘

“
1

n

(4.252)

for δ “

b

2d logp2ndqR̂2
g~Σ~

m `
2 logp2ndqb

m , and for any b ě 2dR̂2
g ` ~Σ~.

We showed in section 4.3.3 that E occurs with probability 1 ´ 2{n. Then using the law

of total probability

P

¨

˚

˝

1

m

‌

‌

‌

‌

‌

‌

m
ÿ

k“1

´

Σ̂k ´ Σ
¯

‌

‌

‌

‌

‌

‌

ě δ

˛

‹

‚

ď P

¨

˚

˝

1

m

‌

‌

‌

‌

‌

‌

m
ÿ

k“1

´

Σ̂k ´ Σ
¯

‌

‌

‌

‌

‌

‌

ě δ E

˛

‹

‚

` P
ˆ

max
kj

|x̂kj | ě R̂g

˙

“
1

n
`

2

n

“
3

n
(4.253)

Thus we can conclude that

1

m

‌

‌

‌

‌

‌

‌

m
ÿ

k“1

´

Σ̂k ´ Σ
¯

‌

‌

‌

‌

‌

‌

“

‌

‌

‌
Σ̂ ´ Σ

‌

‌

‌
ď

d

2d logp2ndqR̂2
g ~Σ~

m
`

2 logp2ndqb

m
(4.254)
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with probability at least 1 ´ 3{n.

Bounding the Spectral Norm of X with Gaussian Z

We bound ~X~ “
~Z~
?
n

by directly applying a theorem from [69]. We note that Z is a nˆ d

matrix drawn from a Idˆd-Gaussian ensemble. Then using Theorem 6.1 in Wainwright [69]

P

˜

~Z~
?
n

ě γmax

´?
I
¯

p1 ` δq `

c

tr pIq

n

¸

ď 2e´nδ2{2

P

˜

~Z~
?
n

ě 1 ` δ `

c

d

n

¸

ď 2e´nδ2{2

P

˜

~X~ ě 1 ` δ `

c

d

n

¸

ď 2e´nδ2{2 (4.255)

where γpAq indicates the vector of eigenvalues of A. Now if we let δ “

b

2 logp2nq

n , we can

say

~X~ ď 1 ` δ `

c

d

n
(4.256)

with probability at least 1 ´ 1{n.

Bounding the Norm of y with Gaussian Z

Lemma 10. Let Z be a n ˆ d matrix whose elements are drawn independently from a

standard normal distribution. Assume Z and w have the linear relationship w “ Zβ˚ ` σϵ

where the elements of ϵ are drawn independently from Np0, 1q distribution. Then define

X :“
Z

?
n

and y :“
w

?
n
.
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Then with probability at least 1 ´ 2{n

∥y∥2 ď

˜

1 `

c

2 logpnq

n

¸

´∥∥β˚
∥∥
2

` σ
¯

. (4.257)

Proof of Lemma 10

Proof. We analyze ∥y∥2 in two steps: 1)
∥∥Xβ˚

∥∥
2
, and 2)

∥∥ϵ{
?
n
∥∥
2
. For both analyses we

follow Example 2.28 in Wainwright [69]. Letting

D “
n
∥∥Xβ˚

∥∥2
2∥∥β˚

∥∥2
2

(4.258)

and recognizing that D is distributed according to a χ2 distribution with n degrees of

freedom, we can then apply Theorem 2.26 in Wainwright [69] and say

P

¨

˝

?
D

?
n

ě E

«?
D

?
n

ff

` δ

˛

‚ď exp
´

´nδ2{2
¯

(4.259)

for all δ ě 0. Using the concavity of the square root function and Jensen’s inequality we

get

E

«?
D

?
n

ff

“ E

«?
D

?
n

ff

ď

d

E

„

D

n

ȷ

“

ˆ

1

n
E rDs

˙1{2

“ 1, (4.260)
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where E rDs “ n since D is distributed χ2 with n degress of freedom, as stated before.

Then we can refine our probability

P

˜?
D

?
n

ě 1 ` δ

¸

ď exp
´

´nδ2{2
¯

ùñ P
´

D ě n p1 ` δq
2
¯

ď exp
´

´nδ2{2
¯

ùñ P

¨

˝

n
∥∥Xβ˚

∥∥2
2∥∥β˚

∥∥2
2

ě n p1 ` δq
2

˛

‚ď exp
´

´nδ2{2
¯

ùñ P
´∥∥Xβ˚

∥∥2
2

ě
∥∥β˚

∥∥2
2

p1 ` δq
2
¯

ď exp
´

´nδ2{2
¯

ùñ P
´∥∥Xβ˚

∥∥
2

ě
∥∥β˚

∥∥
2

p1 ` δq

¯

ď exp
´

´nδ2{2
¯

. (4.261)

Letting δ “

b

2 logpnq

n , then we can say

∥∥Xβ˚
∥∥
2

ď
∥∥β˚

∥∥
2

p1 ` δq (4.262)

with probability at least 1 ´ 1{n.

We now examine ϵ{
?
n. We showed in section 4.3.2 that

∥ϵ∥2?
n

ď 1 ` δ (4.263)

with probability at least 1 ´ 1{n for δ “

b

2 logpnq

n .

Using the triangle inequality and union bounds, we can then say

∥y∥2 ď
∥∥Xβ˚

∥∥
2

` σ
∥ϵ∥2?
n

ď
∥∥β˚

∥∥
2

p1 ` δq ` σ p1 ` δq “ p1 ` δq

´∥∥β˚
∥∥
2

` σ
¯

(4.264)
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with probability at least 1 ´ 2{n where we have again let δ “

b

2 logpnq

n .

Summary of Sketched Scenario with Gaussian Z

For a random Z whose rows zTi are drawn independently from a multivariate normal distri-

bution with mean 0 and covariance Idˆd and definitions

Σ “ E

«

ZTZ

n

ff

“ Id Σ̂ “
1

m
X̂T X̂ “

1

m
XTSTSX (4.265)

ΣXy “ E
”

XTy
ı

“ E

«

ZTw

n

ff

Σ̂Xy “
1

m
X̂T ŷ “

1

m
XTSTSy, (4.266)

we showed

‌

‌

‌
Σ̂ ´ Σ

‌

‌

‌
ď

d

2d logpndqR̂2
g ~Σ~

m
`

2 logpndqb

m
w.p. 1 ´ 3{n (4.267)

∥∥∥Σ̂Xy ´ ΣXy

∥∥∥
2

ď

˜

1 `

c

2 logpnq

n
`

c

d

n

¸

´

2ϵ` ϵ2
¯

˜

1 `

c

2 logpnq

n

¸

C w.p. 1 ´ 5{n (4.268)

for

ϵ “

c

d

m
`

c

2 logp2nq

m
b ě 2dR̂2

g ` ~Σ~

R̂g “

´

1 `
a

2 logpndq

¯

a

2 logp2nmdq C “
∥∥β˚

∥∥
2

` σ

D :“

˜

1 `

c

2 logpnq

n
`

c

d

n

¸ ˜

1 `

c

2 logpnq

n

¸

C
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We can summarize by stating

‌

‌

‌

rΣ ´ Σ
‌

‌

‌
“ O

˜

c

d logpndq logpnmdq

m

¸

“ rO

˜

c

d

m

¸

(4.269)

∥∥∥rΣZw ´ ΣZw

∥∥∥
2

“ O

˜

c

d

m

¸

“ rO

˜

c

d

m

¸

. (4.270)

Ensuring m is chosen such that

m ě max

$

&

%

24d log2pndq logp2ndqη2 ~Σ~

˜

2 `
1

logpndq
`

2
?
2

a

logpndq

¸

, 22 logpndqbη

,

.

-

(4.271)

where η “ 2
λminpΣq

satisfies the lambda-min-requirement. Then

∥∥∥β̂ ´ β0
∥∥∥
2

ď

4
∥∥β˚

∥∥
2

‌

‌

‌
Σ̂ ´ Σ

‌

‌

‌
` 4

∥∥∥pΣ̂Xy ´ ΣXyq

∥∥∥
2

λmin pΣq

ď

4
∥∥β˚

∥∥
2

ˆ
b

2d logpndqR̂2
g~Σ~

m
`

2 logpndqb
m

˙

` 4

ˆ

1 `

b

2 logpnq

n
`

b

d
n

˙

´

2ϵ ` ϵ2
¯

ˆ

1 `

b

2 logpnq

n

˙

C

λmin pΣq

“
4
∥∥β˚

∥∥
2

λmin pΣq

¨

˚

˝

d

2d logpndqR̂2
g ~Σ~

m
`

2d logpndqb0
m

˛

‹

‚

`
4

λmin pΣq

˜

2

c

d

m
ϵ0 `

d

m
ϵ20

¸ ˜

1 `

c

2 logpnq

n
`

c

d

n

¸ ˜

1 `

c

2 logpnq

n

¸

C

“
4

λmin pΣq

c

d

m

¨∥̋∥∥β˚
∥∥∥
2

˜

b

2 logpndqR̂2
g ~Σ~ ` 2 logpndqb0

c

d

m

¸

`

˜

2ϵ0 ` ϵ20

c

d

m

¸

D

˛

‚ (4.272)

“ rO

˜

c

d

m

¸

(4.273)

with probability at least 1 ´ 8{n where b0 :“ 2R̂2
g ` d´1 ~Σ~ and ϵ0 :“ 1 `

b

2 logp2nq

d are

defined to more easily see the dependence on d and m in the final formulation.
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4.4 Sketched and Quantized Regression Parameters

This section examines the effect of transforming the scaled design matrix X “ Z?
n

and

scaled response vector y “ w?
n
by applying a sketching transformation followed by a 1-bit

quantization.

In the sections where Z is assumed to be fixed, let us define

Σ “ XTX “
ZTZ

n
(4.274)

ΣXy “ Eϵ

”

XTy
ı

“ Eϵ

”

XT
`

Xβ˚ ` σϵ
˘

ı

“ XTXβ˚ “
ZTZβ˚

n
. (4.275)

When we assume Z consists of random variables, let us define

Σ “ E
”

XTX
ı

“ E

«

ZTZ

n

ff

(4.276)

ΣXy “ E
”

XTy
ı

“ E

«

ZTw

n

ff

. (4.277)

4.4.1 Introduction

Throughout this chapter we perform our analysis on a scaled design matrix and response

vector:

X “
Z

?
n

and y “
w

?
n

(4.278)

where, as before, Z is a n ˆ d matrix and w has a linear relationship with Z such that

w “ Zβ0 ` σϵ for ϵ „ Np0, Inˆnq. Now let the m ˆ n sketching matrix S consist of rows

tsTi1 u
m
i1“1 drawn IID as random samples from Normalp0, Imˆmq for some m ă n. Then we

transform our scaled design matrix and response vectors and define

X̂ “ SX, ŷ “ Sy. (4.279)
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Let x̂kj be the elements of X̂ and ŷk be the elements of ŷ, noting that 1 ď k ď m and

1 ď j ď d.

Using the definition of a 1-bit quantizer from section 4.2.1, we will define three element-

wise quantizers:

1. QX̂

`

x̂kj
˘

is a quantizer defined on the high-probability range of x̂kj , which will be

defined in Sections 4.4.2 and 4.4.3. We allow the notation rX to be the matrix of

quantized elements from X̂ and rxT
k to be the kth row of rX. We define

rxkj :“ QX̂

`

x̂kj
˘

. (4.280)

2. QX̂2

´

x̂2kj

¯

is a quantizer defined on the high-probability range of squared elements of

the matrix X̂, which will be defined in future sections. We define

Ăx2kj :“ QX̂2

´

x̂2kj

¯

. (4.281)

3. Qŷ pŷkq is a quantizer defined on the high-probability range of the elements of ŷ. We

allow the notation ry to be the vector of the quantized elements of ŷ. We define

ryk :“ Qŷ pŷkq . (4.282)

The endpoints of the quantizers will be established in section 4.4.2 and 4.4.3, as they

depend on the assumptions made on Z which will vary by section.

We separate this chapter into two major sections. Section 4.4.2 assumes Z to be fixed,

while 4.4.3 assumes a standard Gaussian distribution on Z. The results will be summarized

in section 4.4.4.
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4.4.2 The Sketched and Quantized Scenario with Fixed Z

Let us assume Z is fixed and that the elements of Z are bounded, that is |zij | ď R for all

i, j for some R P R`. We will thus use the definitions

Σ :“ XTX “
ZTZ

n
(4.283)

ΣXy :“
ZTw

n
, (4.284)

and we define sketched and quantized estimators of Σ and ΣXy as

rΣ “
1

m

m
ÿ

k“1

rΣk “
1

m

m
ÿ

k“1

rxkrxT
k ` r∆k (4.285)

rΣXy “
1

m
rXT

ry “
1

m

m
ÿ

k“1

rxkjryk for 1 ď j ď d (4.286)

where we define rΣk “ rxkrxT
k ` r∆k and r∆k “ diag

´

Ăx2kj ´ rx2kj

¯d

j“1
. We note that, as in other

chapters, we define the estimators in such a ways as to allow for their unbiasedness, that is

E
”

rΣ
ı

“ Σ and E
”

rΣXy

ı

“ ΣXy. With these definitions, we prove the theorem

Theorem 4.4.1 (High Probability Error Bound for Sketched and Quantized Parameters

with Fixed Z). Let Z be a nˆd matrix whose elements satisfy |zij | ď R for all i, j for some

R ą 0. Define a scaled design matrix X “ Z?
n
and scaled response vector y “ w?

n
such that

y “ Xβ0 ` σ2 ϵ?
n
with ϵ „ Np0, Inq.

Then given a m ˆ n matrix S for some m ă n whose rows tsTi1 u
m
i1“1 are drawn IID as

random samples from Normalp0, Imˆmq, define the sketched design matrix X̂ “ SX and

sketched response vector ŷ “ Sy. Let x̂kj be the elements of X̂ and ŷk be the elements of ŷ

for k “ 1, . . . ,m and j “ 1, . . . , d.
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Let rxkj “ QX̂

`

x̂kj
˘

, Ăx2kj “ QX̂2

´

x̂2kj

¯

, and ryk “ Qŷ pŷkq be quantizers defined on the

intervals r´R̂, R̂s, r0, R̂2s, and r´L̂, L̂s, respectively, where |rxkj | ď R̂ and | ryk| ď L̂ with

high-probability where

R̂ :“
a

2R2 logp2nmdq, L̂ :“
a

2ℓ2 logp2nmq,

ℓ “ RC
a

logpnq

∥∥∥β0
∥∥∥
2

` σ
a

2 logp2n2q, b0 “ 2R̂2 ` d´1 ~Σ~ .

Define unbiased estimators of Σ :“ ZTZ
n and ΣXy :“ ZTw

n as

rΣ “
1

m

m
ÿ

k“1

rΣk “
1

m

m
ÿ

k“1

rxkrxT
k ` r∆k

rΣXy “
1

m
rXT

ry “
1

m

m
ÿ

k“1

rxkjryk for 1 ď j ď d.

Then for τ0 “ log2p2nmdq2R2
´

3 ` 2
d `

~Σ~

logp2nmdq

¯

, η “ 2
λminpΣq

, and provided that

m ě max

#

24d log3p2ndqη2R2

ˆ

6 `
4

d
`

2~Σ~

logp2ndq

˙

, 22d logp2ndqb0η

+

,

Then with probability 1 ´ 6{n

∥∥∥β0
´ β̂

∥∥∥
2

ď

4
∥∥β˚

∥∥
2

ˆ

b

2d logp2ndqτ0
m `

2d logp2ndqb0
m

˙

` 4

b

8dR̂2L̂2 logp2ndq

m

λmin pΣq
`

d

σ2d

λmin pΣqn

“ rO

˜

c

d

m

¸

` rO

˜

c

d

n

¸

. (4.287)
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Proof of 4.4.1

Proof. We wish to bound

∥∥∥β̂ ´ β˚
∥∥∥
2

ď

4
∥∥β˚

∥∥
2

‌

‌

‌

rΣ ´ Σ
‌

‌

‌
` 4

∥∥∥p rΣZw ´ ΣZwq

∥∥∥
2

λmin pΣq

by controlling

(a):
‌

‌

‌

rΣ ´ Σ
‌

‌

‌
(b):

∥∥∥rΣZw ´ ΣZw

∥∥∥
2
.

Analyzing Part (a) in the Sketched and Quantized Scenario with Fixed Data

We establish in Lemma 12 the following result

1

m

‌

‌

‌

‌

‌

‌

m
ÿ

k“1

´

rΣk ´ Σ
¯

‌

‌

‌

‌

‌

‌

“

‌

‌

‌

rΣ ´ Σ
‌

‌

‌
ď

c

2 logp2ndqτ

m
`

2 logp2ndqb

m
(4.288)

with probability 1 ´ 2{n where

τ0 “ log2p2nmdq2R2

ˆ

3 `
2

d
`

~Σ~

logp2nmdq

˙

and b0 “ 2R̂2 ` d´1 ~Σ~ .

Thus, we can say for part (a) of problem (4.19)

‌

‌

‌

rΣ ´ Σ
‌

‌

‌
ď

c

2d logp2ndqτ0
m

`
2d logp2ndqb0

m
(4.289)

with probability at least 1´ 2{n once we ensure the lambda min requirement is met. To do

so, we must find a value for m such that

c

2d logp2ndqτ0
m

`
2d logp2ndqb0

m
ď
λmin pΣq

2
. (4.290)
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It is sufficient to show that each term is less than λminpΣq

4 . We examine the first term:

c

2d logp2ndqτ0
m

ď
λmin pΣq

4

ùñ

g

f

f

e

2 logp2ndqd log2p2nmdq2R2
´

3 ` 2
d `

~Σ~

logp2nmdq

¯

m
ď
λmin pΣq

4

ùñ

g

f

f

e

2 logp2ndqd log2p2ndq2R2
´

3 ` 2
d `

~Σ~

logp2ndq

¯

m
ď
λmin pΣq

4

ùñ

4d log3p2ndqR2
´

3 ` 2
d `

~Σ~

logp2ndq

¯

m
ď
λ2min pΣq

24

ùñ m ě

26d log3p2ndqR2
´

3 ` 2
d `

~Σ~

logp2ndq

¯

λ2min pΣq

ùñ m ě 24d log3p2ndqη2R2

ˆ

6 `
4

d
`

2~Σ~

logp2ndq

˙

(4.291)

where

η “
2

λmin pΣq
. (4.292)

Examining the second term:

2d logp2ndqb0
m

ď
λmin pΣq

4

ùñ m ě 22d logp2ndqb0η. (4.293)

Selecting m such that

m ě max

#

24d log3p2ndqη2R2

ˆ

6 `
4

d
`

2~Σ~

logp2ndq

˙

, 22d logp2ndqb0η

+

(4.294)
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ensures the condition is met.

Analyzing Part (b) in the Sketched and Quantized Scenario with Fixed Data

We now upper bound ∥∥∥rΣXy ´ ΣXy

∥∥∥
2

recalling that we have defined rΣXy to be

rΣXy “
1

m
rXT

ry “
1

m

m
ÿ

k“1

rxkjryk for 1 ď j ď d. (4.295)

Let us define

ψj “

m
ÿ

k“1

rxjkryk ´

n
ÿ

i“1

xjiyi (4.296)

so that

1

m
ψj “

´

rΣXy ´ ΣXy

¯

j
“

1

m

m
ÿ

k“1

rxjkryk ´
1

m

n
ÿ

i“1

xjiyi (4.297)

is the jth term of the difference between the sketched and quantized estimator and ΣXy.

Let us define the event

E :

ˆ

max
k

|ryk| ď L̂

˙

AND

ˆ

max
kj

|x̂kj | ď R̂

˙

(4.298)

We then recognize that ψj conditioned on E is a sum of zero-mean, bounded random

variables in the region r´2R̂L̂, 2R̂L̂s. Thus, we can apply a Hoeffding bound and say

P
∣̀∣ψj

∣∣ ě t E
˘

ď 2 exp

˜

´
t2

8mR̂2L̂2

¸

(4.299)
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for all t ą 0 (see Wainwright Exercise 2.4, Example 2.4, and Equation 2.11)[69]. Using a

union bound argument and letting t “

b

8mR̂2L̂2 logp2ndq we have

P
ˆ

max
j

∣∣ψj

∣∣ ě

b

8mR̂2L̂2 logp2ndq E

˙

“ P

¨

˚

˝

max
j

´

rΣXy ´ ΣXy

¯

j
ě

d

8R̂2L̂2 logp2ndq

m
E

˛

‹

‚

ď 2d exp

˜

´
t2

8mR̂2L̂2

¸

“
1

n
. (4.300)

In section 4.4.2 we established that maxk |ŷk| ď L̂ with probability 1 ´ 2{n and that

maxkj |x̂kj | ď R̂ with probability 1 ´ 1{n. Thus, the union of the two events, which is

E, occurs with probability 1 ´
`

2{n` 1{n
˘

. So we can say

P
ˆ

max
j

´

rΣXy ´ ΣXy

¯

j
ě t

˙

ď P

˜

max
j

´

rΣXy ´ ΣXy

¯

j
ě t

ˆ

max
k

|ryk| ď L̂

˙

AND

ˆ

max
kj

|x̂kj | ď R̂

˙

¸

` P

˜

ˆ

max
k

|ryk| ě L̂

˙

OR

ˆ

max
kj

|x̂kj | ě R̂

˙

¸

“
1

n
`

2

n
`

1

n

“
4

n
(4.301)

Thus, we have bounded our desired quantity:

∥∥∥rΣXy ´ ΣXy

∥∥∥
2

ď
?
d
∥∥∥rΣXy ´ ΣXy

∥∥∥
8

ď

d

8dR̂2L̂2 logp2ndq

m
(4.302)

with probability at least 1 ´ 4{n.
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Combining (4.289) and (4.302) results into problem (4.19)

∥∥∥β˚ ´ β̂
∥∥∥
2

ď

4
∥∥β˚

∥∥
2

‌

‌

‌
Σ̂ ´ Σ

‌

‌

‌
` 4

∥∥∥pΣ̂Xy ´ ΣXyq

∥∥∥
2

λmin pΣq

ď

4
∥∥β˚

∥∥
2

ˆ

b

2d logp2ndqτ0
m `

2d logp2ndqb0
m

˙

` 4

b

8dR̂2L̂2 logp2ndq

m

λmin pΣq
(4.303)

“ rO

˜

c

d

m

¸

(4.304)

with probability at least 1´
`

2{n` 4{n
˘

. We now add on the additional error from
∥∥∥β̂ ´ β˚

∥∥∥
from the inequality

∥∥∥β0 ´ β̂
∥∥∥ ď

∥∥∥β0 ´ β˚
∥∥∥ `

∥∥∥β̂ ´ β˚
∥∥∥ . (4.305)

Then for some δ ą 0,

∥∥∥β0
´ β̂

∥∥∥
2

ď

4
∥∥β˚

∥∥
2

ˆ

b

2d logp2ndqτ0
m `

2d logp2ndqb0
m

˙

` 4

b

8dR̂2L̂2 logp2ndq

m

λmin pΣq
`

d

σ2d

λmin pΣqn

“ rO

˜

c

d

m

¸

` rO

˜

c

d

n

¸

(4.306)

with probability 1 ´ 6{n.

The subsequent sections provide the lemmas and proofs supporting this theorem.

Establishing a High-Probability Bound on the Sketched Data with Fixed Z

As a requisite to defining the bounds of our quantizers, we must establish high-probability

bounds on the sketched data.
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Lemma 11. Let Z be a nˆ d matrix whose elements satisfy |zij | ď R for all i, j for some

R ą 0. Define a scaled design matrix X “ Z?
n
and scaled response vector y “ w?

n
such that

y “ Xβ0 ` σ2 ϵ?
n
with ϵ „ Np0, Inq.

Then given a m ˆ n matrix S for some m ă n whose rows tsTi1 u
m
i1“1 are drawn IID as

random samples from Normalp0, Imˆmq, define the sketched design matrix X̂ “ SX and

sketched response vector ŷ “ Sy. Let x̂kj be the elements of X̂ and ŷk be the elements of ŷ

for k “ 1, . . . ,m and j “ 1, . . . , d. Then

∣∣x̂kj∣∣ ď
a

2R2 logp2nmdq

for all k, j with probability 1 ´ 1{n, and

|ŷk| ď
a

2ℓ2 logp2nmq

for all k with probability 1 ´ 2{n where ℓ “ RC
a

logpnq

∥∥∥β0
∥∥∥
2

` σ
a

2 logp2n2q is a high-

probability bound on maxi |yi| from Lemma 2.

Lemma 11 allows us to define

R̂ :“
a

2R2 logp2nmdq (4.307)

and

L̂ :“
a

2ℓ2 logp2nmq (4.308)

as high-probability bounds of x̂kj and ŷk for all k, j.

Proof of Lemma 11
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Establishing a High-Probability Bound on the Elements of X̂ We first examine

the elements of X̂, that is, x̂kj “
řn

i“1 xijski. Since ski „ Np0, 1q for all k, i, then we know

that x̂kj „ N
´

0,
∥∥x̂¨j

∥∥2
2

¯

where x̂¨j is the jth column of X. This also means that

Var
“

x̂kj
‰

“
∥∥x̂¨j

∥∥2
2

“

∥∥∥∥ z¨j
?
n

∥∥∥∥2
2

“
1

n

∥∥z¨j

∥∥2
2

ď R2 (4.309)

where z¨j is the jth row of Z. We apply a Gaussian tail bound and state that

P
∣̀∣x̂kj∣∣ ě t

˘

ď 2 exp

˜

´t2

2σ2x̂

¸

ď 2 exp

˜

´t2

2R2

¸

(4.310)

for all t ě 0 where σ2x̂ “ Var
“

x̂kj
‰

. Letting t “
a

2R2 logp2nmdq and using a union bound

argument we can say

P
ˆ

max
k,j

∣∣x̂kj∣∣ ě t

˙

ď 2md exp

˜

´t2

2R2

¸

“
1

n
(4.311)

Then ∣∣x̂kj∣∣ ď
a

2R2 logp2nmdq (4.312)

for all k, j with probability 1 ´ 1{n.

Establishing a High-Probability Bound on the Elements of ŷ Now let us examine

ŷk “
řn

i“1 skiyi. We define the event

E : max
i

|wi| ď ℓ for ℓ “ RC
a

logpnq

∥∥∥β0
∥∥∥
2

` σ
a

2 logp2n2q (4.313)
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which we showed in section 4.2.2 occurs with probability 1´1{n. Examining the conditioned

variance we see

Var rŷk Es “ E
”

yT sks
T
k y E

ı

“ yTy “
1

n
∥w∥22 ď ℓ2. (4.314)

We can again apply a Gaussian tail bound and say

P
`

|ŷk| ě t E
˘

ď 2 exp

˜

´t2

2σ2ŷ

¸

ď 2 exp

˜

´t2

2ℓ2

¸

(4.315)

where σ2ŷ “ Var rŷk Es. Using a union bound and letting t “
a

2ℓ2 logp2nmq results in

P
ˆ

max
k

|ŷk| ě
a

2ℓ2 logp2nmq E

˙

ď 2m exp

˜

´t2

2ℓ2

¸

ď
1

n
(4.316)

Now using the law total of probability

P
ˆ

max
k

|ŷk| ě t

˙

ď P
ˆ

|ŷk| ě t max
i

|wi| ď ℓ

˙

` P
ˆ

max
i

|wi| ě ℓ

˙

“
1

n
`

1

n
“

2

n
(4.317)

for t “
a

2ℓ2 logp2nmq and ℓ “ RC
a

logpnq

∥∥∥β0
∥∥∥
2

`σ
a

2 logp2n2q for some constant C ą 0.

Establishing the Bounds of the Quantizers in the Sketched and Quantized Sce-

nario with Fixed Z

We established in section 4.4.2 that

|x̂jk| ď R̂ “
a

2R2 logp2nmdq w.p. 1 ´ 1{n (4.318)

|ŷk| ď L̂ “
a

2ℓ2 logp2nmq w.p. 1 ´ 2{n. (4.319)
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for all j, k for ℓ “ RC
a

logpnq

∥∥∥β0
∥∥∥
2

` σ
a

2 logp2n2q for some constant C ą 0. Using these

results, we establish our bounds for our three quantizers:

α´ α` ∆

Qx̂ ´R̂ R̂ 2R̂

Qx̂2 0 R̂2 R̂2

Qŷ ´L̂ L̂ 2L̂

Matrix Bernstein Inequality for the Sketched and Quantized Scenario with

Fixed Z

Lemma 12. Let Z be a nˆ d matrix whose elements satisfy |zij | ď R for all i, j for some

R ą 0. Define a scaled design matrix X “ Z?
n
and scaled response vector y “ w?

n
such that

y “ Xβ0 ` σ ϵ?
n
with ϵ „ Np0, Inq.

Then given a m ˆ n matrix S for some m ă n whose rows tsTi1 u
m
i1“1 are drawn IID as

random samples from Normalp0, Imˆmq, define the sketched design matrix X̂ “ SX and

sketched response vector ŷ “ Sy. Let x̂kj be the elements of X̂ and ŷk be the elements of ŷ

for k “ 1, . . . ,m and j “ 1, . . . , d.

Let rxkj “ QX̂

`

x̂kj
˘

, Ăx2kj “ QX̂2

´

x̂2kj

¯

, and ryk “ Qŷ pŷkq be quantizers defined on the

intervals r´R̂, R̂s, r0, R̂2s, and r´L̂, L̂s, respectively, where |rxkj | ď R̂ and | ryk| ď L̂ with

high-probability where

R̂ :“
a

2R2 logp2nmdq, L̂ :“
a

2ℓ2 logp2nmq, ℓ “ RC
a

logpnq

∥∥∥β0
∥∥∥
2

` σ
a

2 logp2n2q.
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Define unbiased estimators of Σ :“ ZTZ
n and ΣXy :“ ZTw

n as

rΣ “
1

m

m
ÿ

k“1

rΣk “
1

m

m
ÿ

k“1

rxkrxT
k ` r∆k

rΣXy “
1

m
rXT

ry “
1

m

m
ÿ

k“1

rxkjryk for 1 ď j ď d.

For

τ0 “ log2p2nmdq2R2

ˆ

3 `
2

d
`

~Σ~

logp2nmdq

˙

, and b0 “ 2R̂2 ` d´1 ~Σ~ ,

then with probability 1 ´ 2{n

‌

‌

‌

rΣ ´ Σ
‌

‌

‌
ď

c

2d logp2ndqτ0
m

`
2d logp2ndqb0

m
.

Proof of Lemma 12

Proof. Let us begin by defining the event

E : max
j,k

|x̂jk| ď R̂ (4.320)

which we showed is true with probability 1 ´ 1{n in section 4.4.2.

Conditioned on this event, we establish a few helpful facts. First, we note that rx2kj “ R̂2

for all k, j. Second, Ăx2kj P

!

0, R̂2
)

. Thus, we can see that Ăx2kj ´ rx2kj ď 0 for all k, j resulting

in r∆k “ diag
´

Ăx2kj ´ rx2kj

¯d

j“1
to consist of all non-positive values.

Recall that we defined

rΣk “ rxkrxTk ` r∆k (4.321)
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We now apply the Matrix Bernstein inequality (Theorem 6.17 in Wainwright)[69]. We use

the fact that Var
”

rΣk ´ Σ
ı

“ Var
”

rΣk

ı

, and apply a Bernstein result to the zero-mean

matrices t rΣk ´ Σumk“1. Then we can say

P

¨

˝

1

m

‌

‌

‌

‌

‌

‌

m
ÿ

k“1

´

rΣk ´ Σ
¯

‌

‌

‌

‌

‌

‌

ě δ E

˛

‚ď 2 rank

¨

˝

m
ÿ

k“1

Var
”

rΣk E
ı

˛

‚exp

¨

˚

˝

´mδ2

2
´

σ2
rΣ

` bδ
¯

˛

‹

‚

(4.322)

for some b ě

‌

‌

‌

rΣk ´ Σ
‌

‌

‌
and δ ě 0 and where

σ2
rΣ

“
1

m

‌

‌

‌

‌

‌

‌

m
ÿ

k“1

Var
”

rΣk E
ı

‌

‌

‌

‌

‌

‌

“
1

m

‌

‌

‌

‌

mVar
”

rΣk E
ı

‌

‌

‌

‌

“

‌

‌

‌

‌

Var
”

rΣk E
ı

‌

‌

‌

‌

. (4.323)

Using arguments similar to those made in section 4.2.2 and 4.3.3, choosing b ě 2dR̂2 ` ~Σ~

satisfies the Bernstein condition.

We the proceed by bounding the spectral norm of the variance of rΣk conditioned on E:

σ2
rΣ

“

‌

‌

‌

‌

Var
”

rΣk E
ı

‌

‌

‌

‌

“

‌

‌

‌

‌

‌

dR̂2E
”

rxkrxTk E
ı

` E

„

r∆
2

k E

ȷ

` 2E
”

r∆krxkrxTk E
ı

´ Σ2

‌

‌

‌

‌

‌

ď

‌

‌

‌

‌

‌

dR̂2E
”

rxkrxTk E
ı

` E

„

r∆
2

k E

ȷ

` 2E
”

r∆krxkrxTk E
ı

‌

‌

‌

‌

‌

ď dR̂2

‌

‌

‌

‌

E
”

rxkrxTk E
ı

‌

‌

‌

‌

`

‌

‌

‌

‌

‌

E

„

r∆
2

k E

ȷ

‌

‌

‌

‌

‌

`

‌

‌

‌

‌

2E
”

r∆krxkrxTk E
ı

‌

‌

‌

‌

ď dR̂2
´

R̂2 ` ~Σ~

¯

` 2R̂4 ` 2E
”‌

‌

‌
rxkrxTk

‌

‌

‌

‌

‌

‌

r∆k

‌

‌

‌
E

ı

ď dR̂2 ~Σ~ ` dR̂4 ` 2R̂4 ` 2dR̂4

“ dR̂2 ~Σ~ ` p3d` 2qR̂4. (4.324)
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Here we used Jensen’s inequality and the convexity of the spectral norm. Additionally, we

used the facts

1. Since Var
”

rΣk

ı

ľ 0 and Σ ľ 0 we applied (D.1) to drop Σ from the second step.

2. We can bound

‌

‌

‌

‌

E
”

rxkrxTk E
ı

‌

‌

‌

‌

by rewriting E
”

rxkrxTk E
ı

as

diag

ˆ

R̂2 ´ E
”

Ăx2kj E
ı

˙d

j“1

` E

»

—

—

—

—

—

—

—

—

—

–

»

—

—

—

—

—

—

—

—

–

Ąx2k1 rxk1rxk2 . . . rxk1rxkd

rxk2rxk1
Ąx2k2 . . . rxk2rxkd

...
...

. . .
...

rxkdrxk1 rxkdrxk2 . . .
Ąx2kd

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

E

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

(4.325)

by adding and subtracting diag

ˆ

E
”

Ăx2kj E
ı

˙d

j“1

. Then using that

E
”

Ăx2kj E
ı

“

n
ÿ

i“1

x2ij and E
“

rxkjrxkj1 E
‰

“

n
ÿ

i“1

xijxij1 (4.326)

where j ‰ j1 (see appendix A for formulations), we can then say

E
”

rxkrxTk E
ı

“ diag

˜

R̂2 ´

n
ÿ

i“1

x2ij

¸d

j“1

` Σ. (4.327)
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We can then bound its spectral norm using the triangle inequality:

‌

‌

‌

‌

‌

E

„

rx̂krx̂
T

k E

ȷ

‌

‌

‌

‌

‌

“

‌

‌

‌

‌

‌

‌

diag

˜

R̂2 ´

n
ÿ

i“1

x2ij

¸d

j“1

` Σ

‌

‌

‌

‌

‌

‌

ď

‌

‌

‌

‌

‌

‌

diag

˜

R̂2 ´

n
ÿ

i“1

x2ij

¸d

j“1

‌

‌

‌

‌

‌

‌

` ~Σ~

ď R̂2 ´ nR2 ` ~Σ~

ď R̂2 ` ~Σ~ (4.328)

3. Recognizing that all the elements in rxkrxTk are bounded in absolute value by R̂2, then

a bound of
‌

‌

‌
rxkrxTk

‌

‌

‌
conditioned on E is

‌

‌

‌
rxkrxTk

‌

‌

‌

2
“ sup

∥v∥“1
vT

rxTk rxkrxkrxTk v

“ sup
∥v∥“1

∣∣∣∣∣∣∣
ÿ

j,j1

vjvj1

¨

˝

d
ÿ

ℓ

´

rxTk rxk

¯

ℓj

´

rxkrxTk

¯

ℓj1

˛

‚

∣∣∣∣∣∣∣
ď sup

∥v∥“1

ÿ

j,j1

∣∣vj∣∣∣∣vj1

∣∣∣∣∣∣∣∣
d

ÿ

ℓ

´

rxTk rxk

¯

ℓj

´

rxkrxTk

¯

ℓj1

∣∣∣∣∣∣
ď dR̂4 sup

∥v∥“1
∥v∥21

“ d2R̂4

ùñ

‌

‌

‌
rxkrxTk

‌

‌

‌
ď dR̂2 (4.329)
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4. A bound of
‌

‌

‌

r∆k

‌

‌

‌
conditioned on E is

‌

‌

‌

r∆k

‌

‌

‌
“

‌

‌

‌

‌

diag
´

R̂2 ´ rx2kj

¯d

j“1

‌

‌

‌

‌

ď R̂2 (4.330)

since conditioned on E, Ąx̂kj2 P t0, R̂2u and rx2kj “ R̂2.

We proceed by defining

τ :“ dR̂2 ~Σ~ ` p3d` 2qR̂4

“ d
´

a

2R2 logp2nmdq

¯2
~Σ~ ` p3d` 2q

´

a

2R2 logp2nmdq

¯4

“ d

˜

2R2 logp2nmdq ~Σ~ `

ˆ

3 `
2

d

˙

´

2R2 logp2nmdq

¯2
¸

“ d log2p2nmdq2R2

ˆ

3 `
2

d
`

~Σ~

logp2nmdq

˙

. (4.331)

Now, since σ2
rΣ

ď τ , then we can say

P

¨

˝

1

m

‌

‌

‌

‌

‌

‌

m
ÿ

k“1

´

rΣk ´ Σ
¯

‌

‌

‌

‌

‌

‌

ě δ E

˛

‚ď 2d exp

¨

˚

˝

´mδ2

2
´

σ2
rΣ

` bδ
¯

˛

‹

‚

ď 2d exp

˜

´mδ2

2 pτ ` bδq

¸

.

(4.332)

Let us choose

δ “

c

2 logp2ndqτ

m
`

2 logp2ndqb

m
(4.333)

so that

mδ2

2 pτ ` bδq
ě min

#

mδ2

2τ
,
mδ

2b

+

ě logp2ndq. (4.334)
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We can now say

P

¨

˝

1

m

‌

‌

‌

‌

‌

‌

m
ÿ

k“1

´

rΣk ´ Σ
¯

‌

‌

‌

‌

‌

‌

ě δ E

˛

‚ď 2d exp

˜

´mδ2

2 pτ ` bδq

¸

ď 2d exp
`

´ logp2ndq
˘

“
1

n

(4.335)

for δ “

b

2 logp2ndqτ
m `

2 logp2ndqb
m , for τ “ d log2p2nmdq2R2

´

3 ` 2
d `

~Σ~

logp2nmdq

¯

, and for any

b ě 2dR̂2 ` ~Σ~.

Then using the law of total probability

P

¨

˚

˝

1

m

‌

‌

‌

‌

‌

‌

m
ÿ

k“1

´

rΣk ´ Σ
¯

‌

‌

‌

‌

‌

‌

ě δ

˛

‹

‚

ď P

¨

˚

˝

1

m

‌

‌

‌

‌

‌

‌

m
ÿ

k“1

´

rΣk ´ Σ
¯

‌

‌

‌

‌

‌

‌

ě δ E

˛

‹

‚

` P
ˆ

max
jk

|x̂jk| ě R̂

˙

“
1

n
`

1

n

“
2

n
(4.336)

Summary of the Sketched and Quantized Scenario with Fixed Z

For fixed Z with bounded elements |zij | ď R for all i, j we defined

Σ “ XTX “
ZTZ

n
rΣ “

1

m

m
ÿ

k“1

rΣk (4.337)

ΣXy “ XTy “
ZTw

n
rΣXy “

1

m
rXT

ry for 1 ď j ď d. (4.338)
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where we let rΣk “ rxkrxT
k ` r∆k and r∆k “ diag

´

Ăx2kj ´ rx2kj

¯d

j“1
. We showed that

‌

‌

‌

rΣ ´ Σ
‌

‌

‌
ď

c

4d logp2ndqτ0
m

`
4d logp2ndqb0

m
w.p. 1 ´ 3{n (4.339)

∥∥∥rΣXy ´ ΣXy

∥∥∥
2

ď

d

8dR̂2L̂2 logp2ndq

m
w.p. 1 ´ 4{n (4.340)

for

τ0 “ log2p2nmdq2R2

ˆ

3 `
2

d
`

~Σ~

logp2nmdq

˙

b0 “ 2R̂2 ` d´1 ~Σ~

R̂ “
a

2R2 logp2nmdq L̂ “
a

2ℓ2 logp2nmq

ℓ “ RC
a

logpnq

∥∥∥β0
∥∥∥
2

` σ
a

2 logp2n2q for C ą 0.

We can summarize the results by stating

‌

‌

‌

rΣ ´ Σ
‌

‌

‌
“ O

¨

˚

˝

d

R2d logpndq log2pnmdq

m

˛

‹

‚

“ rO

˜

c

d

m

¸

(4.341)

∥∥∥rΣZw ´ ΣZw

∥∥∥
2

“ O

˜

c

R2ℓ2d logpnmdq logpnmq logpndq

m

¸

“ O

˜

c

d logpnmdq logpnmq logpndq logpnq

m

¸

“ rO

˜

c

d

m

¸

(4.342)

Choosing m such that

m ě max

#

24d log3p2ndqη2R2

ˆ

6 `
4

d
`

2~Σ~

logp2ndq

˙

, 22d logp2ndqb0η

+

(4.343)
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for η “ 2
λminpΣq

satisfies the lambda-min-requirement and allows us to say

∥∥∥β̂ ´ β˚
∥∥∥
2

ď

4
∥∥β˚

∥∥
2

‌

‌

‌
Σ̂ ´ Σ

‌

‌

‌
` 4

∥∥∥pΣ̂Xy ´ ΣXyq

∥∥∥
2

λmin pΣq

ď

4
∥∥β˚

∥∥
2

ˆ

b

2d logp2ndqτ0
m `

2d logp2ndqb0
m

˙

` 4

b

8dR̂2L̂2 logp2ndq

m

λmin pΣq
(4.344)

with probability at least 1 ´ 6{n. We now add on the additional error from
∥∥∥β̂ ´ β˚

∥∥∥ from

the inequality

∥∥∥β0 ´ β̂
∥∥∥ ď

∥∥∥β0 ´ β˚
∥∥∥ `

∥∥∥β̂ ´ β˚
∥∥∥ . (4.345)

resulting in

∥∥∥β0
´ β̂

∥∥∥
2

ď

4
∥∥β˚

∥∥
2

ˆ

b

2d logp2ndqτ0
m `

2d logp2ndqb0
m

˙

` 4

b

8dR̂2L̂2 logp2ndq

m

λmin pΣq
`

d

σ2d

λmin pΣqn

“ rO

˜

c

d

m

¸

` rO

˜

c

d

n

¸

(4.346)

with probability 1 ´ 6{n.

4.4.3 The Sketched and Quantized Scenario with Gaussian Z

Let us assume the rows of Z, namely zTi , are drawn independently from a multivariate nor-

mal distribution with mean 0 and covariance Idˆd. Furthermore, suppose y “ Z?
n
β0 `σ ϵ?

n

where ϵ is a nˆ 1 vector whose entries are independent and standard normally distributed.
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Then we define:

X :“
Z

?
n
, y :“

w
?
n

“ Xβ0 ` σ
ϵ

?
n

(4.347)

Σ :“ E
”

`

X ´ E rXs
˘T `

X ´ E rXs
˘

ı

“ E
”

XTX
ı

“ E

«

ZTZ

n

ff

(4.348)

ΣXy :“ E
”

XTy
ı

“ E

«

ZTw

n

ff

. (4.349)

We define rxkj and ryk as in the introduction (Section 4.1). We then define sketched and

quantized estimators of Σ and ΣXy as

rΣ :“
1

m

m
ÿ

k“1

rΣk “
1

m

m
ÿ

k“1

rxkrxT
k ` r∆k (4.350)

rΣXy :“
1

m
rXT

ry “
1

m

m
ÿ

k“1

rxkjryk for 1 ď j ď d (4.351)

where we define rΣk :“ rxkrxT
k ` r∆k and r∆k :“ diag

´

Ăx2kj ´ rx2kj

¯d

j“1
. We note that, as in

other chapters, we define the estimators so they are unbiased, that is E
”

rΣ
ı

“ Σ and

E
”

rΣXy

ı

“ ΣXy.

Theorem 4.4.2. Let the rows of a n ˆ d matrix Z, namely zTi , be drawn independently

from a multivariate normal distribution with mean 0 and covariance Idˆd. Define a scaled

design matrix X “ Z?
n
and scaled response vector y “ w?

n
such that y “ Xβ0 ` σ ϵ?

n
with

ϵ „ Np0, Inq.

Then given a m ˆ n matrix S for some m ă n whose rows tsTi1 u
m
i1“1 are drawn IID as

random samples from Normalp0, Imˆmq, define the sketched design matrix X̂ “ SX and
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sketched response vector ŷ “ Sy. Let x̂kj be the elements of X̂ and ŷk be the elements of ŷ

for k “ 1, . . . ,m and j “ 1, . . . , d.

Let rxkj “ QX̂

`

x̂kj
˘

, Ăx2kj “ QX̂2

´

x̂2kj

¯

, and ryk “ Qŷ pŷkq be quantizers defined on the

intervals r´R̂, R̂s, r0, R̂2s, and r´L̂, L̂s, respectively, where |rxkj | ď R̂ and | ryk| ď L̂ with

high-probability where

R̂g “

´

1 `
a

2 logpndq

¯

a

2 logp2nmdq, L̂g “
a

2c logp2mnq

˜

1 `

c

2 logpnq

n

¸

,

for c “

ˆ

σ `

∥∥∥β0
∥∥∥
2

˙2

. Define unbiased estimators of Σ :“ E
”

ZTZ
n

ı

and ΣXy :“ E
”

ZTw
n

ı

as

rΣ “
1

m

m
ÿ

k“1

rΣk “
1

m

m
ÿ

k“1

rxkrxT
k ` r∆k

rΣXy “
1

m
rXT

ry “
1

m

m
ÿ

k“1

rxkjryk for 1 ď j ď d.

For

τ0 “ log2p2nmdq

´

1 `
a

2 logpndq

¯4

¨

˚

˚

˝

12 `
2

logp2nmdq

´

1 `
a

2 logpndq

¯2 `
8

d

˛

‹

‹

‚

,

b0 “ 2R̂2
g ` d´1 ~Σ~ , η “

2

λmin pΣq
,

and choosing m such that

m ě max

$

’

’

&

’

’

%

24d log3p2ndq

´

1 `
a

2 logpndq

¯4

η2

¨

˚

˚

˝

6 `
1

logp2ndq

´

1 `
a

4 logpndq

¯2 `
4

d

˛

‹

‹

‚

, 22dlogp2ndqb0η

,

/

/

.

/

/

-

,
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then with probability at least 1 ´ 10{n

∥∥∥β˚ ´ β̂
∥∥∥
2

ď

4
∥∥β˚

∥∥
2

‌

‌

‌
Σ̂ ´ Σ

‌

‌

‌
` 4

∥∥∥pΣ̂Xy ´ ΣXyq

∥∥∥
2

λmin pΣq

ď

4
∥∥β˚

∥∥
2

ˆ

b

2d logp2ndqτ0
m `

2d logp2ndqb0
m

˙

` 4

b

8dR̂2
gL̂

2
g logp2ndq

m

λmin pΣq

“ rO

˜

c

d

m

¸

.

Proof of Theorem 4.4.2

Proof. We wish to bound

∥∥∥β̂ ´ β˚
∥∥∥
2

ď

4
∥∥β˚

∥∥
2

‌

‌

‌

rΣ ´ Σ
‌

‌

‌
` 4

∥∥∥p rΣZw ´ ΣZwq

∥∥∥
2

λmin pΣq

by controlling

(a):
‌

‌

‌

rΣ ´ Σ
‌

‌

‌
(b):

∥∥∥rΣZw ´ ΣZw

∥∥∥
2
.

Analyzing Part (a) in the Sketched and Quantized Scenario with Gaussian As-

sumptions We use Lemma 12 modified for the Gaussian scenario to say:

1

m

‌

‌

‌

‌

‌

‌

m
ÿ

k“1

´

rΣk ´ Σ
¯

‌

‌

‌

‌

‌

‌

“

‌

‌

‌

rΣ ´ Σ
‌

‌

‌
ď

c

2d logp2ndqτ0
m

`
2d logp2ndqb0

m
(4.352)
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with probability 1 ´ 4{n where b0 ě 2R̂2
g ` d´1 ~Σ~

τ0 “ log2p2nmdq

´

1 `
a

2 logpndq

¯4

¨

˚

˚

˝

12 `
2

logp2nmdq

´

1 `
a

2 logpndq

¯2 `
8

d

˛

‹

‹

‚

.

This is further explained in a subsection below. To ensure the lambda min requirement is

met, m must be chosen such that

c

2d logp2ndqτ0
m

`
2d logp2ndqb0

m
ď
λmin pΣq

2
. (4.353)

It is sufficient for each term to be less than λminpΣq

4 . We examine the first term:

c

2d logp2ndqτ0
m

ď
λmin pΣq

4
ùñ

g

f

f

f

f

e

2 logp2ndqd log2p2nmdq

´

1 `
a

2 logpndq

¯4
˜

12 ` 2

logp2nmdq

´

1`
?

2 logpndq

¯2 ` 8
d

¸

m
ď
λmin pΣq

4

ùñ

4 logp2ndqd log2p2ndq

´

1 `
a

2 logpndq

¯4
˜

12 ` 2

logp2ndq

´

1`
?

2 logpndq

¯2 ` 8
d

¸

m
ď
λ2min pΣq

24

ùñ m ě

26d log3p2ndq

´

1 `
a

2 logpndq

¯4
˜

6 ` 1

logp2ndq

´

1`
?

2 logpndq

¯2 ` 4
d

¸

λ2min pΣq

ùñ m ě 24d log3p2ndq

´

1 `
a

2 logpndq

¯4

η2

¨

˚

˚

˝

6 `
1

logp2ndq

´

1 `
a

4 logpndq

¯2 `
4

d

˛

‹

‹

‚

(4.354)

where

η “
2

λmin pΣq
. (4.355)
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Examining the second term:

2d logp2ndqb0
m

ď
λmin pΣq

4

ùñ m ě 22d logp2ndqb0η. (4.356)

Choosing m to be the maximum value of these two values will ensure the condition is met.

Analyzing Part (b) in the Sketched and Quantized Scenario with Gaussian As-

sumptions We wish to now upper bound

∥∥∥rΣXy ´ ΣXy

∥∥∥
2

where we have defined rΣXy to be

rΣXy “
1

m
rXT

ry “
1

m

m
ÿ

k“1

rxkjryk for 1 ď j ď d. (4.357)

Let us define

ψj “

m
ÿ

k“1

rxjkryk ´

n
ÿ

i“1

xjiyi (4.358)

such that

1

m
ψj “

´

rΣXy ´ ΣXy

¯

j
“

1

m

m
ÿ

k“1

rxjkryk ´
1

m

n
ÿ

i“1

xjiyi (4.359)

is the jth term of the difference between the sketched and quantized estimator and ΣXy.

With the event

E :

ˆ

max
k

|ryk| ď L̂g

˙

AND

ˆ

max
kj

|x̂kj | ď R̂g

˙

(4.360)
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which we showed with Lemmas 11 and 13 to occur with probability 1 ´ 3{n and 1 ´ 2{n,

respectively. Then we can directly apply the arguments and conclusions from the proof of

Theorem 4.4.1 to say

P
ˆ

max
j

´

rΣXy ´ ΣXy

¯

j
ě t

˙

ď P

˜

max
j

´

rΣXy ´ ΣXy

¯

j
ě t

ˆ

max
k

|ryk| ď L̂g

˙

AND

ˆ

max
kj

|x̂kj | ď R̂g

˙

¸

` P

˜

ˆ

max
k

|ryk| ě L̂g

˙

OR

ˆ

max
kj

|x̂kj | ě R̂g

˙

¸

“
1

n
`

3

n
`

2

n

“
6

n
(4.361)

for t “

b

8R̂2
gL̂

2
g logp2ndq

m and R̂g and L̂g as defined in sections in sections 4.3.3 and 4.4.2,

respectively. Thus, we have bounded our desired quantity:

∥∥∥rΣXy ´ ΣXy

∥∥∥
2

ď
?
d
∥∥∥rΣXy ´ ΣXy

∥∥∥
8

ď

d

8dR̂2
gL̂

2
g logp2ndq

m
(4.362)

with probability at least 1 ´ 6{n.

Establishing a High-Probability Bound on the Sketched Data with Gaussian Z

With Gaussian assumptions on our data, we must establish high-probability upper and

lower bounds on the sketched data. In section 4.4.2, we relied heavily on our assumptions

that bounded |zij | for all i, j. Since in this section we no longer have these bounds, we will
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proceed by using a Gaussian tail bound to establish high-probability bounds on |zij | and

|wi|.

Establishing a High-Probability Bound on the Elements of X̂ We reuse results

from Section 4.3.3 to say

|x̂kj | ď R̂g “

´

1 `
a

2 logpndq

¯

a

2 logp2nmdq (4.363)

for all k, j with probability 1 ´ 2{n.

Establishing a High-Probability Bound on the Elements of ŷ

Lemma 13. Let the rows of a nˆ d matrix Z, namely zTi , be drawn independently from a

multivariate normal distribution with mean 0 and covariance Idˆd. Define a scaled design

matrix X “ Z?
n

and scaled response vector y “ w?
n

such that y “ Xβ0 ` σ ϵ?
n

with ϵ „

Np0, Inq.

Then given a m ˆ n matrix S for some m ă n whose rows tsTi1 u
m
i1“1 are drawn IID as

random samples from Normalp0, Imˆmq, define the sketched design matrix X̂ “ SX and

sketched response vector ŷ “ Sy. Let x̂kj be the elements of X̂ and ŷk be the elements of ŷ

for k “ 1, . . . ,m and j “ 1, . . . , d. Then for c “

ˆ

σ `

∥∥∥β0
∥∥∥
2

˙2

,

|ŷk| ď
a

2c logp2mnq

˜

1 `

c

2 logpnq

n

¸

for all k with probability at least 1 ´ 3{n.
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We use Lemma 13 to define

L̂g :“
a

2c logp2mnq

˜

1 `

c

2 logpnq

n

¸

(4.364)

so that we can say |ŷk| ď L̂g for all k with probability at least 1´3{n for c “

ˆ

σ `

∥∥∥β0
∥∥∥
2

˙2

.

Proof of Lemma 13

Proof. Recognizing that ŷk “
řn

i“1 skiyi, we can say that ŷk y „ N
´

0,∥y∥22
¯

. We showed

in section 4.3.3 that

∥y∥22 ď p1 ` δq
2

ˆ

σ `

∥∥∥β0
∥∥∥
2

˙2

“ c p1 ` δq
2 (4.365)

with probability at least p1´1{nq where we let δ “

b

2 logpnq

n and we let c “

ˆ

σ `

∥∥∥β0
∥∥∥
2

˙2

.

Let us define the events

A : max
k

|ŷk| ě t (4.366)

E : ∥y∥22 ď c p1 ` δq
2 (4.367)

for the same δ and c. We can now use event E to say that

Var rŷk Es “∥y∥22 ď c p1 ` δq
2 . (4.368)
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Then we apply a Gaussian tail bound to our conditioned sketched data and use a union

bound to say

P
ˆ

max
k

|ŷk| ě t E

˙

ď 2m exp

˜

´t2

2σ2ŷ

¸

ď 2m exp

˜

´
t2

2cp1 ` δq2

¸

(4.369)

where Var rŷk Es “ σ2ŷ. Letting

t “
a

2cp1 ` δq2 logp2mnq

“

g

f

f

e2c

˜

1 `

c

2 logpnq

n

¸2

logp2mnq

“
a

2c logp2mnq

˜

1 `

c

2 logpnq

n

¸

(4.370)

then

P
ˆ

max
k

|ŷk| ě t E

˙

ď
1

n
. (4.371)

We recognize that the probability of event E is the union of the probability of two

events:

B :
∥∥∥Xβ0

∥∥∥
2

ď

∥∥∥β0
∥∥∥
2

p1 ` δq (4.372)

C :
∥ϵ∥2?
n

ď 1 ` δ (4.373)
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which both occur with probability 1´ 1{n from Section 4.3.3. Then we use the law of total

probability to say

P
ˆ

max
k

|ŷk| ě t

˙

“ P pA EqP pEq ` P pA EcqP pEcq

ď P pA Eq ` P pEcq

“ P pA Eq ` P pBcq ` P pCcq

ď
1

n
`

1

n
`

1

n
“

3

n
. (4.374)

So we have shown

|ŷk| ď
a

2c logp2mnq

˜

1 `

c

2 logpnq

n

¸

(4.375)

for all k with probability at least 1 ´ 3{n.

Establishing the Bounds of the Quantizers in the Sketched and Quantized Sce-

nario with Gaussian Z

We established in sections 4.3.3 and 4.4.2 that

|x̂jk| ď R̂g “

´

1 `
a

2 logpndq

¯

a

2 logp2nmdq w.p. 1 ´ 2{n (4.376)

|ŷk| ď L̂g “
a

2c logp2nmq

˜

1 `

c

2 logpnq

n

¸

w.p. 1 ´ 3{n. (4.377)

for all j, k and for c “

ˆ

σ `

∥∥∥β0
∥∥∥
2

˙2

. Using these results, we establish our bounds for our

three quantizers:
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α´ α` ∆ w.p.

Qx̂ ´R̂g R̂g 2R̂g 1 ´ 2{n

Qx̂2 0 R̂2
g R̂2

g 1 ´ 2{n

Qŷ ´L̂g L̂g 2L̂g 1 ´ 3{n

Matrix Bernstein Inequality for the Sketched and Quantized Estimator with

Gaussian Z

With the event

E : max
jk

|x̂jk| ď R̂g, (4.378)

we can apply Lemma 12 to say

P

¨

˝

1

m

‌

‌

‌

‌

‌

‌

m
ÿ

k“1

´

rΣk ´ Σ
¯

‌

‌

‌

‌

‌

‌

ě δ

˛

‚ď P

¨

˝

1

m

‌

‌

‌

‌

‌

‌

m
ÿ

k“1

´

rΣk ´ Σ
¯

‌

‌

‌

‌

‌

‌

ě δ E

˛

‚` P
ˆ

max
jk

|x̂jk| ě R̂g

˙

“
2

n
`

2

n

“
4

n
(4.379)
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for δ “

b

2 logp2ndqτ
m `

2 logp2ndqb
m , for any b ě 2dR̂2

g ` ~Σ~, and for

τ “ dR̂2
g ~Σ~ ` p3d` 2qR̂4

g

“ d

ˆ

´

1 `
a

2 logpndq

¯

a

2 logp2nmdq

˙2

~Σ~

` p3d` 2q

ˆ

´

1 `
a

2 logpndq

¯

a

2 logp2nmdq

˙4

“ d4 log2p2nmdq

¨

˚

˚

˝

´

1 `
a

2 logpndq

¯2

2 logp2nmdq
`

ˆ

3 `
2

d

˙

´

1 `
a

2 logpndq

¯4

˛

‹

‹

‚

“ d log2p2nmdq

´

1 `
a

2 logpndq

¯4

¨

˚

˚

˝

12 `
2

logp2nmdq

´

1 `
a

2 logpndq

¯2 `
8

d

˛

‹

‹

‚

. (4.380)

This implies that

‌

‌

‌

rΣ ´ Σ
‌

‌

‌
ď

c

2 logp2ndqτ

m
`

2 logp2ndqb

m
(4.381)

with probability at least 1 ´ 4{n where b ě 2dR̂2
g ` ~Σ~ and

τ “ d log2p2nmdq

´

1 `
a

2 logpndq

¯4

¨

˚

˚

˝

12 `
2

logp2nmdq

´

1 `
a

2 logpndq

¯2 `
8

d

˛

‹

‹

‚

.
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4.4.4 Summary of the Sketched and Quantized Scenario with Gaussian

Z

For a random Z whose rows zTi are drawn independently from a multivariate normal distri-

bution with mean 0 and covariance Idˆd. we defined

Σ “ E

«

ZTZ

n

ff

“ Id rΣ “
1

m

m
ÿ

k“1

rΣk “
1

m

m
ÿ

k“1

rxkrxT
k ` r∆k

ΣXy “ E
”

XTy
ı

“ E

«

ZTw

n

ff

rΣXy “
1

m
rXT

ry “
1

m

m
ÿ

k“1

rxkjryk for 1 ď j ď d,

where we let rΣk “ rxkrxT
k ` r∆k and r∆k “ diag

´

Ăx2kj ´ rx2kj

¯d

j“1
. We then showed

‌

‌

‌

rΣ ´ Σ
‌

‌

‌
ď

c

2d logp2ndqτ0
m

`
2d logp2ndqb0

m
w.p. 1 ´ 4{n (4.382)

∥∥∥rΣXy ´ ΣXy

∥∥∥
2

ď

d

8dR̂2
gL̂

2
g logp2ndq

m
w.p. 1 ´ 6{n (4.383)

where

τ0 “ log2p2nmdq

´

1 `
a

2 logpndq

¯4

¨

˚

˚

˝

12 `
2

logp2nmdq

´

1 `
a

2 logpndq

¯2 `
8

d

˛

‹

‹

‚

R̂g “

´

1 `
a

2 logpndq

¯

a

2 logp2nmdq b0 “ 2R̂2
g ` d´1 ~Σ~

L̂g “
a

2c logp2nmq

˜

1 `

c

2 logpnq

n

¸

c “

ˆ

σ `

∥∥∥β0
∥∥∥
2

˙2
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We can summarize by stating

‌

‌

‌

rΣ ´ Σ
‌

‌

‌
“ O

¨

˚

˝

d

d log5pndq log2pnmdq

m

˛

‹

‚

(4.384)

∥∥∥rΣZw ´ ΣZw

∥∥∥
2

“ O

¨

˚

˝

d

d log2pndq logpnmq logpnmdq

m

˛

‹

‚

. (4.385)

Choosing m such that

m ě max

$

’

’

&

’

’

%

24d log3p2ndq

´

1 `
a

2 logpndq

¯4

η2

¨

˚

˚

˝

6 `
1

logp2ndq

´

1 `
a

4 logpndq

¯2 `
4

d

˛

‹

‹

‚

, 22dlogp2ndqb0η

,

/

/

.

/

/

-

(4.386)

for η “ 2
λminpΣq

satisfies the lambda min requirement and allows us to say

∥∥∥β̂ ´ β0
∥∥∥
2

ď

4
∥∥β˚

∥∥
2

‌

‌

‌
Σ̂ ´ Σ

‌

‌

‌
` 4

∥∥∥pΣ̂Xy ´ ΣXyq

∥∥∥
2

λmin pΣq

ď

4
∥∥β˚

∥∥
2

ˆ

b

2d logp2ndqτ0
m `

2d logp2ndqb0
m

˙

` 4

b

8dR̂2
gL̂

2
g logp2ndq

m

λmin pΣq
(4.387)

with probability at least 1 ´ 10{n.

4.5 Discussion

Omitting the definitions and explanations that are provided in each chapter, we provide

here a brief summary of the results from each section. Then, we analyze the results of each
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section by calculating the relative efficiency of the estimator to the OLS estimator, where

RE
´

β̂,β˚
¯

:“
Var

”

β̂
ı

Var
“

β˚
‰ . (4.388)

Let us define the estimator MSE as

MSE
´

β̂
¯

:“ tr

¨

˝E

«

ˆ

β̂ ´ E
”

β̂
ı

˙2
ff

˛

‚`

ˆ

β̂ ´ E
”

β̂
ı

˙2

. (4.389)

Since we have defined β̂ to be an unbiased estimator throughout, then

MSE
´

β̂
¯

:“ tr

¨

˝E

«

ˆ

β̂ ´ E
”

β̂
ı

˙2
ff

˛

‚“ E

„∥∥∥β̂ ´ β0
∥∥∥2
2

ȷ

. (4.390)

In each section we have found an upper bound to
∥∥∥β0 ´ β̂

∥∥∥
2
and thus an upper bound to its

square, which we know is greater than its expectation. We can thus use this upper bound

to find a worse case scenario bound on the relative efficiency (RE) compared to the OLS

estimator. ∥∥∥β̂ ´ β0
∥∥∥2
2

σ2λmax pΣq
ď RE

´

β̂,β˚
¯

ď

∥∥∥β̂ ´ β0
∥∥∥2
2

σ2λmin pΣq
(4.391)

While these bounds are not tight, especially the lower bound, it does provide a worse case

scenario of the performance of our estimators compared to the OLS estimator assuming the

estimator’s variance achieves its upper bound. While we know our estimator will never be

more efficient than the OLS estimator, values closer to 1 indicate comparable efficiency.
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4.5.1 Quantized Estimator

Quantized Estimator in Fixed Design

We showed that the difference between the estimator and the true β can be bound by

∥∥∥β0
´ β̂

∥∥∥
2

ď

2
∥∥β˚

∥∥
2

ˆ

b

2 logp2ndqτ
n `

4 logp2ndqb
n

˙

` 4
b

8r2ℓ2d logp2ndq

n

λmin pΣq
`

d

σ2d

λmin pΣqn

where

τ “ dτ0 “

˜

r2 ~Σ~ `
r4 p1 ` 3dq

d

¸

, b “ b0 “ 2r2 ` d´1 ~Σ~ ,

ℓ “ rC
a

logpnq

∥∥∥β0
∥∥∥
2

` σ
a

2 logp2n2q, η “
2

λmin pΣq
.

Since we are interested in the relative efficiency of our estimator compared to the OLS

estimator, we examine

RE
´

β̂,β˚
¯

ď

¨

˚

˝

2
∥∥β˚

∥∥
2

´

a

2 logp2ndqτ ` 4 logp2ndqb
¯

` 4
a

8r2ℓ2d logp2ndq
a

λmin pΣqσ2d

˛

‹

‚

2

“
16

σ2λmin pΣq

ˆ∥∥β˚
∥∥
2

´

a

2 logp2ndqτ0 ` 2
?
d logp2ndqb0

¯

` 4
a

8r2ℓ2 logp2ndq

˙2

(4.392)

From this we can see that the RE is dependent on r, ℓ, the nature of the design matrix,

and the magnitude of the terms in β˚ and β0. All of these will contribute to the variance

of our estimator and thus to the RE.
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Quantized Estimator in Random Design

We showed that the difference between the quantized estimator and the OLS estimator can

be bounded by

∥∥∥β˚ ´ β̂
∥∥∥
2

ď

4
∥∥β˚

∥∥
2

‌

‌

‌
Σ̂ ´ Σ

‌

‌

‌
` 4

∥∥∥pΣ̂Xy ´ ΣXyq

∥∥∥
2

λmin pΣq

ď

4
∥∥β˚

∥∥
2

ˆ

b

2 logp2ndqτ
n `

2 logp2ndqb
n

˙

` 4

b

8dr2gℓ
2
g logp2ndq

n

λmin pΣq
(4.393)

where

η “
2

λmin pΣq
, τ “ dτ0 “ log2p2n2dq

ˆ

12 `
4

d

˙

, b “ b0 “ 2r2g ` d´1 ~Σ~ ,

ℓg “

d

2

ˆ∥∥∥β0
∥∥∥2
2

` σ2
˙

logp2n2q, rg “
a

2 logp2n2dq.

We can now calculate our the relative efficiency of our estimator compared to the OLS

estimator as:

RE
´

β̂,β˚
¯

ď

¨

˚

˝

2
∥∥β˚

∥∥
2

´

a

2 logp2ndqτ ` 4 logp2ndqb
¯

` 4
b

8r2gℓ
2
gd logp2ndq

a

λmin pΣqσ2d

˛

‹

‚

2

“
16

σ2λmin pΣq

ˆ∥∥β˚
∥∥
2

´

a

2 logp2ndqτ0 ` 2
?
d logp2ndqb0

¯

` 4
a

8r2ℓ2 logp2ndq

˙2

(4.394)

This formulation’s dependencies are the same as that of the fixed case. This is illustrated

below in the figures of simulated data in the next section. Thus we expect the RE to

increase at a rate of d.
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Quantized Estimator in Simulation

In a simulation using toy data created under the assumptions of this section, the average

MSE of the estimator and the average RE were calculated for each combination of design

matrix with dimensions n “ 104, 105, 106 and d “ 3, 10, 20 and whose entries were absolutely

bounded by 1. The MSE is shown in Figure 4.1 and the RE is shown in Figure 4.2.

Figure 4.1: MSE of the Quantized Estimator

Figure 4.1 clearly shows the decay of the MSE as the number of samples increases. As

expected, the MSE of the OLS estimator also decreases with the number of samples. As the

quantizer is a lossy compression, we expect an inherent amount of error to exist between

these two.
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Figure 4.2: Relative Efficiency of Quantized vs OLS Estimators

In Figure 4.2, we see that as the number of features and samples increases, so does the

RE; however, within each category we see the RE remains relatively consistent across the

number of samples. This is consistent with our formulation in (4.392), as we expect the

d term to have the greatest affect on the RE. The other terms dependent on n and d are

logp¨q or
a

logp¨q which will have minimal effect.
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4.5.2 Sketched Estimator

Sketched Estimator in Fixed Design

We showed that the difference between the sketched estimator and the true parameter can

be bounded by

∥∥∥β0
´ β̂

∥∥∥
2

(4.395)

ď

4
´

2ϵ ` ϵ2
¯

¨∥̋∥β˚
∥∥
2

~Σ~ `

˜

rC
a

logpnq

∥∥∥β0
∥∥∥
2

` σ

ˆ

1 `

b

2 logpnq

n

˙

¸

~X~

˛

‚

λmin pΣq
`

d

σ2d

λmin pΣqn
(4.396)

where

η “
2

λmin pΣq
, ϵ “

c

d

m
`

c

2 logp2nq

m
.
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Then the relative efficiency compared to the OLS estimator is given by

RE
´

β̂,β˚
¯

ď

¨

˚

˚

˚

˚

˚

˚

˚

˝

4
´

2ϵ ` ϵ2
¯

¨∥̋∥β˚
∥∥
2

~Σ~ `

˜

rC
a

logpnq

∥∥∥β0
∥∥∥
2

` σ

ˆ

1 `

b

2 logpnq

n

˙

¸

~X~

˛

‚

λmin pΣq

˛

‹

‹

‹

‹

‹

‹

‹

‚

2

λmin pΣqn

σ2d

“

16n
´

2ϵ ` ϵ2
¯2

¨∥̋∥β˚
∥∥
2

~Σ~ `

˜

rC
a

logpnq

∥∥∥β0
∥∥∥
2

` σ

ˆ

1 `

b

2 logpnq

n

˙

¸

~X~

˛

‚

2

λmin pΣqσ2d

“

16n

˜

b

d
m

`

b

2 logp2nq

m
`

ˆ

b

d
m

`

b

2 logp2nq

m

˙2
¸2

C2

λmin pΣqσ2d

“

16n

ˆ ?
d`

?
2 logp2nq

?
m

` d
m

`

b

8d logp2nq

m2 `
2 logp2nq

m

˙2

C2

λmin pΣqσ2d

“

16n

ˆ ?
d`

?
2 logp2nq

?
m

`
d`

?
8d logp2nq`2 logp2nq

m

˙2

C2

λmin pΣqσ2d

“

16n

˜

d`
?

8d logp2nq`2 logp2nq

m
`

2
´?

d`
?

2 logp2nq

¯´

d`
?

8d logp2nq`2 logp2nq

¯

m3{2 `

ˆ

d`
?

8d logp2nq`2 logp2nq

m

˙2
¸

C2

λmin pΣqσ2d

“

16n

ˆ

d
m

` rO
´

d3{2`d`
?
d

m3{2

¯

` rO
´

d2`d3{2`d
m2

¯

˙

C2

λmin pΣqσ2d

“ rO

˜

n

m
`

n
?
d

m3{2
`

n

m3{2
`

n

m3{2
?
d

`
nd

m2
`

n
?
d

m2
`

n

m2

¸

“ rO
ˆ

n

m

˙

. (4.397)

Thus we expect the RE to grow at a rate of n
m . In all cases, the RE will be affected by r,

the nature of X and Σ, and β˚.
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Sketched Estimator in Random Design

We showed that the difference between the sketched estimator and the OLS estimator can

be bounded by

∥∥∥β˚ ´ β̂
∥∥∥
2

ď

4
∥∥β˚

∥∥
2

¨

˝

c

2d logpndqR̂2
g~Σ~

m
`

2 logpndqb
m

˛

‚` 4

ˆ

1 `

b

2 logpnq

n
`

b

d
n

˙

`

2ϵ ` ϵ2
˘

ˆ

1 `

b

2 logpnq

n

˙

C

λmin pΣq

“

4
∥∥β˚

∥∥
2

ˆ

b

d
m

b

2 logpndqR̂2
g ~Σ~ ` d

m

`

2 logpndqb0
˘

˙

` 4
`

2ϵ ` ϵ2
˘

ˆ

1 `

b

2 logpnq

n
`

b

d
n

˙ ˆ

1 `

b

2 logpnq

n

˙

C

λmin pΣq

“ rO

˜

c

d

m

¸

where

ϵ “

c

d

m
`

c

2 logp2nq

m
, η “

2

λmin pΣq
, b “ db0 “ 2R̂2

g ` d´1 ~Σ~

R̂g “

´

1 `
a

2 logpndq

¯

a

2 logp2nmdq, C “
∥∥β˚

∥∥
2

` σ.

Writing out these calculations would be cumbersome and space-consuming. Thus we sim-

plify them using the rO notation. Then we can show the RE decays at a rate of

RE
´

β̂,β˚
¯

ď

rO
ˆ

b

d
m

˙2

rO
´

d
n

¯ “ rO
ˆ

n

m

˙

Thus, we have a term that grows at a rate of n
m , as in the fixed design case. We illustrate

this behavior in the graphs of simulated data in the next section.
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Sketched Estimator in Simulation

We simulate data of dimensions n “ 104, 105 and d “ 3, 10, 20 according to the assumptions

made in the random design scenario. In Figure 4.3 we display the results from the scenario

with n “ 104 and in Figure 4.4 we show the results from the scenario with n “ 105.

Figure 4.3: MSE of the Sketched Estimator with 10000 Samples

Comparing the two graphs, we can see that the values in the scenario with n “ 105 are

substantially smaller in their relative case in the n “ 104 scenario. This is consistent with

the rate of decay we expect to see based on our analysis, namely: rO
ˆ

b

d
m

˙

` rO
ˆ

b

d
n

˙

.

We can also see that in all scenarios, the MSE decreases as m increases and increases as d

increases. Again, this is as expected.
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Figure 4.4: MSE of the Sketched Estimator with 100000 Samples

We also looked at the RE in simulation. Using the same data and scenarios, Figure 4.5

shows the scenario with n “ 104 and Figure 4.6 shows the scenario with n “ 105. Comparing

these graphs, we can see that the RE is almost unchanged between them for all parameter

combinations. This is because the m that was chosen in each bar of the graph was the same

proportion of n. Thus, the graphs demonstrate that the RE scales proportional to the ratio

n{m, as expected.
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Figure 4.5: Relative Efficiency of Sketched Estimator for n “ 10000
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Figure 4.6: Relative Efficiency of Sketched Estimator for n “ 100000

4.5.3 Sketched and Quantized Estimator

Sketched and Quantized Estimator in Fixed Design

We showed that the difference between the sketched and quantized estimator and the true

parameter is bounded by

∥∥∥β0 ´ β̂
∥∥∥
2

ď

4
∥∥β˚

∥∥
2

ˆ

b

2 logp2ndqτ
m `

2 logp2ndqb
m

˙

` 4

b

8dR̂2L̂2 logp2ndq

m

λmin pΣq
`

d

σ2d

λmin pΣqn

“ rO

˜

c

d

m

¸

` rO

˜

c

d

n

¸

(4.398)
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where

R̂ :“
a

2r2 logp2nmdq, L̂ :“
a

2ℓ2 logp2nmq,

ℓ “ rC
a

logpnq

∥∥∥β0
∥∥∥
2

` σ
a

2 logp2n2q,

τ “ dτ0 “ log2p2nmdq2r2
ˆ

3 `
2

d
`

~Σ~

logp2nmdq

˙

,

η “
2

λmin pΣq
, b “ db0 “ 2R̂2 ` d´1 ~Σ~ .

Then we can calculate the RE as

RE
´

β̂,β˚
¯

ď

˜

4
∥∥β˚

∥∥
2

ˆ

b

2 logp2ndqτ
m `

2 logp2ndqb
m

˙

` 4

b

8dR̂2L̂2 logp2ndq

m

¸2

λmin pΣq
2 σ2d
λminpΣqn

“

n

˜

4
∥∥β˚

∥∥
2

ˆ

b

2d logp2ndqτ0
m `

2d logp2ndqb0
m

˙

` 4

b

8dR̂2L̂2 logp2ndq

m

¸2

λmin pΣqσ2
(4.399)

“

n

˜

4
∥∥β˚

∥∥
2

ˆ

b

2 logp2ndqτ0
m `

2
?
d logp2ndqb0

m

˙

` 4

b

8R̂2L̂2 logp2ndq

m

¸2

λmin pΣq dσ2
(4.400)

“ rO
ˆ

n

m

˙

. (4.401)

Thus the RE decays at a rate comparable to that of the sketched estimator, albeit with

different dependencies on the constant terms.
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Sketched and Quantized Estimator in Random Design

We showed that the difference between the sketched and quantized estimator and the OLS

estimator in a random design setting can be bounded by

∥∥∥β˚ ´ β̂
∥∥∥
2

ď

4
∥∥β˚

∥∥
2

‌

‌

‌
Σ̂ ´ Σ

‌

‌

‌
` 4

∥∥∥pΣ̂Xy ´ ΣXyq

∥∥∥
2

λmin pΣq

ď

4
∥∥β˚

∥∥
2

ˆ

b

2 logp2ndqτ
m `

2 logp2ndqb
m

˙

` 4

b

8dR̂2
gL̂

2
g logp2ndq

m

λmin pΣq

“ rO

˜

c

d

m

¸

where

τ “ dτ0 “ log2p2nmdq

´

1 `
a

2 logpndq

¯4

¨

˚

˚

˝

12 `
2

logp2nmdq

´

1 `
a

2 logpndq

¯2 `
8

d

˛

‹

‹

‚

,

b “ db0 “ 2R̂2
g ` d´1 ~Σ~ , η “

2

λmin pΣq
,

R̂g “

´

1 `
a

2 logpndq

¯

a

2 logp2nmdq, L̂g “
a

2c logp2mnq

˜

1 `

c

2 logpnq

n

¸

.

Then we can calculate the RE as

RE
´

β̂,β˚
¯

ď

rO
ˆ

b

d
m

˙2

rO
´

d
n

¯ “ rO
ˆ

n

m

˙

. (4.402)

Thus the RE decays at a rate equivalent to its fixed counterpart at n
m . We show this using

simulated data in the graphs in the following section.
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Sketched and Quantized Estimator in Simulation

In a simulation using toy data created under the assumptions of this section, the average

MSE of the estimator and the average RE were calculated for each combination of design

matrix with dimensions n “ 105, 106, 107 and d “ 3. The MSE is shown in Figure 4.7 and

the RE is shown in Figure 4.8.

Figure 4.7: MSE of the Sketched and Quantized Estimator

Figure 4.7 clearly shows the decay of the MSE as the number of samples and sketched

size increase. This agrees with the expected rate of decay of the MSE as calculated in the

fixed section, which yielded the MSE would decay at a rate of rO
ˆ

b

d
m

˙

` rO
ˆ

b

d
n

˙

. As
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also expected, the MSE of the OLS estimator decreases with the number of samples. As the

quantizer is a lossy compression, we expect an inherent amount of error to exist between

these two.

Figure 4.8: Relative Efficiency of Sketched and Quantized vs OLS Estimators

In Figure 4.2, we see that as the number of samples increases, the RE does not decrease.

However, within each n value, we see that the RE decreases as m increases. Since the m

values do not change between n values, the ratio n{m increases. The graph shows that the

RE follows this relationship, which is as we calculated. We calculated that the RE would

follow a rate of decay rO
`

n
m

˘

.
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Appendix A: Derivations from Section 3.2.2

A.1 Preliminary Formulations

Let us assume a random variable X is bounded on r´R,Rs and ∆ :“ R´p´Rq “ 2R. Then

we can show a quantizer QX is unbiased:

EQ

”

rX
ı

“ R
X ´ p´Rq

∆X
` p´Rq

R ´X

∆
“
XpR ´ p´Rq

∆
“
X∆

∆
“ X

From unbiasedness, we can then show the following three results which are used extensively

in the formulations throughout this section:

i. EQ

”

rXX
ı

“ X2 Indeed, we have:

EQ

”

rXX
ı

“ EQ

”

rXX
ı

“ EQ

”

rX
ı

X “ X2

ii. EQ

”

Xp rX ´Xq

ı

“ 0 Using part i.:

EQ

”

Xp rX ´Xq

ı

“ EQ

”

X rX
ı

´ EQ

”

X2
ı

“ X2 ´X2 “ 0
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iii. VarQ

”

rX
ı

ď ∆2

4 . Noting that ∆ “ R ´ p´Rq “ 2R then

VarQ

”

rX
ı

“ EQ

”

rX2
ı

´ EQ

”

rX
ı2

“ R2X ´ p´Rq

∆
` p´Rq2

R ´X

∆
´X2

“
1

∆

´

XR2 `R3 `R3 ´XR2 ´ ∆X2
¯

“
1

2R

´

2R3 ´ 2RX2
¯

“ R2 ´X2

“ pR ´XqpX ´ p´Rqq

We note that minimizing the first operand maximizes the second, and vice verse.

Thus, the maximum value is achieved when ∆
2 “ R ´ X “ X ´ p´Rq. Thus, we can

conclude VarQ

”

rX
ı

ď ∆2

4

A.2 E
”

Û
ı

E
”

Û
ı

“ n´1
n

ÿ

i“1

E
”

ĂXi
rYi

ı

“ n´1
n

ÿ

i“1

EX

„

EQ

”

ĂXi
rYi Xi, Yi

ı

ȷ

“ n´1
n

ÿ

i“1

E rXiYis

“ n´1β0
n

ÿ

i“1

EX

”

X2
i

ı

“ β0EX

”

X2
1

ı
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where β0 is the true value of β in the regression equation.

A.3 E
”

V̂
ı

Using the unbiasedness of the quantizer, we can see,

E
”

V̂
ı

“ n´1
n

ÿ

i“1

E
”

ĂX2
i

ı

“ n´1
n

ÿ

i“1

EX

”

X2
i

ı

“ EX

”

X2
1

ı

A.4 Var
”

ĂX2
i

ı

Var
”

ĂX2
i

ı

“ E

„

ĂX2
i

2
ȷ

´ E
”

ĂX2
i

ı2

“ EX

«

pR2q2
X2

i

R2

ff

´ EX

”

X2
i

ı2

“ R2EX

”

X2
i

ı

´ EX

”

X2
i

ı2

A.5 Var
”

ĂXi
rYi

ı

Var
”

ĂXi
rYi

ı

“ E

„

´

ĂXi
rYi

¯2
ȷ

´ E
”

ĂXi
rYi

ı2

“ B2R2 ´ E rXiYis
2

“ B2R2 ´ β02EX

”

X2
i

ı2

A.6 Cov
´

ĂXi
rYi,

ĂX2
i

¯

Cov
´

ĂXi
rYi,

ĂX2
i

¯

“ E
”

ĂXi
rYi

ĂX2
i

ı

´ E
”

ĂXi
rYi

ı

E
”

ĂX2
i

ı

“ E
”

XiYiX
2
i

ı

´ E rXiYisEX

”

X2
i

ı

“ EX

„

X3
i Eϵ

”

pXiβ
0 ` σϵq

ı

ȷ

´ β0EX

”

X2
i

ı2

“ β0
ˆ

EX

”

X4
i

ı

´ EX

”

X2
i

ı2
˙
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Appendix B: Derivations from Section 3.3.4

B.1 Formulas for Calculating the Elements of E
”

rψβ0 rψTβ0

ı

E
”

rψβ0 rψT
β0

ı

“ E

„

´

rΣxiβ
0 ´ rxi

rYi

¯ ´

rΣxiβ
0 ´ rxi

rYi

¯T
ȷ

“ E

„

rΣxiβ
0β0T

rΣ
T

xi
´ rΣxiβ

0
rYirx

T
i ´ rxi

rYiβ
0T

rΣ
T

xi
` rxi

rYi rYirx
T
i

ȷ

“ E
„

´

rxi rxi
T

` ∆i

¯

β0β0T
´

rxi rxi
T

` ∆i

¯

´

´

rxi rxi
T

` ∆i

¯

β0
rYi rxi

T

´ rxi
rYiβ

0T
´

rxi rxi
T

` ∆i

¯

` rxi
rYi rYi rxi

T

ȷ

“ E
”

rxi rxi
Tβ0β0T

rxi rxi
T

` ∆iβ
0β0T

rxi rxi
T

` rxi rxi
Tβ0β0T∆i ` ∆iβ

0β0T∆i

´ rYi

´

rxi rxi
Tβ0

rxi
T

` ∆iβ
0

rxi
T

` rxiβ
0T

rxi rxi
T

` rxiβ
0T∆i

¯

`B2
rxi rxi

T

ȷ

. (B.1)

Then the j, kth element is given by

´

rψβ0 rψT
β0

¯

jk

“

d
ÿ

ℓ“1

d
ÿ

m“1

Ăxij Ăxiℓβ
0
ℓβ

0
mĄxim Ăxik ` δjβ

0
j

d
ÿ

m“1

β0mĄxim Ăxik ` δkβ
0
k

d
ÿ

m“1

β0mĄxim Ăxij ` δjβ
0
j β

0
kδk

´ rYi

¨

˝

d
ÿ

m“1

β0mĄxim Ăxij Ăxik ` β0j δj Ăxik `

d
ÿ

m“1

β0mĄxim Ăxij Ăxik ` β0kδk Ăxij

˛

‚`B2
Ăxij Ăxik (B.2)
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where we have let δp be the p, pth element of ∆i. Then taking the expectation with respect

to the quantizers of the j, kth term is

EQ

„

´

rψβ0 rψT
β0

¯

jk

ȷ

“

d
ÿ

ℓ“1

d
ÿ

m“1

β0ℓβ
0
mEQ

“

Ăxij ĂxiℓĄxim Ăxik
‰

looooooooooooooooooomooooooooooooooooooon

paq

`β0jEQ

“

δj
‰

d
ÿ

m“1

β0mEQ

“

Ąxim Ăxik
‰

looooooooooooooooooomooooooooooooooooooon

pbq

` EQ rδksβ0k

d
ÿ

m“1

β0mE
“

Ąxim Ăxij
‰

loooooooooooooooooomoooooooooooooooooon

pcq

`δjβ
0
j β

0
kδk `B2E

“

Ăxij Ăxik
‰

´ EQ

”

rYi

ı

¨

˚

˚

˚

˚

˚

˝

2
d

ÿ

m“1

β0mEQ

“

Ąxim Ăxij Ăxik
‰

loooooooooooooomoooooooooooooon

pdq

`β0jEQ

“

δj
‰

EQ

“

Ăxik
‰

` β0kEQ rδksEQ

“

Ăxij
‰

˛

‹

‹

‹

‹

‹

‚

. (B.3)

When we take the expectation with respect to the quantizer, we know that the quantization

of the squared terms are independent of the quantization of their original terms. This allows

us to separate the expectation of the δp terms from the x terms.

We derive the formula for the terms (a), (b), (c), and (d). We must compare the possible

values of the iterable variables to each other and to j and k, as their different combinations

will result in different dependencies of the variables. These dependencies will affect how the

expectations are calculated. We will use brackets below terms to denote how those terms

have changed from previous steps based on the comparison of iterable variables.

For example, if we have a term with a double sum, the first sum with respect to m and

the second sum with respect to ℓ. Our first step might be to compare ℓ to j by splitting

the term into two terms, the first assumes ℓ “ j and the second ℓ ‰ j. In the new term

that assumes ℓ “ j, all variables with a ℓ subscript now become j and the sum over ℓ is

eliminated. In the new second term, the sum over ℓ changes from a sum from 1 to d to a

sum 1 to d, but not j. We denote this by simply putting ℓ ‰ j as a subscript.
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To aid readability, we use a numbering system. If the original sum is labeled (a1), then

when (a1) is split, the resulting two terms will have labels (a11) and (a12). If (a11) is then

split, the resulting two terms will have labels (a111) and (a112). Each time a sum is split,

the resulting terms will have its parent’s label plus an additional digit.

The splitting and labeling are depicted in the first line of the formulation of term (a):

B.1.1 Term(a)
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Two additional comparisons are required for (a221) and (a222):
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. (B.5)

Now we consider the case when k ‰ j, that is, the off-diagonals of (a). Then all terms in

the summands are independent and we can calculate the expectation with respect to the
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quantizers as:
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When we let k “ j, then the result becomes
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B.1.2 Terms (b) and (c)

We now move to examining terms (b) and (c). We note that when k “ j that these two

terms are identical. Thus, we will derive their formulas together.
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For both (b) and (c), we only have to compare m with k and m with j. For term (b)
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Similarly for term (c):
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When k ‰ j, and we take the expectation with respect to the quantizer, then we have for

term (b)
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and for term (c):
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When k “ j, then both terms (b) and (c) become:
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B.1.3 Term (d)

Now we examine term (d), which requires us to compare m with both j and k.
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Then when k ‰ j, term (d) taken with respect to the quantizer becomes
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Then when k “ j, term (d) evaluates to
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B.1.4 Combining Terms and Bounding

Now we have the components necessary to calculate the j, kth element of of E
”

rψβ0 rψT
β0

ı

.
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We begin with the case when k ‰ j. Taking the expectation with respect to the quantizer

and combining the components yields:
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We use colors here to identify like terms. Now we combine like terms are reduce, while also

taking the expectation Ey rYis “ xT
i β

0, where the expectation is taken with respect to the

variance in the error term in Yi.
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When k “ j the calculation becomes:
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Now we wish to bound the entries of E
”

rψβ0 rψT
β0

ı

using these formulas and the boundedness

of the entries of X. For the k ‰ j case:
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Now when k “ j, our upper bound becomes:
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Appendix C: Supporting Work for Chapter 4

C.1 Quantized Scenario

C.1.1 Quantized Scenario with Fixed Z

Unbiasedness of the estimator rΣ
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Unbiasedness of the estimator rΣZw
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C.1.2 Quantized Scenario with Gaussian Z

Unbiasedness of the estimator rΣ
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Unbiasedness of the estimator rΣZw
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Appendix D: General Supporting Ideas

D.0.1 Bound on the Norm of the Difference of Matrices

While not an assumption, we will repeatedly use the fact that for conformable matrices A,

B, and C where A “ B ´ C and A ľ 0 and C ľ 0, we can show

~A~ “ ~B ´ C~

“ max
∥x̂∥2ď1

x̂TBx̂´ x̂TCx̂

ď max
∥x̂∥2ď1

x̂TBx̂´ min
∥x̂∥2ď1

x̂TCx̂

ď λmax pBq ´ λmin pCq

ď ~B~ (D.1)
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sion for Distributed and Federated Learning,” Oct. 2020. [Online]. Available: http:

//arxiv.org/abs/2010.03246.

[15] J. Bernstein, Y.-X. Wang, K. Azizzadenesheli, and A. Anandkumar, “signSGD: Com-

pressed Optimisation for Non-Convex Problems,” in 35th International Conference

on Machine Learning, Stockholm, Sweden, Feb. 2018. [Online]. Available: http://

arxiv.org/abs/1802.04434.

[16] Y. Tsuzuku, H. Imachi, and T. Akiba, “Variance-based Gradient Compression for

Efficient Distributed Deep Learning,” Feb. 2018. [Online]. Available: http://arxiv.

org/abs/1802.06058.

[17] C.-Y. Chen, J. Choi, D. Brand, A. Agrawal, W. Zhang, and K. Gopalakrishnan,

“AdaComp: Adaptive Residual Gradient Compression for Data-Parallel Distributed

Training,” in The Thirty-Second AAAI Conferenceon Artificial Intelligence (AAAI-

18), Yorktown Heights, 2018, pp. 2827–2835. [Online]. Available: www.aaai.org.

[18] P. Luo, F. R. Yu, J. Chen, J. Li, and V. C. Leung, “A Novel Adaptive Gradient

Compression Scheme: Reducing the Communication Overhead for Distributed Deep

Learning in the Internet of Things,” IEEE Internet of Things Journal, vol. 8, no. 14,

pp. 11 476–11 486, Jul. 2021, issn: 23274662. doi: 10.1109/JIOT.2021.3051611.

[19] W. Yang, Y. Yang, X. Dang, H. Jiang, Y. Zhang, and W. Xiang, “A Novel Adaptive

Gradient Compression Approach for Communication-Efficient Federated Learning,”

in Proceeding - 2021 China Automation Congress, CAC 2021, Institute of Electrical

and Electronics Engineers Inc., 2021, pp. 674–678, isbn: 9781665426473. doi: 10.

1109/CAC53003.2021.9728013.

[20] H. Liu, F. He, and G. Cao, “Communication-Efficient Federated Learning for Hetero-

geneous Edge Devices Based on Adaptive Gradient Quantization,” Dec. 2022. [Online].

Available: http://arxiv.org/abs/2212.08272.

207

Docusign Envelope ID: 93A6B94D-51AD-472D-BE1A-F512D3BB43DD
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