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Abstract

SPARSE K-MEANS COMPRESSION FOR FEDERATED MACHINE LEARNING AND
LINEAR REGRESSION USING SKETCHED AND QUANTIZED PREDICTORS

Daniel Hill
George Mason University, 2025

Dissertation Director: Dr. David Kepplinger

The Information Age has led to the generation of vast and unquantifiable amounts of
data, but technology has struggled to keep pace with the growing demand for efficient
storage and transmission. Compression algorithms provide a means to reduce storage and
transmission costs while preserving essential information for learning and analysis. This
dissertation makes two contributions in this area: a novel compression scheme for federated
learning and a statistical analysis framework regarding the use of compressed data in linear
regression.

Regarding the first contribution, we propose the Sparse k-Means (SparK) algorithm
specifically designed for Federated Learning applications. SparK compresses model pa-
rameter updates between clients and a server by combining sparsification with k-means
clustering. Using the desired inverse compression rate as its sole hyperparameter, SparK
optimizes the degree of sparsification and the number of clusters in k-means for each model
layer to achieve the desired compression with minimal distortion. Experimental results
demonstrate that SparK performs comparably or better than similar sparsification and

clustering methods on a standard test bed across various compression levels.
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Regarding the second contribution, we examine dithered 1-bit compression of predictors
and response variables in the context of linear regression. We propose an M-estimator of
the associated regression coefficients and establish its asymptotic Normality and asymptotic
mean squared error (MSE). This is complemented by a non-asymptotic analysis of the
MSE for three compressors: 1-bit stochastic quantization, Gaussian sketching, and their
combination. High-probability upper bounds are derived for each compressor under both
fixed and random design assumptions. The relative efficiency in comparison to the ordinary

least squares estimator with access to uncompressed data is studied as well.
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Chapter 1: Introduction

Data is the currency of society and Machine learning (ML) unlocks its actionable and
profitable insights. These data come from hospitals, cell phones, environmental sensors,
and a myriad of other internet-of-things devices, and the number of devices and the size
of the data continue to grow. To train a ML model on this type of data, researchers
must overcome the difficulty posed by both the sensitive nature of user data and the shear
amount that each user (or sensor) creates. Compression has been introduce as a means to
both improve privacy and reduce the quantity of data during its transmission to and storage
at centralized data centers.

This dissertation adds to the work on compression by providing solutions to the data
transmission problem.

Chapter 2 introduces a new compression algorithm called SparK. We designed SparK
for compressing the parameter updates sent by clients in a federated machine learning
setting. SparK furthers the work done by [1] and [2] by combining sparsification and k-
means quantization. It takes as a hyperparameter the inverse compression rate and uses
that to adaptively determine the optimal level of sparsification and the number of bits used
for quantization in each layer of a neural network. We show its performance compared
to several comparable algorithms (top-k sparsification, QSGD, and Google’s Quantized-
encoding) on the CIFAR-100 and EMNIST datasets. We show that at very low compression
SparK outperforms these algorithms and achieves only a minor loss in accuracy.

Chapter 3 introduces 1-bit Quantized Regression (QR). QR applies the same assump-
tions and regression equation as in linear regression, but the predictor and response variables
are quantized. We begin the chapter by theoretically building up the QR framework from
a l-predictor case to a p-predictor case. We then show that the asymptotic variance of the

quantized estimator of 3 can be bounded using only standard assumptions on the predictors

1
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and error terms. We then evaluate the asymptotic relative error of the quantized estimators
to the ordinary least squares estimator.

Chapter 4 shifts to a non-asymptotic analysis of regression parameter estimators cre-
ated by compressing the predictors and responses using sketching, quantization, and their
combination. Our work provides upper bounds on the variance of the estimators, allowing
us to draw conclusions on the upper bound of the expected error as functions of the number

of samples.
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Chapter 2: Sparse K-means (SparK)

In this chapter we present a new algorithm called Sparse K-Means (SparK). Section 2.1
of this chapter presents an overview of federated learning and introduces several existing
compression algorithms similar to SparK. Section 2.2 describes our new algorithm and
compares theoretically its performance to the algorithms presented in section 2.1. Section
2.3 provides results of a federated learning simulation implementing SparK on the EMNIST
dataset and compares those results to several similar compression algorithms. The final
section 2.4 discusses the results and speculates on possible ways to improve them in future

work.

2.1 Background

2.1.1 Introduction

The buzz word of our time is Artificial Intelligence (AI). Businesses, governments, tech
giants, and entrepreneurs race to create the machine learning (ML) model, and its Al
application, that transforms society and generates profit. The training of these models
requires vast amounts of data, energy, and computing power. Under one paradigm of
distributed learning, models are trained at a centralized location where user data are stored,
aggregated, and used to train a global model which is then made remotely accessible to user.
This paradigm puts at risk the privacy of user data as it requires both the transmission and
centralized storage of personal information, such as browsing history or health information.
Federated Learning (FL) reduces this risk by removing the need to transmit user data.
Federated Learning uses a server to hold a global ML model that is broadcast to all

clients participating in the learning process. Each client uses its own data to train the
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model locally. Each client then sends its updated parameters back to the server which
aggregates the client parameters and updates the global model. The new global model is
then broadcast to clients. This process repeats until the global model converges on the

server. Figure 2.1 shows a simplified representation of a FL environment with four clients.
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Figure 2.1: Diagram of Federated Learning [3]

While FL eliminates the need for transmitting and storing of personal user data, it
requires instead the transmission of parameter updates to and from the clients and the
server. Millions or even billions of parameters comprise many of today’s most advanced ML
models. Such large models makes the communication of parameters in a FL paradigm a
prohibitive factor to mass implementation, especially in resource constrained or bandwidth-
limited environments. The focus of this chapter is the reduction of the communication
requirement in a FL framework by compression of parameter updates from the clients to

the server.

Federated Learning

Before we discuss the existing communication reduction methods in FL, we will follow the
lead of [4] and provide a more thorough description of FL. FL consists a system containing

a server and K clients, where each kth client has a local dataset Dy with |Dg| = Dy data

points. The purpose of the system is to train a model consisting of weights w € RN» by
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collaboratively optimizing

min F(w) = Z Z fw, z ) Z Z (w, zg ) (2.1)
weRNw i, Dy 1Dkk 16=1 K5 Drin

where 2}, ¢ is the th data sample from the local data set Dy. This optimization is often done
in the context of mini-batch stochastic gradient descent (SGD). The process then iterates

over four steps:

1. Server broadcasts the global model. The server broadcasts the parameters of an

updated global model w' at the ¢-th training iteration.

2. Clients perform training on their local datasets. In the context of mini-batch SGD,

the k-th client will compute its local gradient

gi = ,Dt,v D fw! zp) (2.2)
ZkygEDt

where D! < Dj, is the randomly selected mini-batch selected during the t-th training

round.
3. Clients upload local parameter updates to the server.

4. Server aggregates local parameter updates and updates global model. Based on the

aggregation method, the server obtains an averaged gradient via

1 K
K Z gltc (2.3)
k=1
and updates the global model
w't =w' -k gt (2.4)
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where 7! is the server learning rate at iteration ¢.

These four steps are repeated until some convergence criteria is met.

Using this framework, the clients’ data remains on the client, thus improving data
privacy and removing the need for a server to store the combined data of all clients. As
mentioned previously, however, FL requires multiple rounds of client-server communication
of a large number of gradient updates, often prohibiting its implementation in resource
constrained or bandwidth-limited environments.

[1] and [5] provide an analysis of the communication requirement in a FL framework
stating that

biotal € O (N x freq x b x C) (2.5)

is the order of the total number of bits required to achieve convergence in a FL framework. In
this equation N represents the number of training rounds (completion of steps 1-4 provided
above), freq is the frequency of communication of the client updates to the server, b is the
total number of bits transferred in a client-to-server update, and C is the number of clients
participating in each communication round.

To reduce the total required communication, one must reduce one of these four compo-

nents, optimally without reducing model accuracy or convergence speed from the baseline.

Federated Averaging

FedAvg [6] was the first to introduce effective means of conducting FL and remains a com-
monly used benchmark for new methods. FedAvg generalize FedSGD [7] while maintaining
its computationally efficiency and good convergence properties. The paper [6] explains that
FL differs from other forms of distributed learning in that FL removes three key assump-

tions:
1. independent and identically distributed (iid) data across clients

2. balanced data (number of observations at each client)
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3. large data relative to the number of clients.

Furthermore, [6] introduced the now widely-used idea of replacing the transmission of the
gradient of the parameters with the difference between the parameters of the client model
and the global model as a proxy of the gradient.

At each global training round t, also called epochs, the FedAvg algorithm updates the
global gradient w;11 by taking a weighted average of the k = 1,..., K client updates wf 1

That is,

K
nNE
W41 < Z Wi (2.6)
=1 "

where nj, are the number of samples at client k& and n is the total number of samples across

the enterprise. A description of the algorithm is provided in Algorithm 1

Algorithm 1 Federated Averaging

1. K clients, n learning rate, B batchsize, ¢(w;b) client loss function, F local epochs of
training, T" max number of global epochs

2: wg < 0

3: fort=1,...7T do

4: for each client k = 1,..., K in parallel do

5: wy, | < ClientUpdate(k, wy)
K
6: Wil < Dy %W@l

7. ClientUpdate(k, w;):

8 fori=1,...,FE do

9: batches <« data split into batches of size B
10: for batch b in batches do

11: wh «— wk — nVe(wk; b)

12: wk to Server
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FedAvg is a commonly used benchmark used to compare new aggregation or compression

algorithms against. In the next section we will provide a summary of some such algorithms.

2.1.2 Existing Compression Algorithms

We first present a few compression algorithms developed for deep neural networks in a
conventional distributed learning model where iid assumptions hold. These methods showed
performed well in these contexts and provided a foundation that subsequent research into
FL used. Seide [8] presented 1-bit SGD with error feedback for the training of DNNs in 2014.
This method sent the gradient to either -1 or 1, significantly reducing the communication
cost with only a minor degradation to accuracy, with some assumptions. Strom’s [9] work
in 2015 modified [8] by adding a thresholding, error feedback, sparsification, and loss-less
encoding. Generally, quantization, sparsification, and encoding would form the foundational
methods used by most future research into gradient compression.

Quantized SGD stochastically quantized the gradient, which preserved the statistical
properties of the original gradient and ensured an unbiased estimate of the gradient. How-
ever, it required the hyperparameter selection of the number of bins [10] prior to training.
While [10] admittedly did not take advantage of sparsity in the gradient in their method,
Aji [11] sparsified the absolute smallest gradients and Wen [12] essentially performed the
same quantization as [10], but added a degree of sparsification by performing ternary quan-
tization, allowing the the gradient to be sent to -1, 0, or 1. Stich [13] provided a theoretical
analysis of sparsification with SGD, showing it converges at the same rate as vanilla SGD
when error feedback is equipped. Albasyoni [14] showed the theoretical variance bounds of
sparse dithering in both the biased and unbiased cases (deterministic versus stochastic) of
quantization.

To this point, the compression methods we have discussed assumed iid data, even if
their evaluation was done in a federated framework. Sattler [5] pointed out that many
of the previously mentioned methods perform poorly on non-iid data, thus making them

inapplicable in a more realistic FL setting which almost inevitably has non-iid data. The

8
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authors then presented an algorithm that combined top-k sparsification, SignSGD [15] with
error feedback, and ternary quantization [11], [12] and showed that it worked well on non-
iid data. Furthermore, it outperformed the previous methods, making it ideal for use in a
FL setting. Additionally, [5] enabled both server-to-client and client-to-server compression,
further decreasing the required data transmission during learning.

After this point in time, most research into gradient compression combined a form
of quantization with sparsification in a novel way. Several researchers investigated how to
adaptively apply compression depending on characteristics of the gradient or of the learning
process. Tsuzuku [16] analyzed the relative amplitude and variance of each gradient value
and only relayed those values with high amplitude and low variance . Chen [17] analyzed the
residuals relative to the maximum residual, sending to zero smaller ratios and quantizing
the rest. Luo [18] adaptively selected compression rates for each layer based on the number
of parameters in each layer, but the method required many hyperparameters, similar to
AdaComp [17]. Yang [19] adjusted the compression rate by client depending on the non-
iid and data distribution of the client relative to the overall system. Liu [20] adaptively
varies the compression rate for each client based on their computational power and adjusts
compression rate by round based on the changing gradient norms. Mitchel [21] introduced
a computationally efficient method based on a hyperparameter step size that performed
quantization and sparsification combined with a novel loss-less encoding.

In more recent years, researchers have introduced methods that consider the distribu-
tion of the gradients. The k-means algorithm, commonly used for clustering, has been suc-
cessfully applied as a compression algorithm that better captures distribution than simple
quantization. ClusterGrad [22], FedZIP [1], and FedACQ [23] apply the k-means to quantize
gradients. ClusterGrad selects a subset of gradients determined by relative magnitude that
are then quantized using k-means [22]. FedZIP sequentially performs top-k sparsification
and k-means clustering on each layer, but requires as hyperparameters the sparsification
rate and the number of clusters [1]. FedACQ greedily finds the optimal number of clusters

for each layer and applies k-means clustering [23].

9
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FetchSGD [24] and Intrinsic Gradient Compression [25] apply sketching matrices to
parameter updates to reduce dimensionality. FetchSGD reduces the dimensionality of pa-
rameter updates by applying a sketching matrix and then further compresses by applying
top-k sparsification. In order to maintain a client statelessness, the authors take advantage
of the nature of the chosen sketching matrix to apply momentum and error accumulation at
the server. They provide theoretical convergence guarantees of their method [24]. Intrinsic
Gradient Compression determines the intrinsic dimension d of the minimization problem
and applies a sketching matrix to gradient updates to compress to that smaller d dimen-
sional space. They provide theoretical guarantees of performance and show their method
outperforms methods such as FetchSGD [24], [25].

Researchers have created methods that apply a pre-training or warm-up step [26], [27].
There are methods that analyze the variance or relative magnitude of gradient update
vectors as a means to select values to sparsify or how to quantize [9], [12], [16], [18]. Many
methods (to include some of those mentioned previously) apply a state at the clients that

allows for error accumulation or momentum [8], [9], [28].

2.2 Sparse K-means (SparK)

SparK follows the lead of [1], [5], and [21] by combining quantization, through k-means
clustering, with sparsification. Unlike previous methods, SparK is unique in that it requires
only a single hyperparameter, 7, which is the inverse compression rate desired by the re-
searcher. This is a unique feature of SparK because it allows its practitioners to dictate the
amount of compression the algorithm will achieve prior to its implementation.

SparK compresses model parameter updates by balancing the number of quantization
bits and sparsification rate to achieve the desired 7 compression rate at each layer. The use
of k-means in the quantization step allows SparK to better capture the distribution of the
gradient as compared to simple quantization based on bin or step sizes. Additionally, by

performing the sparsification based on both a gradient’s distance from its assigned centroid

10
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and its magnitude, SparK allows for the possibility of retaining (not sparsifying) small, but
tightly clustered parameters if their retention would lead to a smaller distortion.

SparK takes much of its motivation from the algorithm offered by Mitchell [21], but it
offers two main advantages over the algorithm: 1) the hyperparameter, A, in the google-
researchers’ algorithm provides no insight into the amount of compression that will be
achieved prior to its implementation. An empirical evaluation of multiple A values must
be performed to achieve a desired compression rate. SparK instead takes as input the
desired compression rate (as the inverse compression rate 7) as its only hyperparameter.
2) Using step-size quantization with a single step-size across all layers results in the same
sparsification threshold. By this we mean that given a step size A, the quantized-encode
algorithm in [21] will send to zero any value absolutely less than some |a| and this is applied
across layers. SparK considers the distribution of values within each layer to identify the
optimal clustering centroids for each layer. It then sparsifies values in each layer to maintain

the overall compression budget.

2.2.1 SparK Description

A formal description of SparK is provided in Algorithm 2 below.

11



Docusign Envelope ID: 93A6B94D-51AD-472D-BE1A-F512D3BB43DD

Algorithm 2 Sparsified k-means

Require: x € R", inverse compression rate 0 < 7 < 1

Lb«1

2: while b < by, do

3 k<20

4: Solve {mim{@é}f:1 hI min@e{o}u{ee}le |z — 9|2} subject to B < [WJ where B
denotes the number of indices {i : 1 <4 < n} assigned to the non-zero centroids {#,}5_,

5: %Eb) — 92} for 1 < i < n where the {0}}f_, minimize (2.7), and {£}}?, denotes the
centroid assignments

6 MSE, — 157 130 — g

7: b—b+1

8: Return x — X®*) with b* = arg min, MSE,

Since the amount of sparsification is enforced by B and is dependent on b, then as
b increases, and thus the number of k-means centroids increases, the rate of sparsification
must increase to achieve the overall desired T inverse compression rate. The finer granularity
of quantization from larger k£ must be balanced by more sparsity so that the overall rate
of compression remains unchanged. Accordingly, the modified k-means criterion (2.7) is no
longer monotonically decreasing in the number of centroids. We search through all possible
values of b up to a b;,q; and return the values associated with the b that minimizes the
MSE.

We note the modified k-means loss function in step 4 in Algorithm 2:

- 2(nt — k
min min  |z; — 0)? subject to B < l?)(m—)J (2.7)
{Be}5_, = be(0}u0e}s_, b

where B denotes the number of indices {i : 1 < i < n} assigned to the non-zero centroids

{93}’221. Unlike the standard k-means problem, (2.7) imposes a constraint requiring a

12
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number of values to be mapped to a zero centroid. This enforces sparsification. This
modified objective equation (2.7) can be solved by a modification of Lloyd’s algorithm [29]

which we detail in Algorithm 3.

Algorithm 3 Subroutine for solving (2.7)

1: procedure MODIFIED LLOYDS(x,b,T)
2 k20 n « |x|
3 Initialize {Qéo)}i?:l by performing k-means clustering on x, Ag « |0 — x|2
4 if nT > 2° then > Ensures the number of parameters is large enough
5: t 0, B« {%ﬂj = Establish the *budget’
6 repeat
7 A — Ag
8 forie {l,...,n} do
2 2
9: (Egt),d?) — <arg ming <oy |25 — 9?)} , ming<p<k|T; — Hét)‘ )
o 5 o e, €« macla? 2,0}
11: Find a root wgf) of the function m — ¢(7) == >}, ;. [(§ > 7) — B.
12: forie{l,...,n} do
13: if 2 <7 then £{” 0
14: Update objective function: Ay = Zizegt>¢0 d% + Zi:é§t>=0 51-2
15: for (e {1,...,k} do
16: if m =3, 1(6 = ¢) 20 then o L3 0,
17: else 9§t+1) eRandomUnif({xi : Kz(t) # O})
18: t—t+1
19: until A — Ay < tolerance
20: 0 — 0 £=1,.. k
21: etV 1<i<n
22: Return <{0;‘}]g:0, {ex ?:1)
23: else
24: Return (x, {1,..., n})

To describe the algorithm in detail, we firs note that SparK calculates a budget B based
on the current b, the hyperparameter 7, and the size n of the input x parameter vector.

This is done in line 5 of algorithm 3. We assume that an uncompressed vector would be

13
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stored as a vector of 32-bit floating point values and thus require 32 x n bits to transmit
to the server. SparK requires the transmission of two vectors: 1) the centroids (or code

book) of the quantization and 2) the centroid assignments or mapping. We assume that the

code book will be comprised of k = 2° centroids stored as 32-bit floating point values. The
assignments will consist of B non-zero values stored as b-bit integer values. Thus, SparK
requires the transmission of 32 x k bits plus B x b bits. By finding the difference between
the uncompressed number of bits with SparK’s required bits, we can determine the number
of non-zero values allowed (B) for each choice of b to achieve the desired 7.

Once the budget is established, SparK then calculates £&. The value £ is the maximum
of 0 and the difference between each squared value in x and that value’s squared distance
from its assigned centroid. Thus, £ is determining if each value is either close enough to its
centroid or large enough in magnitude to be retained (not sparsified). By then ranking the
values according to their £ and sparsifying all but the B with the largest &, we take steps
to minimize the distortion between the SparK compressed vector and the original x.

SparK, like other clustering methods, introduces the possibility of creating clusters to
which no values get assigned, especially if all values in a single cluster are sparsified. In
standard k-means, when a centroid is not assigned any values, it is usually handled in one

of three ways:

1. setting the quantization bin Hét) « 0, thereby reducing the number of bins.

2. leaving the quantization bin value unchanged, thereby keeping the number of bins,

but may result in bins without any values assigned at the end.

3. randomly selecting a value from z; € {z;}]", and assigning Hét) «— x;, keeping the

number of bins and guaranteeing that all bins have at least one value assigned.

We chose to use a modification of 3. We uniformly randomly select a value from the set

{z;: Ez(t) # 0}. That is, we uniformly randomly select a value from the values not assigned

14
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to the zero-centroid. The selected value then becomes the centroid value of the formerly

empty quantization bin 95‘/).

2.2.2 SparK on Simulated Data

To demonstrate SparK, we created a vector of 1250 values by generating random normal
samples using the parameters in table 2.1. These parameters generated a vector similar to

what we would expect to see in a update sent by a client in a federated learning framework:

a few large values and many near-zero values.

Table 2.1: Parameters to Create Simulated Data.

Num Points Mean Std Dev
30 V0.2 0.005
70 0.005 | 0.002
150 1/0.0005 | 0.0005
900 0 0.004

Figure 2.2 shows the sorted data in blue and the associated means values are the hori-

zontal green lines at the same location.
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Simulated Data and the True Centroids
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Figure 2.2: Sorted Simulated Data and the Means Used to Create It.

We then applied SparK to the simulated data with varying 7 values. We show four of
the outputs in Figure 2.3. SparK chose to apply four centroids in subfigures 2.3a, 2.3b, and
2.3c, while in subfigure 2.3d it chose two centroids. In all cases, the smallest in magnitude
values were sent to the zero centroid in combination with the quantization to achieve the
desired compression rate. We also see that in subfigures 2.3a and 2.3c SparK determined
it was more optimal to keep four centroids and split true centroids into two rather than
reducing the number of centroids to two. It is this kind of choosing behavior that separates
SparK from other methods such as FedZip [1] and [21] which must set either the number of

centroids or a step size as hyperparameters.
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SparK Applied to Simulated Data with T=0.043
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(a) Simulated Data with 7=0.043.
SparK Applied to Simulated Data with T=0.010
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(¢) Simulated Data with 7=0.01.
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SparK Applied to Simulated Data with T=0.031
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(b) Simulated Data with 7=0.031.

SparK Applied to Simulated Data with T=0.004
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(d) Simulated Data with 7=0.004.

Figure 2.3: SparK Applied to Simulated Data at Varying 7.

2.2.3 SparK Theory

We begin by stating a theorem:

Theorem 2.2.1. Each iteration of Algorithm 3 reduces the objective (2.7), and the con-

straint in (2.7) remains satisfied. Furthermore, each iteration of Algorithm 3 can be run in

O(n) time.
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Proof of Theorem 2.2.1

We first note that the modified k-means problem (2.7) can be expressed as the optimization

problem

i 0.¢ bject t I(¢; <B
i /(6.€) subject 1o Y16 %0)

n

where f(0,0) = Z‘ajz — by,

=1

20 0={0),, =0,

= {4} 1 €{0,1,...,k}", B:= {MJ

b

We can then show that algorithm 3 can be viewed as a block coordinate descent for mini-

mizing (2.7) by alternating between updates of € given £ and vice verse:

£+ argmin f (0<t>,e<t>) subject to Y 1(¢; # 0) < B (2.8)
¢ i=1

0+t — argmin f (G(t),ﬂ(tﬂ)) (2.9)
0

Let us first examine update (2.9). Letting l; = arg minlg&gk‘xi —0,|, 1 <1i < n, observe

7

that we can rewrite the loss function for a given round as

n

n 2 n n
1690 = Yl + Y (jes -0 - 1) =22+ Y e,
i=1 i=1 ‘ + =1 i—1
2
where §; == |z;|, &= {07 —d?, 0}, d7:=|x;— Gg) , 1<i<n
Thus, the optimization problem
mljn (W, £) subject to Z I(¢4; #0)<B (2.10)

i=1

18
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is equivalent to

ml}nzg (¢; =0) sub‘]ecttoig1 (4; #0) , li=L; it #0 (2.11)

We can solve the last problem by finding the B-th largest value among {52 ' , and assigning
Egt) = 0 for all indices ¢ whose 51-2 is below that value. This is equivalent to finding a root

7y for the equation

i I(¢? > ) (2.12)
=1

and setting Egt)

= 0 whenever ¢ < 7. This can be accomplished by bi-section search in
time O(n) even though ¢ is not continuous. This follows from ¢ being a non-increasing
step function that has at least one root. All other operations in update (2.9) can also be
performed in O(n) time. The entirety of this update is done within the first half of the
repeat loop of algorithm 3.

The update (2.8) can be solved by finding the average of the values assigned to each
centroid. This operation can be done in O(n) time and is performed in the last for loop
within the repeat loop in algorithm 3. Note the loop accounts for the scenario when all
values in a centroids are re-assigned to the zero centroid or when the centroid is not assigned
any values initially.

Thus, Algorithm 3 is equivalent to a coordinate descent scheme and can be done in O(n)

time.

2.2.4 Evaluating the Use of ¢

Theorem 2.2.2. Let x = {x;}]_; be a vector of real values. Define {0y} U{9 }g | to be
the union of 8y = 0, a fized zero centroid, and {Gét) }2“21, the centroids from the t-th iteration

of the k-means algorithm. Suppose th) for i =1,...,n are the assignments of the vector
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values to the centroids in the t-th iteration of the algorithm. Then for
E2(x4,00) = max{|z;|* — |z; — 0%, 0} (2.13)

we have that 52-2(%,9@(;)) > 0 for all v = 1,...,n and, furthermore, that 53 > §]2 when

jzil? > |

Proof of Theorem 2.2.2
We first show that &2(x;, 92@) >0foralli=1,...,n.

Let x = {z;}I'; be a vector of real values. Define {6y} U{Gét)}le to be the union of

Ay = 0, a fixed zero centroid, and {Hét)}’j:l, the centroids from the ¢-th iteration of the

5(0)

k-means algorithm. Let £

)

= {th)}?:l designate the assignments of each x; to the ﬁgt
centroid 6, during the t-th iteration of the same k-means algorithm. In the proceeding, we

drop t for simplicity of notation.

(t)

Let us first sort the centroids such that Hj(t) = 9(1.) where (i) represent the i-th order

statistic for 4,7 = 1,... k. Consider an x; such that lz = p + 1 where p + 1 is not the index
of the zero centroid. Suppose without loss of generality that 6, > 0 and 0, < 0,11 < 0p42.

Then by the k-means algorithm we know 60, < z; < 0,42 and

Op+1 + 0
!xi — p+1‘2 < |a:z — 9p|2 = 1; > % when 6, < x; < 0p41 (2.14)
2 2 Opt1 + Opi2
}l’i — p+1} < ‘l’l — p+2‘ = I; < % when 9p+1 <x < 0p+2- (215)

We consider these as two scenarios: scenario (2.14): 6, < x; < 0,41 and scenario (2.15):

9p+1 <T < 0p+2-
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Now suppose &(z;, Op+1) = max{|z;|* —|z; — p+1‘2 ,0} = 0. This implies that

0

i < |2 — Opsr|? — i < pT“ (2.16)
By this we can say that only values with magnitudes less than half the magnitudes of their
assigned centroids can have &(zj,0,41) = 0. This means that any value which is greater
in magnitude than its assigned centroid will have a positive, non-zero £&. We can them
immediately see that x; cannot be assigned to 6,41 and also be greater than 6,,1. Thus,

we rule out scenario (2.15).

Now let us consider scenario (2.14). Combining (2.14) with (2.16) results in

w <z< %. (2.17)

0 0 0
%ﬂ > - For the case when 6, = 0, we

For 6, > 0, this creates a contradiction since 5

Op+1
o

have x; =

Thus, the only way for £2(x;,0,41) = 0 is for x; = 0”; L. The same conclusion apply for

Opr1
2

negative centroids. While x; = is theoretically possible, this will not occur in practice.
We can thus conclude that 53 >0foralls=1,...,n.

Now let us examine the ordering of a vector according to its §i2 values.

Consider two values z and y in the gradient vector x such that |z| <|y|. Define {(z,0,) =
max{0,|z|> —|z — 0.|*}. Let us define d? =|z — 0;|* and d2 = |y — 62|>. Suppose an iteration
of the k-means algorithm assigns = to 6; and y to 85 for centroids #; and 5. Let us assume

5(:1:791) > 0 and £(y792) > 0.

1. Consider the case 0 < #; < x < y < 3. Since we assume that y is assigned to the 65

centroid, then we have that d5 < |y — 6;|%, otherwise it would be assigned to the 6,
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centroid. For the sake of contradiction, let us assume that &(x, 61) > £(y, 02). Then

§(z,01) > &y, 02)

$2—d%>y2—d§>y2—|y—91|2

22—z — 61> > y* —|y — 61|

a2 — 22 + 201 — 07 > y* — y® + 201y — 67

2911’ > 291y

>y (2.18)

This is a contradiction since we assumed 0 < 6 < z < y < 69. Thus, {(z,0;) <

£y, 02).

2. Consider the case §; < y < x < 07 < 0. Since we assume that y is assigned to the

62 centroid, then we have that d3 < |y — 01|2. For the sake of contradiction, let us

assume that £(x,01) > £(y, 02).

f(.’E, 91) > 5(?/, 92)
|2

B —di >y —ds >y —ly— 6

2? — |z —01* > y* —|y — 0

2% — 2% 4+ 2012 — 67 > y? — y® + 201y — 03

2011‘ > 291y

>y
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This is a contradiction since we assumed 0y < y < x < 61 < 0. Thus, {(z,01) <

£(y,02).

3. Forcases 0 <01 <z <<y, 0<zx<0; <by<y, 0<zx<b <y <by, and each of
their negative complements (maintaining |z| <|y|), the same method of proof can be
applied. By using (2.18), we can show a contradiction by assuming &(x, 61) > £(y, 62).
Thus, we conclude that the ordering of values by & across centroids assignments is the

same as ordering them by their magnitude.

Let us now consider the case when x and y are both assigned to the same centroid 6.
Let us assume &(x,0) > 0 and £(y,0) > 0. Consider the case when 0 < z < 6 < y.

Suppose for the sake of contradiction that £(z,0) > £(y,6). Then

§(x,0) > &(y,0)

22— d2 >yt —d3

2 |z =0 >y —|y— 0
22— 2% + 200 — 6% > % — % + 20y — 62
20x > 20y
x>y

This contradicts our assumption that 0 < z < 6 < y. Thus, &(x,0) > £(y,6). The
same arguments can be made for the cases 0 < x <y < 0, 00 < = < y, and their

negative complements maintaining the |z| < |y| relationship. Thus, ordering using £

within centroids is equivalent to ordering using magnitude.
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2.3 Sparse K-means in Simulation

2.3.1 Simulation Description

Mitchell [21] performed their work using a federated simulation they created using the Ten-
sorFlow Federated (tff) package. Their simulation, combined with the tff-provided func-
tions, enabled the creation of SparK as a plug-in aggregation factory in their simulation.
As such, the experimental setup and this paper’s evaluation of SparK follows closely with

their work.

Dataset and Model

We apply SparK to the EMNIST [30] dataset. The EMNIST dataset contains 671,585 train-
ing and 77,483 test datapoints consisting of images of written characters. The simulations
consists of 3,400 clients who each have their own train and test portion of the data which
has natural heterogeneity stemming from the data being partitioned by the author of the
written digits. The number of samples each client has varies, but all have more than two
training samples and one test sample.

The server and each client train a convolutional neural network with two convolutional
layers (with 3 x 3 kernels with a stride of 1), a max-pooling layer, a dropout layer (p = 0.25),

and two dense layers with dropout (p = 0.5). This setup is the same as in [31].

Algorithms

FedAvg [6] is used in the training on the EMNIST dataset. Mini-batch SGD with client
learning rate 1. = 0.1 is performed for E epochs on a uniformly randomly selected m = 50
clients during each global training round. The server model is updated with SGD with
server learning rate ns = 1.0. The value F = 1 and a batch size of 32 is used on all clients

throughout training.
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Benchmarks

We evaluate the performance of SparK against a baseline model without compression. We
then compare its performance at varying compression levels against Top-K [11], QSGD [10],
and the algorithm presented by [21], which we refer to as quantize-encode. The hyperpa-
rameters use for these algorithms match those chosen by Mitchell [21] in order to provide a

fair comparison of SparK to the results from their work.

2.3.2 Results

Figure 2.4 and its subfigures displays the validation accuracy across training rounds on
the EMNIST dataset for all four compared compression algorithms. We note that SparK
performs well, outperforming the other algorithms in many cases, but performs comparably
otherwise.

We attempt to compare the algorithms directly in figure 2.5 by showing the average
bitrate achieved over all training rounds on the x-axis and the evaluation accuracy achieved
on the final round. A minimum of five simulations were performed at each set of hyperpa-
rameter values and their results are summarized together on this graph using averages.

The points themselves represent the average of the average bitrates and the average final
accuracies from simulations with the same parameters. The horizontal lines through points
represent the range of avgerage bitrates and the vertical lines through points represent the
range of final accuracies achieved from simulations with the same hyperparameters. SparK
outperforms other algorithms at almost all levels of compression, and it continues to perform
adequately even at very low bitrates. We omit lower bitrates for other algorithms as they

perform too poorly to display on this graph.

2.4 Discussion

Figure 2.5 clearly shows that SparK performs or outperforms the other algorithms, especially

at very high compression. Its current implementation in tensorflow federated requires very
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Figure 2.4: Validation Accuracy across Training Rounds on EMNIST

long computation time and system memory making its practical use cases limited. However,
SparK offers an algorithm that performs well under extreme compression in situations where
clients have high computational power and large amounts of memory, but the bandwidth to
and from the server is extremely limited. In these cases, SparK provides the user the ability
to compress the updates to meet the bandwidth requirement without having to perform an

hyperparameter tuning.
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Oé\gerage Bitrate Versus Eval Accuracy on EMNIST

0.85 - o bt ° . ¢
o® +¥ |
>, 0.80 1 o —*
: i
5 0.751 ) 4
bSq
— 0.70 A
S
“ 0.65 1 T + osgd
E topk
% 0.60 - 4 quantize_encode
0.55 4 spark
4 uncompressed
0.50 . 1 1
1072 10° 10!

Average Bitrate

Figure 2.5: Average Bitrates and Final Accuracies for all Compression Algorithms.

We imagine the clients in a federated learning environment to be research vessels con-
ducting research across the world in remote areas. These vessels have substantial compu-
tational abilities, but their connection to a centralized server is only through a periodic
satellite link. The connection time to the satellite can be calculated fairly accurately, and
the connection speed is also known. Using this information, the researcher can calculate the
amount of data that can be sent in this connectivity window. Supposing that uploading the
uncompressed updates would exceed the satellite connectivity time window, a compression
algorithm would be required.

SparK is the sole compression algorithm that guarantees the required amount of com-
pression is achieved without hyperparameter tuning. SparK only requires the 7 hyperpa-
rameter, which is the inverse compression rate. By using the known uncompressed update
size and the calculated amount of data that can be sent in the satellite uplink window, the
researcher can calculate the hyperparameter 7. Expensive and time consuming hyperpa-
rameter tuning is not required. This provides the researcher with the immediate knowledge

of how much compression will be achieved before implementation. SparK guarantees the
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researcher will achieve the desired amount of compression and successfully transmit the

update in the time window. To our knowledge, no other algorithm provides this benefit.

2.4.1 Future Work

e Adaptive Compression Rates. In this paper we assume that compression is re-
quired due to limited bandwidth between clients and the server in a federated environ-
ment. The same hyperparameter 7 is used by all clients regardless of their connectiv-
ity. In a real-world scenario, it is likely that clients would have different connectivity
speeds. A client with better connectivity would be capable of transmitting a larger
update than a client with a worse connection in the same amount of time. Future
work should explore allowing the compression rate to vary based on the connectivity
speed of each client and a maximum time allowed for transmitting an update. The
hyperparameter 7 can then be the maximum inverse compression rate that a client
must be able to achieve given its connection and the transmission time requirement.
This permits each client to individually determine its optimal compression rate within

the 7 maximum and maximum transmission time.

Additionally, future work can explore varying the 7 inverse compression rate across
epochs. A smaller compression rate (larger 7) in the early stages of learning and larger
compression rate later should result in faster and more robust convergence. This idea
could be explored in both the current framework and in the by-client, transmission-

speed-dependent compression described above.

Adaptive compression can also be performed within the model by varying the amount
of compression by layer. By analyzing characteristics of each layer’s model updates
(variance, magnitude, effect on loss function, etc.), one can vary the amount of com-
pression applied to each layer. The 7 inverse compression rate can still be achieved by
applying greater compression to less important layers and less compression to more

important layers.
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e Learning Rate Optimization and Scheduling. The current implementation of
SparK uses a static learning rate across epochs and for all clients. Implementing a
learning rate schedule that changes the learning rate for both clients and the server
across epochs would likely improve the rate of convergence and the final accuracy of
SparK. Future work should also explore how to determine the optimal learning rates
for each client based on their individual characteristics (amount of data, heterogeneity,

etc.).

e Bidirectional Compression. Some research has explored compression applied to
both the upstream and downstream communications in federated learning; that is,
both client-to-server and server-to-client [12], [15], [32]-[34]. It is unknown how com-
pressing the server-to-client communication would affect SparK. Future research into
this would be enlightening, especially as the upload and download speeds of a con-

nection are often very different.

e Error Feedback and Accumulation. Research has shown that adding error accu-
mulation and feedback in a distributed learning setting improves learning [13], [28].
However, it has only been recently that error feedback has been studied in a federated
setting [32], [35]-[37]. Future work should explore incorporating error feedback to

improve convergence and accuracy.

e Algorithm Optimization and Generalization. The current implementation of
SparK is computationally expensive and requires large amounts of memory at the
client. This is largely due to the algorithm being implemented in Tensorflow Federated
and the framework built by [21]. At the time of this writing, Tensorflow Federated
is still in pre-release. Future implementations will likely offer improved performance
and customization that will likely improve the runtime and memory requirements
of this algorithm if it is adapted to the updates. By decreasing its computational
requirements it would allow the algorithm to be implemented on a broader range of

clients.
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In addition to coding optimization and Tensorflow Federated updates, SparK could
also benefit from research into additional methods of performing both its quantization
and sparsification. Currently, SparK uses a vanilla k-means quantization (with a
novel budget restraint). Tian, et. al [23] provides a nice summary of alternative
clustering algorithms that future work should explore as alternatives to k-means. As
for sparsification, Top-k sparsification [38] uses only the magnitude to determine which
values to sparsify. Future work should explore alternative methods of selecting the

values to sparsify.
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Chapter 3: 1-Bit Quantized Regression

3.1 Introduction

3.1.1 Background

The Internet of Things (IoT), often comprised of small, low-power, low-bandwidth, and low-
computational-power devices; offers the opportunity to learn a great deal about the world
from the data these devices collect. Because of the limited power, bandwidth, or computa-
tion power of many IoT devices, they often must reduce the data they store, transmit, and
compute. This requires statistical methods capable of inferring meaningful insights from
this ”simplified” data.

Quantization is a common method employed in signal processing to turn a digital signal
into an analog signal, or a continuous data value to an integer value. By applying quanti-
zation, the user reduces the size of the data from the standard 32 or 64 bit floating point
precision to b-bits, called the bit rate or bit precision. This allows for a n x d matrix of data
stored in 32 bit precision to be reduced from 32nd bits of storage or bandwidth requirement
to bnd + 32b.

In more recent years, quantization has become popular to reduce the data storage re-
quirement during neural network training [10], [23], [34], [39]-[41]. The research into the
effects of quantization on linear models, and linear regression in particular, is more sparse.

In [42] we see a maximum likelihood method created from an infinite quantizer with
L,, quantization levels to estimate the parameters in a linear model. The work provides
an analysis of the error from using a uniform deterministic quantizer, and then derives a
bias-compensated estimator under Gaussian assumptions that is asymptotically consistent

and provide simulations showing the attainment of the expected asymptotic variance.
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In [43], a randomized EM algorithm is used to estimate the parameter in a linear regres-
sion model given the quantized response. They provide simulations that show the parameter
variance and estimated parameters, but do not provide formal analysis.

The work by Saha et.al. [44] takes an alternative approach. They seek to find the
optimal bit rate of quantization given some budget constraint. They begin by imposing
a budget constraint, which is the total number of bits that each sample is permitted to
use to convey its information to the model. They then solve a least squares solution on
the quantized data resulting from the enforced budget. This information-theoretic lens
differs slightly from our approach, but the analysis in the work provides a lower bound on
the minimax risk of estimating the parameters from a quantized model. The work provides
several quantization methods, those methods’ lower bound on their risk based on a provided
budget, and the computation complexity of the algorithm [44].

In [45], they analyze the effect of both a deterministic and dithered 1-bit quantizer on the
non-asymptotic bound of a masked estimator of the covariance matrix of a design matrix.
We seek to perform linear regression on 1-bit quantized data using a stochastic quantizer.
They then use numerical simulations to show the near-optimality of their estimators.

Our work resembles the work of [45] in that we seek a non-asymptotic error bound on
the covariance matrix of a design matrix. However, our work differs in a few key ways.
In [45], they use a 1-bit quantizer that simply returns the sign of the input value. Ours
returns the right and left bound of the range of the provided data point. Also, their analysis
is performed on masked covariance matrices. Our uses the original. We will provide full
explanations of our methods and definitions in proceeding sections.

In summary, our work offers an estimator of the regression parameters B derived from
quantized predictors and responses. From this estimator, we provide an analysis of the
estimator’s asymptotic variance, and then compare this estimator’s asymptotic variance to
that of the Ordinary Least Squares (OLS) estimator based on uncompressed data. We then

discuss an upper bound on the MSE of the estimator.
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3.1.2 Quantization

We begin by defining a quantization method. We define a generic 1-bit stochastic quantizer

for a bounded random variable U to be

a with probability bA_
Qu(U) = v (3.1)

b with probability v-
U

where Qu(u) is defined on the range of U : [a,b] and Ay := b — a. Equivalently, we could
also define it
a fU+EE<t

QuU) = (3.2)
b U +6>t

where & ~ Uniform (_SU , %) and t is the midpoint of the range of U.

For a quantizer of a random variable X, we note that both @x(X) and X are random

variables. Thus, when we take the expectation omitting what the expectation is with
respect to, we mean E [Qx(z)] = Ex [EQX [QX(:U)]] We may exclude the subscript
on @ for simplicity when it is understood in context so that the expectation will read
E[Q(z)] = Ex [EQ [Qx(f)]]

Let us allow the notation

<2
’

Qx (X). (3.3)

to represent the quantization of X.

3.2 1-bit Quantized Regression, 1-Predictor Case

We begin by establishing our regression scenario:
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1. Let x = {X;}!"_; be an x 1 vector of random variables such that |X;| < R for all i and

for some value R € RT. We assume each observation pair (X;,Y;) are independent

and that the {X;}]"; are independent and identically distributed (i.i.d.).

2. Let y = {Y;}; be an x 1 vector of random variables such that V; = X;3° + o¢; for

some 80 € R, o € R, and let {¢; | be a set of iid standard normal random variables.

Assume |¢;| < L for all i so that Y; < R|BY| + oL for all i. Define B := R|3°| + o L.

3. Let Qx, Qx2, and Qy be 1-bit quantizers as defined in section 3.1.2 which take

values in {X;}, {X?}, and {Y;}, respectively. We note these quantizers are defined on
[-R, R], [0, R?], and {—B, B}.

regression estimator

Rather than performing regression using the random variables X; and Y;, we wish to
use the quantized variables X; = Qx(X;) and Y; = Qy (Y;). We propose the quantized

e Ly X U
1ym X2V
n =14

(3.4)
since we know the Ordinary Least Squares estimator 8* is given by

P Xp oV

which we know is an unbiased estimator of 8°. It is also important to note that

. LN 1L
Eq|U|=Eq| - Y XiVi| = - Y X¥i=U
n =1 n =1
and similarly
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since the stochastic 1-bit quantizer is unbiased. We then can say

We will use this fact in the subsequent sections as we provide the basis to prove the

theorem:

Theorem 3.2.1. Giwen x = {X;}?_; andy = {Y;}_, such that | X;| < R for all i and for
some value R € RY. Let each observation pair (X;,Y;) be independent and each {X;}I_ | be
independent and identically distributed.

Let Y; = X;8° + o¢; for some B € R, 0 € R*, and let {¢; *, be a set of itd standar
normal random variables. Assume |e;| < L for alli so that Y; < R|B%|+ oL for alli. Define
B := R|B% + oL.

Let Qx and Qy be 1-bit quantizers as defined in section 3.1.2 defined on [—R, R| and
[—B, B], respectively.

Then the estimator

f_ a i XiYi
LI, X

of BY is asymptotically unbiased with a lower order O(1/n?) term and has a variance of

order O(1/n). Furthermore, we can then say asymptotically that

 B2R?+B"* (R2Ex [X?] — 2Ex [X*
MSE (§) = (nEXX[E(;]l x i) _ 0(1/n). (3.5)

3.2.1 Asymptotic Bias of the 1-Bit Quantized Estimator

The work by Vershynin [46] is used throughout this section.
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Let us write our quantized estimator as a function of U and V: B =0¢ (U ) V) = %

Now we use a Taylor Expansion about the point <EQ [U ] ,Eg [V]) to approximate

the first moment of ¢ (U, V) We will omit the @ in the internal expectation for brevity

and understand that the external expectation is taken with respect to X and e.

B[s] - [a0.0)

" %(({E% W(E[U],E[v])g(g:zﬂ va(‘,v) (Z:EH |
SR ) T R ] RS e

where U e <(7, E [U]) and V e (V, E [V]) . Note that by the Weak Law of Large numbers

\/ﬁ((?—E [U]) ®, 0 and \/ﬁ(f/—E [vD P, 0. That is, U — E [U] — 0,(1/y/n) and

V-E [v] = 0,(1/v/n).
If we can now show that the maximum eigenvalue of V2¢(U, V) is upper bounded in
a neighborhood around <E [U ] ,E [V]) containing U and V, then we can control the

remainder term in the Taylor expansion.

The Hessian can be computed

V2¢<U,V>= j{;gb(UiV? 8?728?7({)(?’?> |0 _#
Fao(0V) e (V) ) \-% 25
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Then calculating the eigenvalues gives us

20 1 T+A/U2+ V2
(—)\)(U—)\>—=O 22U : v

7 G

Note then that VU2 + V2 < VU2 + vV V2 = |U| + |V| which implies U + /U2 + V2 <

U+ ](7 | + V. Finally we can upper bound the maximum eigenvalue

\ U+\U2+ V2 <2|(7]+V
B V3 E

A

Then for any U € (U,E [U]) and V € <V,E [V]), we can say

2]ﬁ+v 2‘(7’ ) max{

3 3 2 . .1)3
v v v min{V,E }

Finally,

E|3]=8"+0 (E I~ E[7] 3]) = 8"+ O(1/n)  where T := Z

and we can conclude that the squared bias will be a lower order O(1/n?) term.
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3.2.2 Asymptotic Variance of the 1-bit Quantized Estimator

We begin noting that by again using a Taylor expansion and the CLT we can say that

o (6(0:9) o (x[0] 2 [1])
45 (0.9 (e[ o) o (07 72) v (0] 1)

where by V¢ <E [U] ,E [V]) we mean Vo(-,-) evaluated at E [U] and E [V] and equiv-

alently for the partial derivatives. The variance simplifies to

T

wo(sle)o|v]) e (55, 7)vo s[e]2 1)
i 24 EE [U],E[f/]; T( Var [)’Z?;] Cov(iﬁié)) i EE [U]’E[V]g
2o(v0][v])] \cov(@rn%2)  var[R2] ]| 20 (m[0].6[0]

_ ﬁ ( Var [Zﬁ] Cov ()7,172, 352)) ﬁ
;?V]Uz] Cov ()?;37;, X f) Var [X ,2] 7}?5]]2]

E[V] E[V]
_ Var [Yf] . ()717)72) E [UL - Var [)?2] E [U]4 (3.7)
E|V] E|V] B (7]
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We calculate E [U ], E [V], Var [)?;2], and Var [zﬁ] in Appendix A. Using them, we

we can then show:

] 37 2L vl

E[V] B[V] B
B B2R? — 8Ky [X12]2
- - [X%]z

R .

(e ][] s

B2R? - gOEx [X3]" - 26°% (Ex [X{] - Bx [X2]") + 8°° (REx [X}] - Ex [X?]")
Ex [x?]?

BR? 4 507 <EX [x3]° — 2 (Bx [X4] - Bx [X2]°) + (RBx [X7] - Ex [X%]Z))

Ex [X?]*

B2R? + 6% (R*Bx [X?] - 2Ex [X{])
Ex [x?]’

Then the asymptotic variance of our estimator is given by

B2R? + 3% (R*Ex [X3] - 2Bx [X{])

Var [ﬁ] - B [T +o(l/n) =0 (i) (3.8)

We will verify this result using estimating equations.
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Components of the Formulation of the Asymptotic Variance

In Appendix A we show:
[ ] — B'Ey [Xl] Var [)?17] — B2R? - BV%Ey [XEF
E [V] — Ey [Xf] Var [5{2] R*Ex [X ] Ex [Xl]
Cor (%% 77) - (mx [ 1] - [x]")
Using these formulations, we can show the first component is:

Var [U] _ R2B2 _ 502EX [Xf]Z
E [f/]z Ex (X7

For the second component:

_ <R2EX | X7 | - Bx [X%D B Ex [XE)

Ex [X?]"

_ <R2EX |x7] - Ex [Xlzr) Exﬁ[oﬁ;f
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3.2.3 Alternative Derivation Using Estimating Equations

To further verify our derivations from the previous section, we derive here the asymptotic
variance of our quantized estimator using estimating equations. To begin, let us define an

estimating equation

*<iz
)
L

3\'—‘

U, (8) = %Z Vs(X;,Y;) =
=1

30

where 93(X;,Y;) == )}?B — )?;ﬁ Let B be a zero of ¥,. Then if we expand \Iln(5) in a

Taylor series around Y, rearrange terms, and applying Slutsky’s lemma, then we can show

N (B - 50) wo N |0, E[%OL (3.10)
E [0

where ¢/ indicates the derivative with respect to 8 and v~ is convergence in distribution.

Examining the variance

~ ~ ~N\ 2 2~2 ~ 2~2 ~ A~
E[%O] E[(X%BO—XlYl> } E[ﬁo X2+ XN —250X12X1Y1}

Bl B[ B [xi]

~ 2 ~ D~ N~~~
30°R [Xf ] 4 E {Xfyf] — 288 [XleYl]
_ L . (3.11)
B[X7]
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Examining each term

E [3(?2_ _ By (RZ)Q‘;; + (o>2R2];2X12] - BBy [x7] (3.12)
E [)?12?{2_ — B?R? (3.13)
E[X}XVi] =B [Xivi| = 0B [ X{] (3.14)
B[X7| =By [x2] (3.15)

Combining these and plugging them into our variance, we have

o [1/1?30] _ BPR*+ B R2Ey [X7] - 28°Ex [X{]

5 5 . (3.16)
E [v) | Ex [X7]
Thus, we can conclude that the asymptotic variance of our estimator is
o BR 4 89 (R%Ex [X3] - 2B [X1]) )
Var [5] - . tol/n)y=0(=), (3.17)
vEx [X7] "

which agrees with our formulation in the previous section. If we wish to upper bound the

numerator we can further say

+o(l/n) = O (1) | (3.18)

1 B2R? 4 BO’R*
|« ="+
n

nBx [X7]

We do this to more easily see its agreement with the upper bound of the variance in the

d-predictor case in Section 3.3.
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3.2.4 MSE and Asymptotic Relative Efficiency

Having identified the asymptotic variance and bias of our estimator, we can now find its

asymptotic MSE.
MSE (B) = Var [B] + Bias (B)Q = O(1/n) + O(1/n?*) = O (1/n) . (3.19)

This implies that the rate of error between our estimator and the OLS estimator (which in

the random design setting is equivalent to 8°) decays at a rate of 1/n.

We know that the asymptotic variance of the OLS estimator 8* is given by

o2

Var [*] = m + o(1/n). (3.20)

Thus, the asymptotic relative efficiency compared to our quantized estimator is

A~

2
ARE(G. 4 — B2R? + 30 <R2EX [X?] - 2Ex [Xﬂ) nEx [X7]

nEx [XP]*

o2

B2R? + 3% (R?Ex [X7] - 2Ex [X{])
- By [X7] . (3.21)

The tighter of a bound that can be achieved on the data, the closer it will be to achieving

the optimal efficiency.

3.3 1-Bit Quantized Regression, d-Predictor Case

We now move to extend our analysis of 1-bit quantized regression from the 1-predictor case,
to a general d-dimensional case. As in the previous section, the work by Vershynin [46] was

used throughout. In this section we prove the theorem:
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3.3.1 Results

Theorem 3.3.1. Let X be a n xd matriz of random variable predictors whose rows {XZT A
are 1 x d wvectors of random variables X;;, j = 1,...,d. Let the rows of X be independent
and identically distributed. Let |X;;| < R for all i,j for some R € R™.

Lety = {Y;}7'_, be an nx1 vector of random variable responses such that Y; = x?,@%—aei
for B° € R? and 0 € RY. Let {ei}i, be a set of iid standard normal random variables

independent of the elements of xI'. Assume |e;| < L for all i so that we can say |Y;| <
RH,BOHI + oL for alli. Define B := RHBOH1 +oL.

Define

Xij = Qx (X)), Y; = Qy(Y3), X2 = Qx2(X}),

where Qx and Qy are 1-bit quantizers for elements of X and y defined on [—R, R] and

[—B, B], respectively, as defined in section 3.1.2. Furthermore, let Qx2 be a 1-bit quantizer

for the squared elements of X. Let %1 be the quantized ith row of X and y be the quantized

vector of y.
~ ~ ~ = —~2 ~
Then for ¥, = X%+ A for A; = diag (ij — Xij ) the estimator 3 that solves the

estimating equation

S

n
v, (8) = Z 3,8 — fiTgi =0
=1

is unbiased and has a covariance matriz whose entries are bounded by a value of order

O <%) Furthermore, if Amin (£) is the smallest magnitude eigenvalue of X, we have

MSE (ﬁ) <n U <B2R2 + 7R4H50Hj> Al(z)Q _ (Z) _ (3.22)
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3.3.2 Introduction

We now extend to the multivariate case with d predictors. We begin by establishing our

regression scenario:

1. Let X be a n x d matrix of random variable predictors whose rows {x.

o arelxd
vectors of random variables X;; such that |X;;| < Re R* for all¢,j wherei =1,...,n
and j = 1,...,d. We assume that all rows of X are independent and identically

distributed, but that the columns are not necessarily so.

2. Let y = {Y;}, be an n x 1 vector of random variable responses such that Y; =
x!'BY + oe; for B° € R? and o € R. Let {¢;}7, be a set of iid standard normal random

variable. Assume |¢;| < L for all ¢ so that we can say |Y;| < RZ?:1 | 5]Q| + oL for all
i. Define B = RZ;-lzl |ﬂ§~]| +olL

3. Let Qx, Qx2, and Qy be 1-bit quantizers as defined in section 3.1.2 which take values

[-R, R], [0, R?], and [—B, B], respectively.

Notation

We provide Table 3.1 as a reference for important notation. Throughout this section, we will
consistently use i = 1,...,n and 7' = 1,...,n as indices of observations and j = 1,...,d as
indices for features. We will consistently use bold capital letters (both English and Greek)
to indicate matrices, bold lowercase letters to denote vectors, and capital non-bold letters

to indicate random variables.
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Table 3.1: Table of Important Notation

A n x d matrix of predictor variables.

The ith row vector of X.

A d x 1 vector of parameters.

The jth entry of the vector 3.

The value found in the ith row and jth column of the matrix X or,
equivalently, the jth element of the vector sz.

The output of the quantization function for predictor value X;.

The output of the quantization function for squared predictor value
2

X5

The output of the quantization function for response value Y;.

A vector whose values have been quantized using the @ x quantizer.

e.g., given x7 = (X1, Xi2, Xiz), X! = (X1, Xi2, Xi3).
A matrix X whose values have been quantized using the Q) x quan-
tizer.

The d x d quantized covariance matrix estimate defined as

2 ~ ~— ~ ~— ~ ~—

T3 Tid%2 Til%i3 ... TilTid

~ ~— 2 ~ ~— ~ ~—

Ti2%41 Lo Ti2X43 ... Xi2T4d

& |~~~ ~~ ~ o~

Yk, = | TizTi1 TizTiz T ... Ti3Tiqd
~ ~ o~~~ o~~~ 5
LidTi1  TidTi2 TidTi3 - - - Tigq

®) ~2
Note T # T,

Qx2(-) quantizer, where as 7;” = (Qx(aci))2 which uses the Qx(+)
quantizer. This is a subtle but important distinction.

This is because m?j = Qx> (m?j), which uses the

The sum of the quantized covariance matrix estimates derived from
each sample, that is: 1 > | 3.
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3.3.3 Quantized Predictor of 3"

We now proceed to estimate 3° using the quantized values of X;TF and Y;, namely %7 and

Y;. We define the estimating equation

B\H

n
Z -%7y, (3.23)

1S ) -

where 1;5 (xiT, Y,) = ixlﬂ — ilTIN/z Let us assume 3 is a root of \iln(ﬁ)

Note in this equation we use ixi, as defined in Table 3.1. This is a subtle but important

distinction, as defining it in this way results in
Eq [Exi] = Xix] (3.24)

taking advantage of the unbiasedness of the element-wise quantizers. Note that when eval-

uated at B°:
E [Jﬂo] _E [EQ [ixiﬁo - i?]] —E [xixfﬁﬂ - XY] ~0 (3.25)

for all ¢, making \iln an unbiased estimating equation.

3.3.4 Asymptotic Variance of the Quantized Estimator

Using estimating equations and the sandwich method, we move to establish the asymptotic

variance of the quantized estimator ,C:}, which is the estimator that solves

n 18
Z <X1 ) z> :ﬁzzxiﬁ_fiT@l:O-

3\'—‘
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Again using a Taylor expansion about 3°, we can show
~ ~, 11 ~ o~ ~ 1-1
Vi (B-8) o N <0, B[] E[dnd | B[] > . (3.26)

where @Zg is the gradient with respect to 3. We have that J’ﬁo = ix1 Then since Xx =
%Z?:l i)xi is a consistent estimator of X := E [XTX], then by the continuous mapping

~—1
theorem ¥ converges asymptotically to X!, Then we can refine the distribution

vn (B _ 50> > N (0, > 'E [Jﬁo%] 21> . (3.27)
Let us now move to evaluate the asymptotic variance of our estimator.

Bounding the Entries of E [@Zﬁolzgo] in the Asymptotic Variance. We proceed by
first looking at the meat portion of the formula: E [QZIBO Jgo] We note that E [@32] = R?

~ 2
%

and E [Y } = B2. Before we begin, let us recall that we have defined

~ - T . R 2 d
Yk, = XiX; + Ajwhere  A; = diag (mip - R ) E
p=
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To begin the evaluation of the entries of E [Jﬁoigo], we note that we can express the

matrix as:
7 OT AN AN
E[000h] = B | (£08° - %:7:) (5:.68° - x:5)
> =T ~ ~ T ~
=E [zxiﬁ“ﬁoszi - 5,8V - %V, + xinnx?]
= [( + A; ) BOﬁOT (N T + A; ) (Xi)EiT + Az) ﬂOi}i)'(viT
VA (R +A) + @ﬁ-ﬁ»fﬁ]

XX

~ ~ ~ ~ T~ ~ ~ ~ T T
E[x%7 88" %% + 088 %% + %8 A+ A,8°8" A,
-V <5EZ>§TB 2T+ A8%T + %8 %xT + %8 A ) B%?p?f] (3.28)
Then the j, k-th element is given by
oooT
(¢50w30>jk

d d
= Z Z xmxzfﬂéﬁ xzmxzk + 5 60 Z 50 l‘zml’zk + 5kﬁk Z ﬁo $zm$7,j + 6j/6§]/6,25k
{=1m=1

d d
-Y; Z o LimTij Tl + B d;xik + Z B TimTij Tk + ﬁkékww + BQ@}@@ (3.29)
m=1 m=1
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where we have let 9, be the p, pth element of A;. Then taking the expectation with respect

to the quantizers results in

d d d
Eq [( 501/1/30). } Z Z /6 ﬁ EQ xwxzéxzml’zk +ﬁ EQ Z ,B Eq :L'Zmaf:\lk]

{=1m=1 m=1
v . ~— J

(a) ()

d
+Eq[0k] 8) Y BYEq [Timai; | +6;8)800k + B*Eq [543 |
m=1

" J
v

(c)

d
~Eq|¥| |2 Y 8Eq [Zmandn] +87Eq [6] Eq [#4] + B1Eq [0 Eq [75] |- (3.30)

m=1

"

(d)

It is important to note that Eq [Z3,%5] # Eq [#3,] Eq [%ig] when p = g. We have instead
that Eqg [%ﬁ]] = R? since 7;,7;; = R? when p = q.
So, when calculating the 7, kth term of E [zzﬁozzgo], we must expand all possible com-

binations of the relationships of the iteration variables in (a), (b), (c), and (c). The full

derivation of their formulas can be found in Appendix B.
Furthermore, we show in Appendix B that the entries of E [IZBO Jgo] are upper bounded

by

5| (5e7) | < rt e m (| e (] )], +2lel)  wan
when k£ # j and by

[(50), | < e (-l olol) o
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when k£ = j. Furthermore, we can then say that all entries of the matrix E [Jﬁoigo] are

bounded by

B| (Dudh) , | < B2rom o] (3.33)

We now use this bound to upper bound the MSE of our estimator.

3.3.5 MSE of the Estimator

Let us begin by defining the notation = which we define to be asymptotic equality up to
o(1/n). Using this notation allows us to omit the o(1/n) term. Then we can say that the

asymptotic MSE of the estimator is given by

MSE (B) =tr (Var [B]) = tr (n_lE_lE [@Zﬁo%] 2—1>

Taking the absolute value of the trace gives us

d d d
tr (21E [Jﬁoigo] 21>‘ NN S E [q'/?ﬂozzgo]ke =
J k2

2
F

(
(o)
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where ||-|| » is the Frobenius norm. Then we can refine our MSE bound by using the fact

that ||| < Vd |-l

o (2B [Tadh] =) <ot (2w o))
<nld <B2R2 + 7R4H50Hj> )\1(2)2 (3.34)
Thus, we can bound our MSE by
MSE (5) <nld <BQR2 n 7R4H60Hj> Amnl(z)Q o) (Z) . (3.35)

3.3.6 Asymptotic Relative Efficiency

We wish to analyze the asymptotic relative efficiency (ARE) between the quantized estima-

tor in the d-predictor case 3 and the OLS estimator 3. Having not yet examined the form
of the asymptotic variance of the OLS estimator, we provide it here.

Assuming X is full rank and each row of X, XZT, is independent of ¢;, we know the least

-1
squares estimator is given by 8% = <XTX) XTy and solves the estimating equation:

() = - D ¥ = - Y x (B Vi) =0, (3.36)
i=1

=1

SEES

where we let 0 denote a vector containing all zeros, in this case a d x 1 vector of zeros. We
assume the pair (x7,Y;) is independent of every other pair (X?, Y;) for all i’ # ¢, then 93
is independent of ;.

Then the asymptotic variance of the estimator 3* is given by

Var [3*] = £7'E [%01/%0] st =n"lo?mh (3.37)
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The ARE is then given by

tr (nlﬁ_lE [(z;ﬁong(J)jk] 2_1>

tr (n*1022_1>

ARE (B,ﬁ*) g (3.38)

We have upper bounded the numerator in the previous section. Now we lower bound the

denominator by using properties of norms
tr (n_1022_1> > n" o Anin (E])_1 . (3.39)

Combining these we can say

2 2
n~ld (BQRz + 7R4H50H1) e DR L |

ARE(A, *) < 3.40
ol n=ldo? Apin ()7 02 Xnin (%) (3.40)
3.4 Conclusion
3.4.1 Summary
We have shown in the 1-predictor case using two methods that the estimator
DN EP Y
_ w2 XN (3.41)

1 2
n Z?:l Xi

is asymptotically unbiased and has asymptotic variance of

B2R? + (0 (RQEX [X?] - 2Ex [Xf]) B2R? + 2Rt
<
nEx [X7]° nEx [X7]

Var [B] X
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This allows us to say the MSE of the estimator asymptotically approaches

B2R? + 8 ( R?Ex [X?] — 2Ex [X{]
( = 1) — 0(1/n). (3.42)

e () - )

Furthermore, we can say the asymptotic relative efficiency compared to the OLS estimator

is

B2R? + 8% (R*Ex [X}] - 2Ex [X{])

ARE(B750) = O'QEX [X12]

(3.43)

In the d-predictor case, we showed that an estimator B , that is the solution to the estimating

equation

‘i’n(ﬁ) =

S|

noo_ 1 noo_
Y05 (x¥) = = Y S B-%T0 - 0,
=1 i

converges in distribution to
B~ N <[30,n_12_1E [zZﬂmZgo] 2—1> . (3.44)
We then bounded the elements of E [Jﬁ(ﬂ;go] by
B| (Suih) , | < B2r oo (3.45)

This leads us to an upper bound on MSE of the estimator

MSE (B) <n~ld <B2R2 + 7R4Hﬂ0Hj> Al(z)g —0 (Z) . (3.46)
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Furthermore, we can say that the ARE is upper bounded by

2
B2R? + 7R4H60H1
0'2)\min (2)

ARE (B, B*) < (3.47)
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Chapter 4: Bounding the Error from Sketched and

Quantized Regression Parameters

4.1 Introduction

4.1.1 Introduction

In the era of big data, the extreme number of samples in a dataset frequently presents chal-
lenges for learning algorithms, even one so fundamental to machine learning and statistics
as linear regression. Moreover, the substantial size of data can impede its transfer from
its source to a processing location. Researchers have created many lossy compression algo-
rithms that overcome these difficulties while still allowing learning algorithms to function
with some error. This paper examines the error incurred in linear regression when using
data compressed by three compression algorithms: 1-bit quantization, random sketching,
and their combination, sketching and 1-bit quantization. It provides a theoretical upper
bound on the difference between the regression parameters obtained from compressed data
using each of these methods and those derived from standard least squares using the origi-
nal dataset in both a fixed and random design setting. Finally, the paper provides a closed
formula for the error’s upper bound based on dimensions of the original dataset and the

sketching matrix.

4.1.2 Background

The size of datasets in the modern age requires that we invest in and research methods
capable of compressing data while retaining our ability to learn from it. We focus on

methods designed to compress data for use in a linear regression model.
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Compressed Linear Regression (CLR) is often referred to as a method that reduces
the features from d to some k << d << n where n is the number of samples. Maillard
and Munos [47], Kaban [48], and Slawski [49] explore using a random projection matrix of
size d x k to reduce the feature set and analyzing the expected excess risk of OLS with the
reduced data. Slawski provides an improved analysis over [47], [48] that shows CLR performs
similarly to Principal Component Regression (PCR) and highlights CLR’s advantages in
computation, but not necessarily in the statistical sense. Principal Component Analysis in
linear regression [50]-[54] and dimension reduction by a Johnson-Lindenstrauss transform
or its like have been extensively studied [55]-[57]. Slawski [58] provides a comparison
of both the computational and statistical performance of PCR compared to a Johnson-
Lindenstrauss transform under mild assumptions.

While these methods are effective at reducing the size of the dataset by reducing the
number of features, they do nothing to reduce the number of samples. There are many works
that perform a reduction of the number of samples, which we call ’sketching’ from now on
[57], [59]-[67]. Each of these methods shows, under varying assumptions, how sketching
can reduce the computational complexity and data storage requirements, and they provide
theoretical upper bounds on the expected error, usually as expected excess risk from the
hypothesized true relationship between X and y in a linear regression model.

Dobriban and Liu [62] perform an asymptotic analysis using various assumptions on
the sketching matrix. They show the asymptotic increase in parameter estimation error,
prediction efficiency, and out-of-sample prediction efficiency under different scenarios. While
their work is asymptotic, our work similarly shows the increase in parameter estimation
error.

Raskutti and Mahoney [66] provide a framework for evaluating the effectiveness of differ-
ent sketching methods. They bin the types of sketching into two main categories: random
selection and random projection. They then use the metrics prediction efficiency and resid-
ual efficiency to evaluate the usefulness of a sketching matrix instead of the usual ratio of

variances of the estimators. They prove the following theorem
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Theorem 4.1.1. [66] For any n x d matriz X, there exists a constant ¢ such that if r >

clog(n), then with probability greater than 0.7, it holds that rank(Ssap) = d and that

o[-

sl

Cpe(Sscp) =

z]<44 1+
| (+3)

2

where r is the first dimension of the projection matriz Ssgp whose entries are iid standard

gaussian, and Bg, ., s the solution to the LS equation using data projected using the Sscp

matriz, B* is the OLS solution, and 3° are the true values in the LS equation [66].

Pilanci and Wainwright [65] perform sub-Gaussian and randomized orthogonal system
projections. They provide high-probability guarantees in terms of the size of the sketching
matrix on the optimality of the sketched estimators to the least squares problem. Their
main result most pertinent to our work is given in their Theorem 1 which provides the
value of a sub-Gaussian sketching matrix that will provide a high probability bound error

between the OLS estimation error and a sketched estimator error. The theorem states

Theorem 4.1.2. [65] Let S € R"™*"™ be drawn from a o-sub-Gaussian ensemble. Then there
are universal constants (co,c1,c2) such that, for any tolerance parameter § € (0,1), given a

sketch size lower bounded as

€o

the approximate solution B is guaranteed to be d-optimal for the original program with

probability at least 1 —c; eXp*Qm‘SQ, where XK denotes the linearly transformed cone {XA €

R" | AeK} and W(XK) = E [SUPzeXICﬂSn—l I<g, z>|] for ge R".

This paper builds on Pilanci’s [65] and Raskutti’s [66] work. We focus on estimators

of the covariance matrix and the product of the design matrix and response vector. In
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doing this, we can perform analysis to show upper bounds on the parameter error in both
the fixed and random design settings. Additionally, we examine the effect of stochastic
quantization (or dithering) on linear regression and provide the same upper bounds. Lastly,
we combine both sketching and quantization as a new method of compression with desirable

error bounds.

4.1.3 Problem Setup

Suppose we are given pairs (x1,Y7),. .., (Xn, Y,) where each x; is a vector and each Y; € R.

Assume these pairs have a linear relationship described by
Y;=x/B"+0e, 1<i<n (4.1)

for some linear map B° and noise terms €;. While we assume throughout that the noise terms

are standard Gaussian, we expect that a more relaxed assumption of symmetry is possible

using different proof techniques. In this chapter we will investigate a novel estimator ,3 of
the optimal solution 8* under both a fixed and random design setting. We will evaluate an

upper bound of the squared error between this estimator and the true linear map 3*.

Bounding the Estimator Error

Let the matrix X be comprised of vectors {x!}" ;, and the vector y = {Y;}", contain
random variates where the relationship (4.1) holds for each i. The solution to the quadratic

minimization problem corresponding to the least squares problem is given by
1
B* = arg min {2,6T2ﬁ — Exy,@} , (4.2)
B
where in the fixed design setting

xXTX xT
and Xxy = Ty (4.3)
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and in the random design setting

T T
X:=E X X] and Xxy:=E Xy] . (4.4)
n n
We define an estimator 5’
. (1 e .
3 := arg min 56 X8 —-XxyB¢, (4.5)
B

where 30 and ﬁ)xy are unbiased estimators of ¥ and ¥x, derived from transformed data,

denoted as y and X that maintain conformability.

Then we can show that:

Lemma 1. Given a matriz X comprised of vectors {x!'}*_, and the vector y = {Y;},

having a linear relationship y = XB° + o€ with standard regression assumptions. Let 3% be

the solution that minimizes
* : 1 T
(3% = arg min iﬁ 38— Xxy03 (4.6)
B
and let B be the solution that minimizes
. (1 e .
3 = arg min §B X8 - Xxy0 (4.7)
B

where X and y are transformations of X and 'y that maintain the necessary conformability.

In the fized design setting define

and Xxy = —= (4.8)
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and in the random design setting define

XTX xXT
Y:=F [ ] and Xxy:=F [y] . (4.9)

n n
Let 3 and ﬁ]Xy be unbiased estimators of 3 and Xxy derived from the transformed data
X and y.

Then if Amin (X) is the smallest magnitude eigenvalue of 3, we have

48[, [ 3] + 4[5y - 3
2 S Amin (2) '

*

Proof of Lemma 1

Proof. Let
1 _r 1 g o
1(8) = 58758 - SxyB and  g(B) = 87E6 - SxyB. (4.10)

We note that both 8* and B are feasible solutions to both f and g, but 3* is optimal for

f and B is optimal for g. Thus, we can say
F(8%) < £(B) (4.11)

9(B) < 9(8%). (4.12)

=
\@)
N
Q
2
l

8 < %B*Tﬁlﬁ* + 3%, (B - 5*) . (4.13)
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Then, adding and subtracting %,@Tﬁl,@*, %B*Tﬁlﬁ, and B*T38* from ((4.13)) and let-

ting & = B — B*, we get
~6T36 < prTEp - BrTEB + 25,0
= B*E(B* - B) - 2%, (8" - B). (4.14)

Now adding and subtracting 8*7 (3 —%)§ and (X xy — Exy)7d from the right side of (4.14)

and using that (X8* — Xxy, 8% — B) = (Exy — 65T (B* — B), we get:
636 < (28" — Txy, 8% — B) - BT(Z - 2)d + (Exy — Txy)T 4.

Using the optimality of 3* for the original problem (4.11) and since (£8*—Xx,, 8*—8) > 0,

we have

6736 = BT (2 -2)0 + (Exy — Exy) 0 (4.15)
FExamining the right-hand side
BTS2 + (Exy — Txy) 8 = (-8T(E - 5) + (Exy — Bxy)7) 8

<ol (71 [ 2] s s, w20
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by Cauchy Schwarz, the triangle inequality, and properties of induced norms (see (4.31) for

the definition of [|-||). Now examining the left-hand side

TR (stz;s_st (2-3) s)
> 5 (o], - = - =]9[})
- ol e - -3
> (25 (4.17)

3 — ZH‘ < ’\r’%@) We will call this the lambda-min-requirement and

where we require

reference it as requirement (4.17). This requirement can be shown to be met with high

probability when the the estimator is designed such that
R 1 & . .
s--V'3, d E [2] ) 41
- Z an (4.18)

for all ¢, which will be the case for all the estimators in this paper. Each section will provide
a value of n such that with high probability we have

B <o, (-l - e -

~

4, |85 +4|®xy —5x)|
2 Amin (2)

2 (4.19)
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The inequality (4.19) is the general problem of this chapter and will be referenced

repeatedly. We will separate problem (4.19) into two parts:
(a): H(z - zm (b): Hﬁzxy - szH2 (4.20)

We will use varying methods to control (a) and (b) based on the methods of each chapter

and the assumptions made in each section. We will then combine their results to find an

upper bound on H3H2

4.1.4 Assumptions and Definitions
Regression Model, Error Independence, and Scaling

We will construct a n x d design matrix Z and a n x 1 response vector w such that w =

Z3° + e where the elements of € are independent and standard normally distributed.

Depending on the chapter, we will either perform analysis on Z and w or scale them and

use X = % and y = % In the case of scaling, we will redefine 3 and ¥Xx, accordingly.

Independence of Samples and Errors

We assume the elements of Z and the elements of € are independent.

Bounding (4.19) in the Fixed Design Setting

We recognize that in the random design setting 8% = 3°, but this is not the case in the

fixed design setting. In the fixed design setting, we can use the triangle inequality to say

" =] <[}e" ~e

+HB—B*

. (4.21)
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It is well known that if d < n and ¥ := ZTTZ, which we assume for fixed design, then

2 _ MSE (Z8%)

0 g%
Hﬂ ﬁ N >\min (2) (4‘22)
where M SE (Z,B*) = %HZ,B* - ZﬁOHz. By Theorem 2.2 in [68], we know that
MSE (25%) < o2 10801/%) (4.23)

n

with probability 1 — 1/§ for any § > 0 and where r = Rank(Z*Z). Combining these, we

can say

2 _ o? (r + log(1/6))
= Amin (E)TL

|8 -8 (4.24)

with the same probability 1 — 1/4. Since we assume ¥ has full rank, then r = d and we

conclude

e

o2 o
< \/ (jm:;léglf)) (4.25)

with high probability. Throughout this paper we will assume that § is chosen close enough

to 1 that we can simply say

o2d

HBO - B*|| < Wi 0 ( Z) . (4.26)

We will include this additional error in the error bounds in the fixed design cases.

65



Docusign Envelope ID: 93A6B94D-51AD-472D-BE1A-F512D3BB43DD

Sub-gaussian Behavior of Fixed Z

We will make the assumption that a fixed design matrix Z with bounded entries |z;;| < R

for all 4, j behaves similarly to a bounded random design matrix such that, for arbitrary 3,

2/ B| < RC\/log(n) B, (4.27)

max
%

This is assumed as it eases calculations in the fixed design settings. We show here that

this bound holds in the random setting. We can show using a Hoeffding bound that for a

random design matrix with rows z! and bounded entries ‘zij} < r that

2
P(|z/B| >t) < 2ex " ). 4.28
(=t8] 21) <2 p(zmuzan%) (42%)

Then letting t = \/ 2R?||B8 Hg log(n?) and using a union bound argument

42
P (max ziT,B‘ > t) < 2nexp 7252 = 2 (4.29)
g 2R?||Bll; ) ™
Thus, for a bounded random design matrix Z, we can say
max|a? 8| < /22181 log(n2) = RC/log(n) 81 (430)

with high probability where C' = 2, but more generally we can allow C > 0.

Modified Big-O Notation

We introduce the notation O (-) to be a modified O (-) that simply removes constant and

log terms.
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Indices

A note on indices: throughout this paper we will remain consistent with the use of indices.

We will let 7 and ¢’ range from 1 to n, k range from 1 to m, and j and j' range from 1 to d.

Operator Norm

Throughout the paper we will use the ¢? — ¢? operator norm or spectral norm, denoted by

[I-Il, which yields the largest singular value of the matrix A. That is:

A = /m?xm (A*A)|, for A e R™*¢ (4.31)

where \;(A*A) denotes the ith eigenvalue of A*A and A* denotes the conjugate transpose.

4.2 Quantized Regression Parameters

4.2.1 Introduction

Let Z be a n x d design matrix and let w be a n x 1 response vector where it is assumed

a linear relationship w = ZB" + o€ exists. We assume the elements of € are independent
and standard normally distributed. Whether Z is fixed or random will be stated at the
beginning of each major section.

Quantizers

We define a generic 1-bit stochastic quantizer for a bounded random variable U to be

a with probability
QuU) = v (4.32)

U—
b with probability A a

where Qp(u) is defined on the range of U : [a,b] and Ay :== b — a.
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Using this definition, we define three element-wise quantizers:

1. Qg (zij) is the quantizer defined on the range [—R, R] where R is the max;; ’Zij‘ =R
or is defined on the range of high-probability bounds of the elements of Z as defined

in Section 4.2.3 in the random design case. We define
Eij = QZ (Zij) . (433)

We allow the notation Z to be the matrix of quantized elements from Z and %;[ to be

the ith row of Z.

. Qg (zfj) is a quantizer defined on the interval [0, R?] where R is again a bound (or

high-probability bound) of the elements of Z. We define

~

2= Qg (22]) . (4.34)

. Qw (w;) is the quantizer defined on the high-probability range of w;, which will be
defined in Section 4.2.2 and 4.2.3. We define

W5 = Qu (w;). (4.35)

We allow the notation W to be the vector of quantized w values.

The exact ranges of these quantizers will be established in each section, as they depend

on the assumptions made on Z.

In section 4.2.2 we assume Z to be fixed and in section 4.2.3 we assume Z has standard

normal independent elements.
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4.2.2 Quantized Scenario with Fixed Z

Throughout this section we will assume Z is fixed and that the elements of Z, {z;; }1<i<n,1<j<d

are bounded by some R. That is, |2;;| < R for all 4, j. Thus, we use the definitions

VAN / VA
=22 ad u5,=-2Y (4.36)
n n

We define estimators of 3 and Xz, in a 1-bit quantized setting with fixed Z to be

~ 1 1<
3= s Z = Z 2+ A, (4.37)
i=1 =1
N 2w 1 ¢
Sgw = T = )yl forl<j<d (4.38)

s
Il
—

~

~ d
where we let X; = %zE;‘F + A; where A; = diag (zfj - 2%) . be a modified sample estimate
j:

of ¥ based on the ith row of 3. These definition allow 3 and izW to be unbiased estimators,
as shown in equations (C.1) and (C.2) in the appendix.

From these assumption and definitions we will prove

Theorem 4.2.1. Let Z be a design matriz whose elements z;; are fixed and |z;j| < R for
some ReRT fori=1,...,n and j =1,...,d and let w = {w;}' | be a vector of response
variables. Suppose Z and w have a relationship such that w = ZB° + o€ where the elements
of € are standard normally distributed and independent and independent of the elements of
Z.

Then for 8, 8, Sz, and Xz, as defined in (4.36), (4.37), and (4.38); for

R4 (1 + 3d)

= B z] + 2,

bo = 2R* +d' |2,

€=RC\/M“ﬁ0“2+U\/m= &

"= )\min (23)7
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for some constant C' > 0, and when n is chosen such that

4

n > max <{ 23dlog(2d)n? (37“4 + R?||Z| + Z) ,22dlog(2d)nby } ;

then with probability at least 1 — 3/n,

N

Jo° -1,

og(2nd) T og(2n 2¢2d log(2n.
1)8*|, ( 2d1 g(j dro , 2d1 g(j d)bo) W d}mg(2 d) o
) A R (D)

)\min (2
(V)

Proof of Theorem 4.2.1

I
Ge

Proof. We wish to bound

18, |8 - 2] + 4| S — 22|
Amin (2)

9. e

by controlling

="

Analyzing Part (a) in the Quantized Scenario with Fixed Z. By Lemma 3 we
have

2log(2nd)T N 2log(2nd)b
n n

53] < (430

with probability 1 — 1/n where

R* (1 + 3d)

=d| R?|x
T ( I3+ pi

) and b= 2dR? + ||| .
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Recall in the formulation of the general problem (4.19) that we required

[5- 2] < 2t
2

Thus, we wish to find a n such that

2log(2nd)T N 2log(2nd)b - Amin (2)
n n h 2

It is sufficient to show that each term is less than ’\"“%(2)

individually. For the first term:

2log(2nd)T - Amin (2)

n 4

4
log(2nd)d<R2 \||2||\+W) 2 ()

n 25

4 d
log(2d)d (R2 |3 + £L2D) 5 (5
E < 25
n

2% log(2d)d (R2 || 2] + H03)
2, ()

min

:n>

R4
— n > 2%dlog(2d)n? (3R4 + R?||Z|| + d)

where

B 2
= )\min (2) ’

71
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The second term:

2log(2nd)b - Amin (X)

n = 4
log(2d) - Amin (2)
n 23

— n = 2%log(2d)nb.

Thus, if we allow

4
n = max { 2°dlog(2d)n? <3R4 + R ||z + %

then we have guaranteed

) ,22 log(2d)nb ¢ ,

2log(2nd)T N 2log(2nd)b -

|5-=l<
n n

(4.44)

(4.45)

(4.46)

We have thus satisfied the requirement and we have bound part (a) with probability at least

1—1/n.

Analyzing Part (b) in the 1-bit Quantization Setting. We now upper bound

[Ban =], < V[ Sz =920 ]
0 ¢]

Recall that we have defined f)zw to be

2

T

~ 1. o .
Ezwzizﬁz,zijwi for1 <j<d.

n i=1

72
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Let us define

so that

1 ~
*¢j = (2Zw - ZJZw)
n

18 1«

,L'/

is the jth term of the difference between the quantized estimator and the term to be
estimated.
Let us define the event

E :max|w;| </ (4.50)
7

for £ = ]-2C’q/log(n)HBOH2 + 04/2log(2n?). We recognize under the condition of E, 1; is

the sum of zero-mean, bounded random variables in the region [—2r¢,2r¢]. We can thus

apply a Hoeffding bound and say

—2t2 —t2

for all ¢ > 0 (see Wainwright Exercise 2.4, Example 2.4, and Equation 2.11) [69]. Using a

union bound argument and letting t = 1/8R2/2nlog(2nd) we have

t2 1
Applying the law of total probability, we recognize that
P(A)=P(A|E)P(E)+ P (A|E°)P(E°) <P(A|E)+P(E°). (4.53)
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By Lemma 2 in section 4.2.2 we established that E occurs with probability 1 — 1/n. Thus

we can say

t

1 N 202 log (2
P(max’zbj‘ > > =P<max <EZW—EZW) > M
i n n J J

n

) <1/n+1/n=2/n. (4.54)

Thus, we have bounded our desired quantity:

8R2(2dlog(2nd)
n

[ = 2ou], < VB~ Zan], < 55

with probability at least 1 — 2/n.

Combining (4.39) and (4.55) results in

n n n

4log(2nd)T |, 4log(2nd)b 8R2(2dlog(2nd)
i, (  All2ndl ) g [Pl

|B-p"

<
2

with probability at least 1— (1 /n+ 2 /n) We now add on the additional error from H B8—p3*

from the inequality

Jov 8] <[ - o]+ - ]. .50
Then with probability 1 — (1/n + 2/n)
) ) 4H6*H2 ( 410g(jnd)7‘ n 4log(jnd)b> 14 8R2Z2d7110g(2nd) ey
|o" -8, < o (2) Ny @90
O

The following sections provide the lemmas used to prove Theorem 4.2.1.
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Establishing a High-Probability Bound on the Elements of w with Fixed Z

We will establish a high-probability bound for the elements of w = ZB3° + ce. Using this,

we define

£ = RC+/log(n) |8 + ov/210g(2n%) (4.58)

for some constant C' > 0 so we can say that |w;| < ¢ for all i with probability at least

1—1/n.

Lemma 2. Let w = Z3° + o€ for independent and standard normally distributed € and Z

is defined as in 4.1. Then with probability at least 1 — 1/n

max|uw;| < RC’\/@HBO’L + o4/210g(2n2). (4.59)

Proof. We assumed the elements of € to be independent and standard normally distributed.

We can thus apply a Gaussian tail bound to say

P(e] >t) <2exp (—2> (4.60)

for each i. Letting t = 4/21log(2n?) and using a union bound argument yields

t? 1
P (max|ei\ > t) < 2nexp (—) = —. (4.61)
i 2 n

Letting z! be the ith row of Z, we assumed (see 4.1.4) that

max
K3

2! 8| < RO\/log(n)| |8, (4.62)

for some constant C' > 0.

75



Docusign Envelope ID: 93A6B94D-51AD-472D-BE1A-F512D3BB43DD

Then using the triangle inequality, we can say

T
zi 3° + oe;| <

lw;| =

ziTBO‘ +ola] < RO\/MHH)HQ + o4/210g(2n2) (4.63)

for all ¢ with probability at least 1 — 1/n. O

Establishing the Bounds of the Quantizers with Fixed Z

We must establish the bounds of our quantizers. We will use our assumption that |z;;| < R
and the bound for w; established using Lemma 2 to define our bounds for our quantizers

@z and Qz2. We have from Lemma 2 that

il < € = RC\/log(n)||8° + ov/210g(20%) (4.64)

for all ¢ with probability 1 — 1/n. Then our quantizers can be defined on:

a” |at| A

Qz | -R| R | 2R

Qz2| 0 | R? | R?
Qw | = | ¢ | 2¢

where the bounds of Qy are with probability 1 — 1/n.

Matrix Bernstein Inequality for the Quantized Estimator with Fixed Z

We apply the Matrix Bernstein Inequality to bound H‘ZN] — EH‘

76



Docusign Envelope ID: 93A6B94D-51AD-472D-BE1A-F512D3BB43DD

Lemma 3. Given the same assumptions on Z and w given in 4.1 and 4.2 and the definitions
of  and & in (4.36) and (4.37). For

R* (1 + 3d)

=d| R?|Z
T < 1= + 7

) and b= 2dR?+ ||Z||, (4.65)

we have with probability at least 1 — 1/n that

2log(2nd)T N 2log(2nd)b

|=-=]<
n n

(4.66)

Proof of Lemma 3
Proof. We begin the proof by by noting a few important facts. First, we note that 3:;2] =R

for all 4, j, since Z;; € {—R, R}. Second, % e {0, R?} for all 4, j, since zfj € [0, R?]. Lastly,

~ ~ d
we see that zfj — 2;2] < 0 for all 4, j, allowing us to note that A; = diag (zfj — 2%) - is a
]:
vector consisting of all non-positive values.
Recognizing that
~ 1S /~
o-xl -8 =) aon

we can then apply a Matrix Bernstein inequality (Theorem 6.17 in Wainwright) [69] to say

1
p<
n

for some b > miz — EH‘ and # > 0 and where

-

L ~ —nf?
> 0> < 2 rank (Z Var [2,}) exp <2(02~+60)> (4.68)

i=1 >

$(53)

nVar [il]

e

‘ . (4.69)

n ~
; Var [Z,]

1
2—i
Ui_n
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In order to use the Matrix Bernstein inequality, we must show that ENIZ — X satisfies the

condition

|5

5], <
2

(4.70)

almost surely. Using the boundedness of Z, we first show that for all ¢ and for any element

~

of 22

(=), = @), -
Js3’ 7,3

2

Using this, we can then show

- =[; <[}

d
= sup Zvjvj/
Ivllz=15

~ d
<diag (zf] — R2> 4 )
=1/ 4

< max{—R2,RQ} _ min{o, —RQ} < R®+ R? = 2R2.

[vlly=1

(), (3),

(4.71)

2 ~T ~
+IZ)? = sup vIE; Ziv + |27

+ 1=

2
+ 1=

2 2
sup [|v[[y +[|Z* = d*

Ivilz=1

<d <27’2>2 (2r2)2 + 1201

— |8 -3, <20 + 3 (7

satisfying the Bernstein condition.

We proceed by bounding 0%, which we defined previously as

o = var [3]

‘ . (4.73)
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Using the definition of variance and the unbiasedness of our estimator, we can show that

Var [f]z] can be written as
~ ~ 2 ~ 12
Var [2] —E 22} —E[Ei] —E [2} _»?
—E|@EaT + AT (@ + Ai)] _ 2

— B 527757 | + B A2 + E [z2] A + B [AT75] ] - =

)

_E z2||z2|| ] +E [AQ] +E [zl TA] [Ai%ﬁT] _x?

— @B 75| + B |A2| + E 227 A + B[z | - 22 (4.74)

We can represent E [%I%ZT] as

E [2;21] E [311512] - E [31121(1] R2 Zil1%i2 . Zil%id
o E [Eiggil] E [2?2] e E [Eiggid] Zi2%i1 R2 P Zi2%Zid
E [zile] = -
E I:Eidgﬂ] E [Ezdzg] e E [E;Zd] ZidZil ZidZi2 e R2
R? -2} 0 0 R? -2} 0 0
0 R? — 2 0 0 R? — 2 0
= ZiZZ + il =3+ il
0 0 R? — 22, 0 0 R? — 22,
=3 +D (4.75)

d
where we added and subtracted a diagonal matrix with entries {zfj} X and we defined
j=

d
= diag (R z%) . Viewing E [z Z; ] this way allows us to more easily bound its
]:
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spectral norm as:

o

’ == +DJ < |IZ]| + D]l < 1] + &2 (4.76)

Now we are able to bound a%:

U% = H‘Var [ZNJZ]

' &E 727 | + E [AE] +2E [Aﬁﬁf ] _x?

< |larE [727] + E [A%] +2E [Aﬁﬁf] ‘
< |larE 227 ]| + H’E [A?] ‘+2‘HE [A{zﬁf] ’
<a?|B[aal]| + &t + 28 o [ |

< dr? (|||2m + RQ) + R4+ 2dR?

= dr?||Z|| + R*(1 + 3d)

_d (RZ I+ R“d”’d)) (4.77)

where we used Jensen’s inequality and the convexity of the spectral norm. We were able to
drop H)EQH‘ in the second step using the fact that Var [f)z] > 0 and 3 > 0 and applying
(D.1).

Let us define the value 7 to be the upper bound established for a%:

ri=d <R2 1=l + R4(1d+3d)> . (4.78)
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Recognizing that Var [iz — 2] = Var [iz], and since 0% < 7, then we can say

1
p(
n

In order to further refine this probability, we examine possible choices of § and b. We wish

g(gz)

—nb? 2
> 9) < 2d exp b < 2dexp (2719) . (4.79)
T

to find a 6 and b such that

ng? | n6% no
P E— = Y o1 = :
20 1 00) min { 5" b } log(2nd) (4.80)

Let us choose

90— /210g(jnd)7’ N 210g(5nd)b. (4.81)

We can then show

n n

2
g2 n < 2log(2nd)T + 210g(2nd)b>

s
202 27

n <2log(2nd)T + 4log2(3nd)b2 + 4log(2nd)b 210g(2nd)7’>

n n n n

2T

21002 (2nd)b?  br/4log?(2nd)T
= log(2nd) + og”(2nd)b +

nr TA/N

> log(2nd), (4.82)

and similarly

; n ( 210g(§nd)7’ + 210g(5nd)b>
n
5 = 55 = log(2nd) +

2log(2nd)T
2b

> log(2nd). (4.83)
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Now we can say

PC
n

for 6 = Qbﬂ%@7+2b%?””,7::d(32mzm-%Eﬁgﬁﬂ),mmsmneb>2dR2+mzm. 0

_h2
= 9) < 2d exp <2(Tn+0b€)> < 2dexp (—log(2nd)) = % (4.84)

g(ii—z:)

n

Thus, we have bound the spectral norm of the error between our estimator and its true

value, namely:

2log(2nd)T N 2log(2nd)b
n n '

ME—zms (4.85)

with probability at least 1 — 1/n.

Summary of the Quantized Scenario with Fixed Z

This section summarizes the definitions and conclusions made throughout this chapter with
the addition of

For fixed Z with bounded elements |z;;| < R for all 4, j and definitions

=== =233 =) Z2 + A 4.

i PP (450

ZT - 7T 13
Sw = Sgw = = 2Nz, forl<j<d, (4.87)

n n n &=

we showed that

~ 2log(2nd 21og(2nd)b

[ 5] < /2208007 | 2lon(2nd) et s
n n
~ 202dlog(2nd

HEZW - EZWH2 < \/8R nog( nd) w.p.1—2/n (4.89)
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for b > 2dR? + ||X|| and C > 0 and where

4
r=d (R2 =] + R(1d+3d)> 0= RC«/log(n)HﬂoHQ + oy/21og(2n2).

We can summarize by stating

H‘i B Zm _o \/(dR2 + R:) log(nd) | _ 0 ( dlogn(nd)> (4.90)
|$2w - 524|| -0 ( W) —o <\/dlog("j? 1°g<”)> . (4.91)

We include here an interim step where we retain the r and £ to illustrate the error bound’s
dependence on these values. Ultimately, these values are either a constant or dependent on
n and d and are thus removed in the final O formulation.

We introduce a new notation that removes the constants and log terms O (+):

n n n

HizW B EZWH2 < \/8R2£2diog(2nd) _ 5 (\/g) . (4.93)

We identified that

H)i B E‘H < 2log(2nd)T N 2log(2nd)b _ 5 < d) (4.92)

R4
n = max { 23dlog(2d)n> (3R4 + R? |3 + d) , 2% log(2d)nb (4.94)
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forn:%

) satisfies the requirement for our general problem allowing us to conclude

N

487, [ - =[] + 4 Exy — =xv)|
HB*—,@ _ H H2 (Xy Xy)2

~

2 )\min (2)

n n n

4”,@*”2 < 2d log(2nd) o + 2dlog(2nd)bo> 14 8R2(2dlog(2nd)
<

(4.95)

/

)\min (2)

_ 5 ( Z) (4.96)

with probability at least 1 — (1/n +2/n). We define 7o = R?||Z]| + w and by =
2R?+d =1 ||X|| to allow for more easily recognized dependence on d in the final formulation.

We now add on the additional error from H ,@ — B3*|| from the inequality

o] <l -]+ won
and say that,
2dlog(2nd)mo , 2dlog(2nd)bo 8R22dlog(2nd
) (e i)y oD
o5 ) S o (5) Ny %)

_@< Z)m( Z)—o( Z) (1.99)

with probability 1 — 3/n.

4.2.3 Quantized Scenario with Gaussian Z

T

i, are drawn independently from a multivariate

Let us assume the rows of Z, namely z

normal distribution with mean 0 and covariance Ijyq. Let w = ZB° + o€ for independent
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and standard normally distributed ¢; elements of €. We thus use the definitions

AN/
Y=E ] =1,
n
ZT
Szw=E W]
n
and we define their estimators
~ 1 K 1 &
¥ =33 = - Y EE + A
nz=1 ni:l
~ ZTw 1
Yzw = W:szwa forl<j<d
n n 4

(4.100)

(4.101)

(4.102)

(4.103)

~ d
where A; = diag (ZZQJ — 2'2) - and the ~ notation denotes the quantization as defined in
Jj=

ij

Section 4.1. We show in the the appendix in equations (C.3) and (C.4) that these estimators

are unbiased.

Theorem 4.2.2. Let Z be a design matrix with standard normally distributed and indepen-

dent elements z;; fori=1,...,nand j =1,...,d. Let w = 73" + o€ where the elements

of € are standard normally distributed and independent of each other and of the elements

of Z. Let
YA/ yA
Y —E ] ~I, and Sgzw=E [W] .
n n
and their estimators
SPED b SRR PPN
n Yop 2% ‘
=1 =1
- AR S R
Yzw = - :—Zzzjwi for1<j<d
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Then for

2

4 _
Ul wrs )t To=10g2(2n2d)(12+d>’ bo = 2Rg +d " |Z]],

2
l, = \/2 <Hﬁ0H2 + 0'2) log(2n?), Ry = v/2log(2n2d),
and ensuring n is selected such that
3 3 2 4 2
n > max {2 dlog”(2d)n <12 + d> ,2 dlog(2d)b0n} (4.104)

then with probability at least 1 —5/n

18", [5 - =] + 4 5xy - 20
<

0 A3 2
HIB 6 2 >\min (E)
2d log(2nd)T 2d log(2nd)b 8dR2 (2 log(2nd)
([ )
h >\min (E) B n ’

where (5() denotes the order with log terms removed.

Proof of Theorem 4.2.2

Proof. We wish to bound

S L I

B-p, < A (2) )

by controlling

o [5-3] 0 [ ],
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Analyzing Part (a) in the Quantized Scenario with Gaussian Z We will establish
a high-probability bound for ’Hi — E)H under Gaussian assumptions on Z.

We can apply the results established in section 4.2.3 directly to conclude that

n

S5

i=1

2log(2nd)T N 2log(2nd)b
n n

(4.106)

1
n

-[5-=] <

for 7 = dlog?(2n2d) (12 + %), and for any b > d (2R§ + %) with probability 1 —2/n. To
satisfy the lambda min requirement (4.17), it is sufficient to show that
2log(2nd)T - Amin (2) d 2log(2nd)b - Amin (2)

< an x

n 4 n 4

(4.107)

We will examine each terms individually beginning with the first:

2log(2nd)T - Amin (2)

n 4

21og(2nd)dlog?(2n2d) (12 + %) Amin (2)
—_ < min

n 4

2a10g(2d) (12+3) 2 (3
_— < min

n 24
234 log?(2d) <12 + 3)

)‘1211in (2)

4 4
> 2%dlog3(2d) (12 + = ) ——
= n og”( )< + d) 32 =)

min

4
— n = 2%dlog®(2d)n? (12 + d) (4.108)
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where
2
= —. 4.1
The second term:
2log(2nd)b _ Amin (X)
n h 4
2log(2d)b _ Amin (%)
n h 4
= n = 4log(2d)bn. (4.110)
Thus, by selecting
4
n > max {23(110,53;3(2d)772 (12 + d> , 22 10g(2d)b17} (4.111)

we guarantee we satisfy the requirement.

Analyzing Part (b) in the Quantized Scenario with Gaussian Z We now upper

bound

N i
oo

Recall that we have defined f]Zw to be

2

~ Tw 1
Spw =" = Ei;zjm for1<j<d. (4.113)
Let us define
n n
i=1 i
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so that

n 1 n

is the jth term of the difference between the quantized estimator and the term to be

estimated. We recognize that by conditioning on the event
E: <max |w;| < ¢y AND max |z;;| < Rg> (4.116)
i iJ

the random variable v; | £ is the sum zero-mean, bounded random variables in the region

[—2Rg4l4,2R40,]. Thus, we can apply a Hoeffding bound and say

t2
P (5] = t| E) <2exp (—W> (4.117)
979

for all ¢ > 0 (see Wainwright Exercise 2.4, Example 2.4, and Equation 2.11) [69]. Using a

union bound argument and letting ¢ = \/ 8nR2(2log(2nd) we have

t2 1
P I>tlE)<2d )=, 4118
(mf‘x’%’ ) P ( SnRgeg) n (4.118)
which allows us to say
. N 8R212 log (2nd
P (max (EZW _ 2ZW) >t E) _Pp (max (EZW _ 2Zw) 5 /3R los(2nd) E) <L
J 7 n J J n n

(4.119)
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Applying the law of total probability with events

~ 8R2¢21og(2nd
A :max <EZW - EZW> > \/“Og(n) (4.120)
J J n
E: (max|wi| < £y AND max|z;| < Rg> , (4.121)
7 ()
we recognize that
P(A)=P(A|E)P(E)+P (A\EC) P(E°) <P(A|E)+P(E°). (4.122)

In section 4.2.3 we established that max; |w;| < ¢4 with probability 1 — 1/n, and in section

4.2.3 we established that max;; |2;j| < Ry, also with probability 1 — 1/n. Thus we can say

~ 8R2/02 log(2nd
P (max (EZW _ EZW) > 99g(n)>
J J n

~ 8R2(2log(2nd
<P (max (gZW _ 22w> > M

J 7 n

E> +P <max |w;| = €43 OR max |z;;| = Rg>
7 ©j

= 3/n. (4.123)

Thus, we have bounded our desired quantity:

8dR2(2 log(2nd)

n

[ 5], Ve ], <] a2

with probability at least 1 — 3/n.

Combining (4.106) and (4.124) we can show

4Hﬂ*H2( 2log(2nd)r 2log(2nd)b> o /B Lo (2nd)

~ n n n ~ d
_ 3% <« = -
Jo- 2, < = o(y1).
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with probability at least 1 — 5/n. O

Establishing a High-Probability Bound on the Elements of a Gaussian Z

We will establish a high-probability bound for the elements of Z where the rows of Z are

independent and multivariate standard normally distributed. Then we define

R, == +/2log(2n?d) (4.125)

so we can then say |z;;| < R, for all 4, j with probability at least 1 —1/n.

Lemma 4. Let Z have independent and multivariate standard normally distributed elements

zij. Then

|zi5] = +/2log(2n2d). (4.126)

with probability at least 1 — 1/n.

Proof of Lemma 4

Proof. For an element z;; of Z, z;; ~ N(0,1). Thus, we can use a Gaussian tail bound to

state

2
P (2i] = t) < 2exp <—’;) : (4.127)

Letting t = 4/2log(2n2d) and using a union bound we can say

t2 1
P (max |zi5| = t> < 2nd exp (—2> =—. (4.128)
ij
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Establishing a High-Probability Bound on the Elements of w

We will establish a high-probability bound for the elements of w = ZB3° + oe. Then we

define

Uy == ~/202, log(2n?) (4.129)

2
Ow = HBOHQ + 02, so we can say that |w;| <, for all i with probability at least 1 — 1/n.

Lemma 5. Let w = Z3° + o€ for independent and standard normally distributed € and Z

is defined as in 4.1. Then with probability at least 1 — 1/n

max|w;| < 4/202, log(2n?). (4.130)
3

2
where o2, = H,@OH + 02
2

Proof of Lemma 5

Proof. Having established w = Z3° + o€ and having assumed the rows of Z to be in-
dependent and multivariate standard normally distributed, we wish to establish a high-
probability bound for the elements of w. With € having independent and standard nor-

mally distributed elements, we recognize that the ith element of w is normally distributed

2
w; ~ N (O, BOHQ + 02>. We can apply a Gaussian tail bound to say
2
P (Jwi| > t) < 2exp “557 (4.131)
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2
where 02, = H,@OH2 +02. Applying a union bound argument and letting t = 4/202, log(2n?),

we can then say

t? 1
P <mzax]w¢] > t> < 2nexp <_m> = (4.132)

Establishing the Bounds of the Quantizers with Gaussian Z

We must establish the bounds of our quantizers under Gaussian assumptions on Z. We

showed in section 4.2.3 that
|zij| < Rg = +/2log(2n%d) (4.133)
for all 7, with probability 1 — 1/n. We also showed in section 4.2.3 that

lwi| <€y = /202, log(2n?) (4.134)

2
for all i with probability 1 —1/n where oy = H ,80H2 + 0. Using these results, we define the

bounds of our quantizers as:

Qz | —R; | Ry | 2R,

Qzz| 0 | R?| R?
Qw | —ty | £y | 2,

where the bounds of each quantizer are with probability 1 — 1/n.

Matrix Bernstein Inequality in the Quantized Scenario with Gaussian Z

We apply the Matrix Bernstein Inequality to bound H‘ZN] — EH‘
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Lemma 6. Given the same assumptions on Z and w given in 4.1 and 4.2 and the definitions

of 3 and 3 in Section 4.2.8. For

4
T = dlog?(2n?d) (12 + d) b>2dR. +||Z]|, Ry =+/2log(2n%d),  (4.135)

then with probability at least 1 —2/n

2log(2nd)T N 2log(2nd)b

n n

‘Hi - Zm < (4.136)

Proof of Lemma 6

Proof. Let us define the event

E : max |z;;| < Ry (4.137)
ij

where Ry = 4/2log(2n?d) By Lemma 4 we know event E occurs with probability 1 — 1/n.

Conditioning on event E allows us to state a few important facts that will be helpful

32

throughout this section. Conditioned on E, we have Z; = Rg for all 7,j. Also, we can

f\j ~

say z;; € {O,RE}. Lastly, we can see that zfj - 5'21] < 0 for all ¢,5 resulting in A; =

~ d
diag (z?] — Z%) - to consist of all non-positive values. Recall that we defined
j=

3= %7 + A (4.138)

We now apply the Matrix Bernstein inequality (Theorem 6.17 in Wainwright)[69] to
bound the error between our estimator > and its true value . We will use the fact

that Var [iz — E] = Var [il] We apply a Bernstein result to the zero-mean matrices
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{3; — =}, conditioned on E:

“(;

for some 6 > 0 and where

=0

S(-m

E) < 2 rank (i Var [i E]) exp 2(_2”:16) (4.139)
=1 Ui

nVar

[5:/7]

Sje]] = ]

We recognize that the matrices {f)Z —3X}7 | conditioned on E satisfy the Bernstein condition

when b is chosen such that b > 2dR? + || || following the same argument as in section 4.2.2.

We proceed by bounding 0~. We first note that Var [2

] can be written as

var [8]£] - B |81 |£| - B[%:] 5] - B| 2] | -
—E|@Z + A)T @+ A) E] _ 32
—E 27727 E]+E[A2 ]+E[ ]+E[A?m$ E]—22
— B [5l%)32] | E| + B|A2|E| + B[22 A | E| + E [Aga] | E| - =

— dR2E %3]

E] +E[A$

ﬂ+E@£m

E] +E [Aizizf

E] _? (4.141)
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We then find a bound for a%:

a% = ||Var [Ewll] EH‘
— |ar2E 597 | E| + E A2 E| + B[22 A | E| + B [A2a] | B] - =°
< ||dr2E [z% E] +E iA? 7 +2E H‘
<ari [ 2 2] + [ [a?] ] + \Hm 71|
<dR!+ R} +2E [ 2l || 1A \ E]
< dRj + R; + 2dR,
= (3d + 1)R;. (4.142)

Here we used Jensen’s inequality and the convexity of the spectral norm. Additionally, we

used the facts:

1. Since Var [iz] > 0 and ¥ > 0 we applied (D.1) to drop 3 from the second step.

2. We recognize that z;; conditioned on F is distributed according to a truncated normal

distribution, giving us

E[zij‘E]z,uzk—i-ia.

Var[zlj‘E]—a 1-—
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where

-r—= /’LZ]' r— /*LZJ'

a=— 3  Bg= (4.145)
o o

Mz, is the mean of z;; aﬁj is the variance of z;; (4.146)

©(+) is the probability density function of - (4.147)

®(-) is the cumulative distribution function of - . (4.148)

In the scenario where the left and right bounds are equal in absolute value, then we

have
E |z |E]l = pz; Vi j (4.149)
2
E [22] E] — Var [2;; | E] + E [2;; | E] = 0% {1 - (w;‘f(g(r)} +p2 (4.150)

Let us briefly consider the scenario where Z is distributed according to a multivariate

normal distribution with mean vector p = (le Wy ooy Mz d)T and arbitrary covariance
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matrix 3. Then calculating E [ElilT E]:
2 ZiZie Zi1Zid
ZioZin %% Zi2Zid
E|z3] |B| =B || E
ZidZi1  ZidZi2 z2,
2 7
Zi1 231232 Zi1%id
~ d giggﬂ »;2_/ gz'ZEz'd
— diag <E 2 |B|-E |3 E]) +E ?
j=1 :
ZidZin  ZidZi2 22,
d
= diag <R(2] - (Ufj 1-C)+ ui))
j=1
0'31 (1 — C) + ugl Ez [zilzig ‘E] Ez [ZilZid ‘ E]
N EZ I:ZiQZil ‘ E] 0’32 (1 — C) + ,ugg EZ [ZiQZid ‘ E]
Ez [ziqzi1 | E] Ez [ziazi2 | F] 02, (1-0)+u2,
0 Ez [zizi2 | E] Ez [z1%ia | E]
Ez [zi22i1 | E] 0 Ez [zi22i4 | E]

— diag (RS)? +

j=1

Ez [ziqzi1 | E]

— diag (R_g)d +D

j=1

Ez [ziazi2 | E]

(4.151)

where we let D be the off-diagonal matrix. We recognize that, conditioned on F,

zijzijr < R2. Thus, using the Gershgorin circle theorem we can bound ||D|| < dR2.
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Then we can bound the operator norm of E [%ZEZT E] by
d
o ]| - ) -

j=1

< |ldiag (B2)" D||

< ||aiog (7).} +1

2 2
<12+ dR? (4.152)

In the case when Z has a zero mean vector and covariance matrix 3 = I;y4, then D

becomes a zero matrix and the bound becomes

H’E [%%T E] m <R (4.153)
3. Recognizing that all the elements in Z;Z] are bounded in absolute value by R?], then

a bound of H %lizT

‘ conditioned on F is given by

d
2
)H%Z%ZT‘H = sup v1Z! 2%z} v = sup Zvjvj/ Z(%ZTZ) (Eﬁ?) §

[[vll=1 Ivil=155 ¢ 4 4

d
< sup Mlusllog||Y (3F%) (27
- 4 2

Ivii=155
2
< ng sup ||[v|]] = d2R;1
[[vll=1
— H zia! ‘ < dR> (4.154)
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4. We use 2 “’2 R2 for all ¢ ]and z € {0 RQ} when conditioned on E to say

A2

We proceed by defining 7 to be the bound established for U%:

E[|lall| E] =

diag ( z” dlag z”

= (3d+1)R, =d ( 210g(2n2d)>4 (3 + ;) = dlog?(2n?d) (12 + 3) .

Since O'~ = |[|Var [

“(;

Let us choose

Hl T by (4.142) we can say

S5

2log(2nd)T N 2log(2nd)b
n n

so that, following the same logic as in section 4.2.2

no2 . nod2 néd
m = min { 2b } 10g(27’Ld)

Then we have

(4]

=0

(5

82
E) < 2d exp (M) < 2dexp (—log(an)) ==

] R2.  (4.155)

(4.156)

. (4.157)

(4.158)

(4.159)

(4.160)

for § = 4/ 21o8Cnd)r | 2MoeCnd)b g 7 _ 71562 (202d) (12 + g), and for any b > 2dR2+ || =].

n
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Applying the law of total probability, we conclude

]P’(l >5)<P(1
n n

n

$ (5 -3)

i=1

n

£ (53)

i=1

2

Summary of Quantized Scenario with Gaussian Z

For a random Z whose rows ZZT are drawn independently from a multivariate normal distri-

bution with mean 0 and covariance I;.4 and definitions

[ 7277, o 1de 1S
S=E|=—=|=L E:EZEi:EZzizi + A (4.162)
L i=1 i=1
zT - ZTw% 1 ¢
Ssw=E |2V Sow = =~ N z@ forl<j<d  (4.163)
i n n n e

we showed that

- 2log(2nd 2log(2nd)b

‘Hz - Zm < y/2lo82nd)T | 2log(2nd) w.p.1—2/n (4.164)
n n
N 8dR2¢2 log(2nd
HEZW — ZZWH2 < \/ z gnog( nd) w.p.1—3/n (4.165)
where
_ dlog?(2n2d) (12 + 2 b= 2dR2 + ||
7 = dlog*(2n°d) +8 = o+ 112

ly = \/2 (H,BOHz + O'2> log(2n?) Ry = +/21og(2n2d).
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We can then say the order of the two terms are

2= 5] - o[ ) o (1) (4.166)
Hf:zW - 2ZWH2 —0 \/dlog(”);og%d) o) ( Z) (4.167)

where we again use the notation O () to denote the order of the terms with constants and

log terms removed. Then ensuring that n is selected such that

4
n > max {23dlog3(2d)n2 (12 + d) , 22 log(Qd)bn} (4.168)

for n = Amj(E) satisfies the lambda-min-requirement and allows us to say

~

4, [ -5 +4|Exy ~5x)|

_ 3* 2
16 IB 2 b )\rnin (Z)
4H,6* H2 ( 2d log(nQnd)To + 2d10g(712nd)b0> 14 Sde}Zg?llog(Qnd) X ;
< =0 — 4.169
>\min (E) n ( )

with probability at least 1 —5/n where 79 = log?(2n2d) (12 + g) and by = 2R2+d ' || Z]|.

4.3 Sketched Regression Parameters

This section examines the effect of transforming the scaled design matrix X = % and

w

scaled response vector y = N by left multiplying by a sketching matrix S consisting of

independent standard gaussian rows.

102



Docusign Envelope ID: 93A6B94D-51AD-472D-BE1A-F512D3BB43DD

4.3.1 Introduction

Throughout this section we will perform our analysis on a scaled design matrix and response

vector:

(4.170)

where Z and w have the linear relationship w = ZB8° + ce. We transform our data using

this sketching matrix and define

X = SX, y = Sy. (4.171)

In the sections where Z is assumed to be fixed, let us define

VAN /

y=XIx="= (4.172)
n
ZT
Yxy = X'y = TW (4.173)

When we assume Z consists of random variables, we will define

YA/
Y —E [XTX] —E ] S (4.174)
n
ZT
Sxy = E [XTy] - E n‘”] . (4.175)

Section 4.3.2 will assume Z to be fixed and section 4.3.3 will assume the elements of Z
to be independent and standard normally distributed.
4.3.2 Sketched Scenario with Fixed Z

This section will assume that the n x d matrix Z is fixed and that the elements of Z, z;;

are bounded in the range [-R, R]. That is |z;j] < Rforalli=1,...,nand j =1,...,d.
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We then define our estimators of 3 and ¥xy, as defined in (4.172) and (4.173), as

- 1

1 o
¥ o= —XTs?Tsx = —XTX (4.176)
m m
S 1 QT 1 T
Yxy = —X"'S'Sy = —X"y. (4.177)
m m
We will prove
Theorem 4.3.1. Let Z be a fized n x d matriz whose elements |z;;| < R for alli=1,...,n

andj=1,...,d. Let w = ZB° + o€ where e ~ N(0,I). Let X := % and y = % Let S

be a m x n matriz, for some m < n, whose elements sy; are drawn independently from a

standard normal distribution. Let 3, Xxy, 3, and ﬁlxy be defined as in (4.172), (4.173),

(4.174), and (4.175), respectively. Then for

2 2log(2n)
S =1 =2 o4
n Amin (2)1 €0 < + d ) )

and m chosen such that

24/2log(2n)  2log(2n
m > 24 ||| <1+ 08(2n) 210820 ) s {2 21}

then with probability at least 1 — 3/n and some C > 0

4 (z\/; + m) (Hﬁ*||2 =)+ (RC\/WHBO’L to (1 + W)) |X|)

)\min (2)

B*—B
2
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Adding in the additional error from HB - B*

from the inequality

-l - -] iy
Then with probability 1 — 3/n
o 4],
1 (/e + 44) (I!B*|!2 =+ (ROWW)HWHQ ro 1+ \/”)) |xn>
24
< Ao (2) A\ S

Proof of Theorem 4.3.1

Proof. We wish to bound

N

gl < el 15— 5] + 4| B — 220

2 = )\min (2)

2

by controlling

o [5-3]  [S3],

Analyzing Part (a) in the Sketched Scenario with Fixed Z Let us examine part

(a), that is, let us find a high-probability bound for ‘Hf] — Em Recognizing that X = SX

is a Gaussian matrix with covariance matrix 3 = X7X and having defined 3 = %XTX,
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we can directly apply Theorem 6.1 and example 6.3 in Wainwright [69] to get

P 2‘3”;’2‘ > 2\/E+25+ (\/z+5)2 < 2e7 M2

2 1og(2n)

for all § > 0. Letting § = , then

P mj;zm>2\/z+25+<\/z+6>2 <%

Then we can say with probability at least 1 — 1/n that

[ 5]<1m0 o )

_ /d / 2log(2n)
where we have let € = P ) e

To satisfy the lambda min requirement (4.17), we require

210g QTL 210g 2n mln )
26 +e2) =2 <
Vi (V W) S lsl

It is sufficient to find an m such that the inequalities hold:

mll’l

%)

/ /2log (2n)  Amin and / /2log (2n)
4 H\EIII S
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We examine each inequality separately beginning with the first

/ /2log (2n) _ Amin
4 H\EIII

(VEWW) A2 ()

- m = 3P
2
20| B)|? (Vd + /2Tog(2n)
— " 3 ()
26 |2 (d +24/2d1og(2n) + 210g(2n))
— " X (5)
21/2log (2
— m > 2 =) (1 + Zg( " . zlogd@”)) (4.184)
where
2
S 4.185
Examining the second term:
/ /210g (2n) Amin
S H\E\H
2
(\/8 + 210g(2n)) Anin (2)
_— <
m 4=
4|z
> 5 I (III) (d+2«/2dlog 2n) + 2log(2n )
2./21og(2n)  2log(2
— m =2 |3 (1 + \;5( O Ogd( ”)>. (4.186)
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Selecting m such that

24/21log(2 21og(2
m = 2dn || =) <1 + Zg( n) Oi( ”)> max {2%7 | =], 1§ (4.187)

ensures the requirement is met.

Analyzing Part (b) in the Sketched Scenario with Fixed Z We wish to now upper
bound

HEXy B EXYHZ '

We note that the normed difference can be bounded by Cauchy Schwarz

- ||XT <1sTs — 1) y
2 m

1
<Ix] | 2-8"S - 1131 (4.158)

N

1
Sxy — zxyH2 = HmXTSTSy ~XTy

2

Then we apply Theorem 6.1 and Example 6.2 from Wainwright [69] to the middle term to

get

where € = \/% + ¢ for all § > 0 and assuming m > d. Letting § = 210%271), then
Lor 2
—S'S —I| <2+¢ (4.189)
m
with probability at least 1 — 1/n.
Thus, we can say
Sxy = Sxy|, <lylly (26 + ) I (4.190)
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with probability at least 1 — 1/n for € = \/% + 4/ 21%(%). Combining this with the result

from section 4.3.2 Lemma 7 which provided a bound on ||y||,, and using union bounds, we

conclude

Sxy - Exy|, < | ROViogm)||8*]|, + o (1 T 2105“”) (2e+) IX) (a.191)

with probability 1 — (1/n + 1/n).

Combining (4.181) and (4.191) yields with probability at least 1 — (1/n + 1/n + 1/n)

1 W)) |X||>

1(2e+ &) (||ﬁ*||2 =i + (Rcm||ﬂ*\12 +o

)\min (E)

S

B* - B
2

|

N

Il
e
A/
S
~

We now add on the additional error from HB — B3*|| from the inequality

o] <o -] -] 1o
Then with probability 1 — 3/n
Hﬁo B ’QHQ (4.193)
1(2¢+ ) <\|ﬂ*||2 1=+ (RCx/log(n)Hﬂ*Hg +o (1 +4/ “)) xn)
< + o*d (4.194)
h )\min (2) )\min (E) n ’
=5< i>+o( Z) (4.195)
The subsequent sections will provide the lemmas for this proof. ]
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Establishing a High-Probability Bound on the Norm of y with Fixed Z

Lemma 7. Let Z be a fized n x d matriz whose elements |z;;| < R for alli=1,...,n and

j=1,...,d. Let w = ZB° + o€ where e ~ N(0,I). Let X := andy := . Then for

Z W
n v

some C' > 0 and with probability at least 1 — 1/n

n

i < 0], ol < iG], 4 (12500

Proof of Lemma 7

Proof. We will bound ||y||,. We analyze ||y||, in two steps: 1) HXBO

) and 2) He/\/ﬁHz

We assumed in section 4.1.4 that

ziTﬁ(” < RC\/MH[%OHQ, (4.196)

for all ¢ and some C' > 0. This allows us to say

9], = v, o
which implies
L :
|x8|, - i < ROVIogm)]|67,. (4.198)

We now examine €/4/n. We follow Example 2.28 in Wainwright [69]. We first recognize

that [|e]|3 = 37, €2 follows a y2-distribution with n degrees of freedom. We define

i=16;

€|

[\

v_ (4.199)

£
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Using that the Euclidean norm is a 1-Lipschitz function, Theorem 2.26 in Wainwright[69]

implies that

P(V=E[V]+4) <e ™/ forall§=>0. (4.200)

Using concavity of the square root function and Jensen’s inequality

E[V]</E[V2] = [;iE [63] " ~1. (4.201)
Using that V = m /+/n and by combining these pieces
P <”€\/|?|;2 >1+ 5) <e "2 forall § > 0. (4.202)
Letting 6 = 21ng(11)7 then
I <ivs (4.203)

with probability at least 1 — 1/n. Using the triangle inequality, we can then say

€l 21og(n)
Iylly < HXBOHQ + 077%2 < RC log(n)Hﬁon +o (14— (4.204)
with probability at least 1 —1/n. O
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Summary of the Sketched Scenario with Fixed Z

For fixed Z with bounded elements |z;;| < R for all 4, j and definitions

T . 1 o 1
> = z'z Y= XX = —XTsTsx
n m
v/ . 1. 1
Sxy = —— Sxy = —XTy = —XTsTsy
n m

we showed that

H)ﬁ - Em < || 3 <26 + 62> w.p.1—1/n

Yxy — nyH2 < (RC\/MHEO‘L +o (1 + 210g(n)>> (26 + 62) X[ w.p. (1- 1/71)2

n

for e = 4/ % + 21%(%). We can summarize by stating

|2-5]-o(y2) -0 (y2) (4205)
e I e Rl () I N P

Ensuring that m is chosen such that

24/2log(2n) = 2log(2n
m = 2dy || || <1+ =+ d( ) max {2% || 5)|,1}
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for n = ﬁ(z) satisfies the lambda min requirement and allows us to say

B2~ 3]+ 4] By~ 2]

3 A% 2
’ﬂ A, < Amin (2)
1 (ks £3) (||B*||2 =)+ (m@\\mHQ vo (s «/2105“))) |X|)
<
)\min (2)
with probability at least 1 — 3/n where ¢y = <1 + 210%(2n)> to more easily see the

dependence on d and m.

We now add on the additional error from H /@ — B3*|| from the inequality

|o° -8 <e* - & +]}3 - &7

Then with probability 1 — 3/n,

o -4],

4 (z\/; + %ea) (HB*HQ IS + (RC\/WHL?OHZ +o <1 n «/2“’5“”)) x)

o2d
)\min (Z) * >\min (Z) n

SRS

where again ¢y = <1 + 210%(%)) is defined to more easily see the dependence on d and

m.

4.3.3 Sketched Scenario with Gaussian Z

T

i, are drawn independently from a multivariate

Let us assume the rows of Z, namely z

normal distribution with mean 0 and covariance I;y4;. Assume Z and w have the linear
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relationship w = ZB3° + o€ where the elements of € are drawn independently from N(0,1)
distribution. Let the m x n sketching matrix S consisting of rows {sf o drawn IID from

a multivariate N (0, I, ) distribution for some m < n. Then define

and =— (4.207)

and

X :=SX, §:=Sy. (4.208)

We use the definitions

AN/
S-E [(X ~EX) (X-E [X])] - E [XTX] - E n] ~1, (4.209)
ZT
Sxy = E [XTy] —E W] , (4.210)
n
and we define their estimators
S 1 1~ 1 TQT
¥ = —XTX = ~XTsTsX (4.211)
m m
o Lop, 1 opar
Sxy = — X7y = —XTSTSy. (4.212)
m m

Then we show

Theorem 4.3.2. Let Z be a n x d matrixz whose elements are drawn independently from a
standard normal distribution. Let S be a mxn sketching matriz S consisting of rows {sf e
drawn IID from a multivariate N (0,1, xy) distribution for some m <n. Let w = 73° + oe

where the elements of € are drawn independently from N(0,1) distribution. Define
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and

X := SX, y = Sy. (4.213)

Then define X, Xxy, 3, and ﬁ]xy as in (4.209), (4.210), (4.211), and (4.212), respectively.

Then for

2log(2n) 2 52 -1
-1 - e bo = 2 d 3
o S Al b

R, = <1 +4/2 log(nd)) v/2log(2nmd), C= HBOHQ + 0o,
oo (oo 0 o )

and m chosen such that

1 2v/2
log(nd) * log(nd)

m = max < 2'dlog?(nd)log(2nd)n? || Z|| (2 + ) ,2%log(nd)bn ¢ ,

then with probability at least 1 — 8/n

o -1,

Amiz)\/z 1671, <\/210g(nd)f%3 = +210g(nd)b0\/z> + <260 ”(2’\/5) D
<(12)

N
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Proof of 4.3.2

Proof. We wish to bound

R
2 Amin (2)

2

|B-p"

by controlling

="

Analyzing Part (a) in the Sketched Scenario with Gaussian Z The results from

section 4.3.3 allow us to immediately say with probability at least 1 —4/n

m m

H‘g B Z‘H < \/leog(nd)fig (1221 N 2log(nd)b (4.214)

where Rg = <1 +4/2 log(nd)> v/2log(2nmd). To ensure the lambda min requirement is

met, we must ensure that

(4.215)

~

m m 2

\/2dlog(nd>1%g 12|, 2log(rd)b _ Auin ()
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It is sufficient to show that for a given m each term is less than )‘miz(z). Examining the

first term:

2
2dlog(nd) <<1 +4/2 log(nd)) /2 log(2nmd)) 1= i ()
<

~

m 4

J 4dlog(nd) <1 + 4/2log(nd) ) log(2nmd) || Z|| )\min (=)
—

4

4d log(nd) (1 + 4/21og(nd) ) log(2nd) || X|| )‘I2nin (=)

2
26dlog(nd) (1 210g(nd)) log(2nd) |||
== m >
Niin ()
2|z
= m > dlog(nd)log(2nd) (1 + 24/2log(nd) + 2log(nd) SR =
1 2v/2
= m > 2'dlog?(nd) log(2nd)n* || =] | 2 + + 4.216
g2 (nd) log(2nd)r? | 2| ( RN (4.216)
where
2
= — 4.21
Examining the second term:
210g(nd)b < >\min (2>
m = 4
— m = 2%log(nd)bn. (4.218)
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Thus, choosing m such that

1 2v/2
log(nd) + ]og(nd)

m > max { 2*dlog?(nd) log(2nd)n* |3 <2 + ) ,2%log(nd)bn

(4.219)

ensures the condition is met.

Analyzing Part (b) in the Sketched Scenario with Gaussian Z We restate the

inequality from section 4.3.2:

1
Sxy — EXyH2 - meTsTsy ~XTy

1 1
_ HXT (sTs - 1> y| <Xl HsTs . 1H|y||2-
2 m 5 m

(4.220)

Then applying Lemmas 8 and 10, which upper bounded ‘x%! with probability 1 —2/n and

|ly|| with probability 1 — 2/n, using union bounds, we can refine this bound and say

Sxy — 2XyH2 < (1 ot \/z> H;STS - I'H (1+4) (HBOH2 + 0) (4.221)

with probability at least 1 — (2/n + 2/n) for § = MOTg("). Now we reuse the result from

section 4.3.2, which states

1
WSTS — I‘ < 2+ €2 (4.222)
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with probability at least 1 — 1/n for € = \/% + 4/ 21%(%). Combining the elements, we

conclude by stating that
. d 9
zxy—zxyH2< 1+6+4/> <2e+e)(1+6)0
21 21
- (1 + \/T(”) + \/E> <ze + e2> (1 + Og(")> C (4.223)
n n n

with probability at least 1 — (2/n +2/n+1/n) =1—5/n for C = HﬁOH2 +o.

Combining (4.214) and (4.223) we have with probability at least 1 — (5/n + 3/n) =

1-8/n
’ﬁ* B BHQ (4.224)
4HQ*H2( /2d10g(’rL;in)R3m2m + 210g7slnd)b) +4 (1 + /2107gl(n) +\/g> <2€+€2) (1 + /2105(77,)) C
s >\min (E) '
(4.225)
O

The following sections show the lemmas used in the proof.

Establishing a High-Probability Bound on the Sketched Data with Gaussian Z

We will establish a high-probability bound for the elements of X. Then we define

Rg = (1 +4/2 log(nd)) \/2log(2nmd) (4.226)

SO we can say }uﬁk]‘ < Rg for all k, j with probability at least 1 — 2/n.

Lemma 8. Let Z be a nxd matriz whose elements are drawn independently from a standard

normal distribution. Let S be a m X n sketching matriz S consisting of rows {SZT, ., drawn
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IID from a multivariate N(0,1,x,) distribution for some m < n. Define X = % and

X = SX where Zy; are the elements ofX fork=1,....,mand j=1,...,m. Then with

probability at least 1 — 2/n

EIRIES (1 +4/2 log(nd)> \/2log(2nmd)

for all k, j.

Proof of 8

Proof. We begin by examining the columns of X where we will denote the jth column of

X as x.j. Using the fact that the euclidean norm is 1-Lipschitz, we can use Theorem 2.26

in Wainwright [69] to say

P (alls B ] > 9) < exp (~022) (a.227

for all 6 = 0. Then, using the concavity of the square root function and Jensen’s inequality,

we have that E [HX]H2] < 1. Then we can say

P (x5 > (1+9)?) < exp (~6%/2) (4.228)

for all 6 = 0. We use a union bound argument to say

P (m?xux.j\}; > (1+ 5)2) < dexp (-0%/2) (4.229)
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for all 6 = 0. Then if we let § = 4/2log(nd) we can say
2 9 1
P <maxHx.jH2 > (1+90) ) < - (4.230)
j n
Let us define the event
2
E: maxHx.ng < <1 + «/210g(nd)> , (4.231)
J

which is true with probability 1 — 1/n. We will use this event as we examine the elements

of X, denoted as y; = SZX.J’ = Z?:l x;jSk; where x.; is the jth column of X and SZ is the
kth row of S. Since sp; ~ N(0,1) for all k,¢, then we know that &y, ‘ X ~N (O,HXJH§>

This also means that

T
Varg [:i’kj ‘ E] = Eg [XT] (s{) s{x.j

E] — [Ix,4I? < (1 + \/W)Q. (4.232)

T
Here we used that <s£> sg is a n x n diagonal matrix whose entries are each distributed

T
acorrding to a y-squared distribution with 1 degree of freedom. Thus, E [(s{) s}f] =

In><n-
Now we can apply a Gaussian tail bound to our conditioned sketched data and use a

union bound to say

—¢2
P <max‘§:kj‘ >t E) < 2mdexp <2> < 2mdexp | —
k.j 20

z

t2

2 (1+ /2log(nd))

(4.233)
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where 02 = Var [a%kj ‘E] Letting

t = \/2 (1 + 2log(nd)>2 log(2nmd) = (1 +4/2 log(nd)> \/2log(2nmd) (4.234)

then
P max|2y;| > t| E ) < S (4.235)
kg Y n
Then applying the law of total probability
P (max}kaj‘ > t) <P (max’ikj‘ >t E> + P (E°)
k. k.j
1 1 2
<l I 2 (4.236)
n n n
Then we have
| 21| < (1 +4/2 log(nd)> v/2log(2nmd) (4.237)
for all k,j with probability at least 1 — 2/n. O

Matrix Bernstein Inequality for the Sketched Scenario with Gaussian Z

Lemma 9. Let Z be a nxd matriz whose elements are drawn independently from a standard

normal distribution. Let S be a m x n sketching matrix S consisting of rows {SZT, o, drawn

IID from a multivariate N(0,1,,) distribution for some m < n. Define X = Z and

vn

X := SX where Zy; are the elements ofX fork=1,....mandj=1,...,m. Then for X

and 2 as defined in (4.172) and (4.211) and

b> Qdﬁiz + || % and R, = (1 +4/2 log(nd)> \/2log(2nmd),

122



Docusign Envelope ID: 93A6B94D-51AD-472D-BE1A-F512D3BB43DD

then with probability at least 1 — 3/n

. 2dlog(2nd)R2[|Z]|  2log(2nd)b
E_ng\/ og(2nd) R3[| | 2log(2nd)b.

m m

Proof of 9

Proof. Let us begin by defining

3 = XXl (4.238)

>

where f(f is the kth row of X and Xy is the transpose of the kth row of X. Then we can

say
. 1 & .
Y= — k. 4.239
mk; k ( )

Let us define the event

E : max || < R, (4.240)
J

which we know is true with probability at least 1 — 2/n by Lemma 8. We now apply

the Matrix Bernstein inequality (Theorem 6.17 in Wainwright)[69]. We use the fact that

Var [2/% — 2] = Var [f)k], and apply the Bernstein result to the zero-mean matrices

{ﬁlk — X}% ;. Then we can say

1
Pl =
m

i (2. -3)

m . 82
>0|FE | <2rank (;1 Var [Ek ‘ E]) exp Q(é:n_ibd) (4.241)
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for some b > mf]k — EH‘ and § > 0 and where
2 m

o2 = L kilVar |5 ‘E] - % H‘mVar |5 ‘E] m - 'Var [Ek‘E] H' (4.242)

In order to use the Matrix Bernstein inequality, we must show that 3. — ¥ conditioned on

the event E satisfies the condition

S — EH‘Q <b (4.243)

almost surely. Given event F, we know immediately that any element of 33, is bounded in

absolute value by ]:23 Using this, we can then show

~ 2 ~ 2 9
N R

= sup vIZ{Ev + ||

Ivly=1
d d
o & 2
= swp Mooy (2 (5), (8) ]|+ 0l
Ivlla=155 ¢ 4 4

< sup Zd:‘”ijj’| Zd] (Sk>e]‘ <2k>£j’ 1=
¢

vl =157

2
~ 2 2
<d(285) s M+ 2

[vily=1
Ao\ 2
= & (2R2)" + I3

——

S — zmz < 2dR2 + |3, (4.244)

124



Docusign Envelope ID: 93A6B94D-51AD-472D-BE1A-F512D3BB43DD

satisfying the Bernstein condition. Bounding 0’% yields

02 = HVar [Ek‘E] H' E zi ‘E] ~E [zkE]QH - H'E [Ei‘E] _x?

N
=
o>
B
o>
xg
o>
B
o>
=N
=
e

=dR2||Z]. (4.245)

We were able to drop H‘EZ‘H in the second step using the fact that Var [ﬁ]k] >0and ¥ >0

and applying (D.1). In the last step we used that the k, jth element of X;X}. can be written
as T = Dy TijSki- Then for the j,j" element of f(kif where j # j

|

E:| =E (i xijsm) (i xi/j/s;m-/)
i=1 i’=1

n

=E Z LijSkili ' Ski!

| i=1

E

E] + E Zn: Z xijxi/jlsii E]
i=1i'0

[ n

2
=B | > Y wiymiysi

| i=14'=i

i} n
E, + Z Z Ex [xijxixj/

i=14'#1

n
= Z EX [xijxij/

1=

E]Es |3,

E]Es |3,

d

—

I

-
Il
-

Ex [y ] (4.246)

by the independence and zero mean of the rows of Z and that the variance of the elements

of S is 1. In the last step, the conditioning is dropped because it has no effect on the
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distribution of the elements of X. For the case when j = j':

n n
E] =E <Z xijsm) Z Tirjr Skit E
1=1 =1

n

=E Z X5 Skiit j Skt
i=1

E

- i E [:cfj] (4.247)

=1

using the independence of the rows of Z and that the variance of each element of S is 1. In

the last step, the conditioning is dropped because it has no effect on the distribution of the

elements of X. Combining these facts,

Jig’

2
i1 Ti1x32 ... XT31T4d
n n
L2241 Lo Li2Zid
-Y'E i -Y'E [xiX;?F] —E [XTX] - (4.248)
i=1 : i=1
o ey 2
TidTil TidTi2 ... T

Proceeding, since o

% = |[Var [ﬁ]k ‘ E] ‘H < d]%’,f] ||, we can say

1 1 7~ —md? —md?
Pl o ];(2’“2) =0\ B < 2dewp 2 (o2, + b0) = dexp 2 (a2 || + bo)

(4.249)
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Following the techniques in section 4.2.3, let us choose

2log(2nd)dR2 ||Z]|  21og(2
:\/ og(2nd)di2 S]] 2log(2nd)h (1250)
m m
so that
2 2
- mo > min {Tnzé, mé} > log(2nd). (4.251)
2(ng 1= +b5) 2dRZ||=|| 20
Then we have
—md?

> 0| E | <2dexp

1 1
Pl — < 2dexp (—log(2nd)) = =
m n

2 (a2 =) + vo)

,i (2 - =)

(4.252)

R2 ~
for § = \/leog(%d)Rgmzm + 218Cnd)b ond for any b > ZdRZ + |13

m m

We showed in section 4.3.3 that E occurs with probability 1 —2/n. Then using the law

of total probability

1| /e 1| /e -
p|— ];1(2k—2) >0 |<P|— gl(zk—z) >6|E +P(H}1€<‘;X|xkj>Rg>
12
:74—7
n n
3
== (4.253)
Thus we can conclude that
e R 2dlog(2nd)R2 ||Z||  21log(2nd)b
I3 (Be-z)| - E—EH‘g\/ a@nd)fy |12l] | 2log(2nd) (4.254)
m 1 m m
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with probability at least 1 — 3/n. O

Bounding the Spectral Norm of X with Gaussian Z

We bound ||X|| = ML\/E\H by directly applying a theorem from [69]. We note that Z isan x d

matrix drawn from a I 4-Gaussian ensemble. Then using Theorem 6.1 in Wainwright [69]

I tr (I) —n62/2
P(\/EZ'Ymax(\/i)(l—F(S)‘i‘ n < 2e
1| \/ﬁ —ns?/2
P =146 — | <2
( Jn + 0+ " e
d —né?/2
PlLIX|I=1+0+ —] s 2e (4.255)

where v(A) indicates the vector of eigenvalues of A. Now if we let § = 4/ 21%(%), we can

say

d
X[ <1+6+ \/; (4.256)

with probability at least 1 — 1/n.

Bounding the Norm of y with Gaussian Z

Lemma 10. Let Z be a n x d matriz whose elements are drawn independently from a
standard normal distribution. Assume Z and w have the linear relationship w = Z3* + oe

where the elements of € are drawn independently from N(0,1) distribution. Then define
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Then with probability at least 1 —2/n

Iylly < (1 + 2105(71)) (Hﬂ*!!2 + o) : (4.257)

Proof of Lemma 10

Proof. We analyze ||y||, in two steps: 1) HX,@*H2, and 2) HE/\/EH2 For both analyses we

follow Example 2.28 in Wainwright [69]. Letting

n|[Xp*
_ (4.258)
16715

and recognizing that D is distributed according to a x? distribution with n degrees of

freedom, we can then apply Theorem 2.26 in Wainwright [69] and say

\/\/?] 5| <exp (—n52/2> (4.259)

for all § = 0. Using the concavity of the square root function and Jensen’s inequality we

get

‘/\/g] <.\[|E {D] _ (1E [D])I/2 _1, (4.260)
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where E [D] = n since D is distributed x? with n degress of freedom, as stated before.

Then we can refine our probability

P (g =1+ 5) < exp (—n52/2)

—P(D=n(1+0)?) <exp(-ns?/2)

x|} :
n(1+6)?* | <exp(—nd?/2
( 182 P (02

l

P (X85 = [18*[5 (1 + 6)*) < exp (-ns%/2)

— P (X8|, 2[|8"[l, (1 + 8)) < exp (—nd%/2). (4.261)
Letting 6 = 2105(”), then we can say
%67, <[4, 1+ (4262

with probability at least 1 — 1/n.

We now examine €/4/n. We showed in section 4.3.2 that

el

<1 4.2
- +9 (4.263)

a\

with probability at least 1 — 1/n for ¢ = Zlog(n)

n

Using the triangle inequality and union bounds, we can then say

HYH2 <||X,6*H2 to \f

<||8*||, (1 +6) + o (1+6) = (1+5)(H5*H2+a) (4.264)
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2log(n)
—

with probability at least 1 — 2/n where we have again let § =

Summary of Sketched Scenario with Gaussian Z

T

For a random Z whose rows z; are drawn independently from a multivariate normal distri-

bution with mean 0 and covariance I;.4 and definitions

[ T
Y -FE ZZ] =1y $ - 1XTX = Lx7TsTsx (4.265)
n m m
T Z'w o 1l o7, TT
Sxy = E[X y] -B| == Sxy = —X'y = —X"8"sy, (4.266)
we showed
A 2dlog(nd)R2 ||Z||  2log(nd)b
£-3| <\/ Bnd) By 2] | 2loglnd)b 4 5, (4.267)
m m
Sxy — zxyH2 < (1 + «/m%g(”) + \/z> (2¢+¢2) <1 + 2105(")) C wp.1-5/n (4.268)

for

2log(2 R
e— )Ly 2loen) b> 2R+ |2
m m

R, = (1 +4/2 log(nd)> v/2log(2nmd) C=|B*,+0o

D= (1 4y [ 2lostn) loi(") + \E) (1 4y [2lost) 105“”) C
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We can summarize by stating

[2-5] - o (Hstdistmd) o (1) qaamn

[ -zl -0 (2) - 0 (y/2) (a270)

Ensuring m is chosen such that

1 2v/2

> 2*dlog?(nd) log(2nd)n* || || { 2 2% log(nd)b

m > max { 2*dlog? (nd) log(2nd)n® | =] ( * ot T d)>, o(nd)bn
(4.271)
where n = /\mj(z) satisfies the lambda-min-requirement. Then

A L )
.ﬁ B IB 2 < Amin (E)

41’5*\’2( /2dlog<ni>1%§m2m zlogﬁdw) +4(1+ /zlog(n) +\/’) <2E+6 )( /zlo§<n)>c

<

Amin ()

_ Al W 2dlog(nd) R |3 , adlogmd)bo)
Ami“ (2) m m
4 d . d 2log(n 2log(n)
e £4) o ) )
— ﬁ(ﬁ) % (‘ , ( 210g(nd)R§ [I2]| + 2 log(nd)bo ) + (260 + 63@) D) (4.272)

=0 ( i) (4.273)

S5

ﬁ*

with probability at least 1 — 8/n where by := 2]%3 +d7||Z]| and € == 1 + 4/ 21%(%) are

defined to more easily see the dependence on d and m in the final formulation.
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4.4 Sketched and Quantized Regression Parameters

This section examines the effect of transforming the scaled design matrix X = % and

scaled response vector y = % by applying a sketching transformation followed by a 1-bit

quantization.

In the sections where Z is assumed to be fixed, let us define

T
»-x'x- 2% (4.274)
n
T T * T e L LB
EXyzﬁk[X y]:Ek[X (X3 +0€”::X.Xﬁ _La7 (4.275)
When we assume Z consists of random variables, let us define
YA/
2=EP€XY=E[] (4.276)
n
ZT
EM:EP@ﬂ:Elyfl (4.277)

4.4.1 Introduction
Throughout this chapter we perform our analysis on a scaled design matrix and response
vector:

X=— and y=—7 (4.278)

where, as before, Z is a n x d matrix and w has a linear relationship with Z such that
w = ZB3° + o€ for € ~ N(0,I,,,). Now let the m x n sketching matrix S consist of rows
{sh}m_, drawn IID as random samples from Normal(0, Ly xm,) for some m < n. Then we

transform our scaled design matrix and response vectors and define

X =SX, ¥=-Sy. (4.279)
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Let #j; be the elements of X and Jr be the elements of y, noting that 1 < k < m and
1<j<d
Using the definition of a 1-bit quantizer from section 4.2.1, we will define three element-

wise quantizers:

1. Q% (ik]) is a quantizer defined on the high-probability range of Zj;, which will be

defined in Sections 4.4.2 and 4.4.3. We allow the notation X to be the matrix of

quantized elements from X and ig to be the kth row of X. We define

‘%kj = QX (i’k]) . (4280)

2. Qx2 <:E%J) is a quantizer defined on the high-probability range of squared elements of

the matrix X, which will be defined in future sections. We define

~

12, = Qe (@ij>. (4.281)

3. Qy (U) is a quantizer defined on the high-probability range of the elements of y. We

allow the notation ¥ to be the vector of the quantized elements of y. We define
Ji = Qy () - (4.282)

The endpoints of the quantizers will be established in section 4.4.2 and 4.4.3, as they
depend on the assumptions made on Z which will vary by section.

We separate this chapter into two major sections. Section 4.4.2 assumes Z to be fixed,
while 4.4.3 assumes a standard Gaussian distribution on Z. The results will be summarized

in section 4.4.4.
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4.4.2 The Sketched and Quantized Scenario with Fixed Z

Let us assume Z is fixed and that the elements of Z are bounded, that is |2;| < R for all

i,7 for some R € RT. We will thus use the definitions

AN/
»=X'x=-== (4.283)
n
ZT
Yxy = (4.284)
n

and we define sketched and quantized estimators of 3 and ¥Xx, as

=Y 3= = Y xE :
— Z k m Z XpXp + Ay (4 285)
k=1 k=1
Sxy = —XTy=— Z Tpgr, forl<j<d (4.286)
m m =

~ ~ ~ ~ d
where we define 3, = ikif + Ay and Ay = diag (:vzj — :1?%) . We note that, as in other
j=1
chapters, we define the estimators in such a ways as to allow for their unbiasedness, that is

E [i] =Y and E [ixy] = Y¥xy. With these definitions, we prove the theorem

Theorem 4.4.1 (High Probability Error Bound for Sketched and Quantized Parameters

with Fixed Z). Let Z be a n x d matriz whose elements satisfy |zi;| < R for all i, j for some

R > 0. Define a scaled design matriz X = % and scaled response vector'y = % such that

y =X3° + 02% with € ~ N(0,1,,).
Then given a m x n matriz S for some m < n whose rows {SZ}?:l are drawn IID as

random samples from Normal(0,L,«m), define the sketched design matriz X = SX and

sketched response vector y = Sy. Let T, be the elements ofX and g, be the elements of y

fork=1,....mandj=1,...,d.
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Let Tp; = Qg (ikj), :pzj = Q% <:E%j>, and g, = Qy (Ur) be quantizers defined on the

intervals [~ R, R], [0, R?], and [~L, L], respectively, where |%y;| < R and || < L with
high-probability where

R = \/2R?log(2nmd), L :=+/2021log(2nm),
0= RO«/log(n)H,BOHZ +oy/2log(2n?),  bo=2R+d 3.

. . T T
Define unbiased estimators of ¥ := Z-2 and Xxy = LY g5
n y

~ 1 & 1 &
ZJ:—ZEk:—Z%kik+Ak
mi my3
> L1y 1%” forl<j<d
= — = — z orl <j<
Xy m y m kjYk J

Then for 1o = log?(2nmd)2R? (3 + % + %), n= ﬁ(z); and provided that

4 2)=]
> 24dlog?(2 2R? Z 4+ 20 ) 22d10g(2
m max{ dlog”®(2nd)n“R* | 6 + 7 + log(2nd) ) dlog(2nd)bon ¢ ,

Then with probability 1 —6/n
o - 4],

T R2[,2
4H 3*H2 < /2d10g7(fbnd) 0 2dlog£y2lnd)bo) 4 8dR?L nl:)g(Qnd)
<

/\min (2) )‘min (2) n

—5( i>+(5< Z) (4.287)

/
+
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Proof of 4.4.1

Proof. We wish to bound

B e R ]
2 Amin (2)

|B-p"

by controlling

="

Analyzing Part (a) in the Sketched and Quantized Scenario with Fixed Data

We establish in Lemma 12 the following result

LI (u-m)| - [ < P 2t
k=1

with probability 1 — 2/n where

2 Rl
— T2 2 T |l |
70 = log“(2nmd)2R (3 + =+ Tog(2nmd)

) and by =2R* +d7 ||z .
Thus, we can say for part (a) of problem (4.19)

2d log(2nd) Ty N 2d log(2nd)by
m m

H@—Emg (4.289)

with probability at least 1 —2/n once we ensure the lambda min requirement is met. To do

so, we must find a value for m such that

2d log(2nd) Ty N 2d log(2nd)bg - Amin (2)
m m h 2

(4.290)
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It is sufficient to show that each term is less than

2dlog(2nd) Ty - Amin (2)
m h 4

)‘min (E)
4

21og(2nd)dlog?(2nmd)2R? (3 + % + bg“ﬂ)

(2nmd)

)\min (2)

:>\ m < 4

21og(2nd)d log?(2nd)2R? (3 L2 Iz )

log(2nd)

:>\ —

4dlog® (2nd) R? (3 +24

=i )
log(2nd) < /\min (2)

m

:m}

X

24

26dlog®(2nd) R2 (3 L2y Iz >

log(2nd)

AL (D

min

— m = 24dlog®(2nd)n*R? <

where

642

)

2%
d  log(2nd)

2

= )\min (2> '

Examining the second term:

2dlog(2nd)by

< )\min (2)

m

—

Selecting m such that

m > max {24dlog (2nd)n*R* <6 + =

4

m > 22dlog(2nd)bon.

2%

22dlog(2
7 + log(2n d)) ,2°d log( nd)bon}
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ensures the condition is met.

Analyzing Part (b) in the Sketched and Quantized Scenario with Fixed Data

We now upper bound

HEXy B EXyHQ

recalling that we have defined ixy to be

~ 1~ 1 &
Sxy = — X'y = — > ¥yl forl<j<d (4.295)
m m =
Let us define
m n
(S Z TikUk — ), Ty (4.296)
k=1 =1
so that
1 ~ 1 & 1 &
— = (Sxy - % ):7 Fode — — > T 4.297
m% < Xy Xy i m Z TikYk m - TjilYi ( )

is the jth term of the difference between the sketched and quantized estimator and ¥xy, .

Let us define the event
E: (ml?x 17| < ﬁ> AND <H}€ax |Z15| < R) (4.298)
J

We then recognize that 1; conditioned on E is a sum of zero-mean, bounded random

variables in the region [-2RL,2RL]. Thus, we can apply a Hoeffding bound and say

tQ
P(y;| =t E) <2 —_ 4.299
(e ) < 20w (- (1200
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for all t > 0 (see Wainwright Exercise 2.4, Example 2.4, and Equation 2.11)[69]. Using a

union bound argument and letting ¢t = \/ 8mR212 log(2nd) we have

8R2L2log(2nd) 5

P (maxf¢j| > \/SmRQﬁQ log(2nd) E) =P | max (f]xy - Exy) >
J J J m

2 1
<2exp | ————— | = —. (4.300)
8mR2L2 n

In section 4.4.2 we established that maxy, [§x| < L with probability 1 — 2/n and that
maxy; |Tr;| < R with probability 1 — 1/n. Thus, the union of the two events, which is

E, occurs with probability 1 — (2/n + 1/n). So we can say

P (max (ixy — 2Xy) = t)
J J

<P (max (flxy - Exy) =t
J j

= ~ 1 2 1
—i—IF’((max@k] >L> OR <max|§ckj| >R>> — 424z
k kj n n o n

4
n

(4.301)

Thus, we have bounded our desired quantity:

8dR21.21og(2nd)
m

O R N N a

with probability at least 1 — 4/n.
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Combining (4.289) and (4.302) results into problem (4.19)

~

g AL )

2 >\min (E)

m m m

" 2dlog(2nd)To |, 2dlog(2nd)by 8dR2 L2 log(2nd)
e, ( + )+ 4yt

N

o (5) (4.303)

(4.304)

[l
e
N
3=
N——

with probability at least 1—(2/n + 4/n). We now add on the additional error from H B8 — 3*

from the inequality

o~ 8] <l -] e
Then for some é > 0,

o -4,

* 2dlog(2nd)To , 2dlog(2nd)by 8dR2 L2 log(2nd)

sl e e [

b )\min (2) /\min (2) n

_o ( d) O ( d) (4.306)

m n

with probability 1 — 6/n. O

The subsequent sections provide the lemmas and proofs supporting this theorem.

Establishing a High-Probability Bound on the Sketched Data with Fixed Z

As a requisite to defining the bounds of our quantizers, we must establish high-probability

bounds on the sketched data.
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Lemma 11. Let Z be a n x d matriz whose elements satisfy |zij| < R for alli,j for some

R > 0. Define a scaled design matriz X = % and scaled response vectory = % such that

y = XB° + 0 % with € ~ N(0,1,).

m

oy are drawn IID as

Then given a m x n matriz S for some m < n whose rows {SZT,
random samples from Normal(0, L, «m), define the sketched design matriz X = SX and

sketched response vector y = Sy. Let Ty; be the elements ofX and 7 be the elements of y

fork=1,.... mandj=1,...,d. Then

Z1j| < A/2R?log(2nmd)
for all k, j with probability 1 — 1/n, and

4] < /2 10g(2nm)

for all k with probability 1 — 2/n where { = RC’«/Iog(n)HBOH2 + o4/21og(2n?) is a high-

probability bound on max; |y;| from Lemma 2.

Lemma 11 allows us to define

R = \/2R?log(2nmd) (4.307)

and

L == /202 1og(2nm) (4.308)

as high-probability bounds of Zj; and ¢, for all k, j.

Proof of Lemma 11
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Establishing a High-Probability Bound on the Elements of X We first examine

the elements of X, that is, Tk = Yy TijSki. Since sg; ~ N(0,1) for all k, i, then we know

that &p; ~ N (O,Hi‘]’@) where Z.; is the jth column of X. This also means that

2
Z.j

Var [i’k]] = %

.12
x'jHQ =

1
_ gHz.jH; < R? (4.309)

2

where z.; is the jth row of Z. We apply a Gaussian tail bound and state that

A 42 42
mkj‘ >t) < 2exp (W) < 2exp <2R2> (4.310)
X

for all ¢ > 0 where 02 = Var [&;]. Letting t = 1/2R?log(2nmd) and using a union bound

P

argument we can say

A — 1
P <rr]1€a]uxlxkj} > t> < 2md exp <2RQ> =— (4.311)

Then

|2kj| < /2R%log(2nmd) (4.312)
for all k, j with probability 1 — 1/n.

Establishing a High-Probability Bound on the Elements of § Now let us examine

Uk = iy Skiyi- We define the event

E:max|w)| <l  for (= RC’«/log(n)HﬁoH2 + o4/2log(2n?) (4.313)
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which we showed in section 4.2.2 occurs with probability 1—1/n. Examining the conditioned

variance we see
Var [j; | F] = E [yTsksgy ‘ E] =yly = —|wl|j; < % (4.314)

We can again apply a Gaussian tail bound and say

X —t? —t?
P (!ykl =t ‘ E) < 2exp (W) < 2exp (2@) (4.315)

y

where ag, = Var [g | F]. Using a union bound and letting ¢ = 4/2¢2 log(2nm) results in

n

—t? 1
P (mkax|g)k\ > /202 log(2nm) E) < 2mexp <2€2> < — (4.316)

Now using the law total of probability

2
— (4.317
= (@317)

11
P<m]?xlﬁk| >t> <P<|§k| > t | max |w;| <e> +P<max|wl-| ;g) 4=
7 I3 n n

for t = 4/2021og(2nm) and £ = RC’q/log(n)HBOH2 +04/210g(2n?) for some constant C' > 0.

Establishing the Bounds of the Quantizers in the Sketched and Quantized Sce-

nario with Fixed Z

We established in section 4.4.2 that
| 2| < R =+/2R? log(2nmd) w.p.1—1/n (4.318)

k] < L = +/20210g(2nm) w.p. 1 —2/n. (4.319)
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for all j, k for £ = RC’«/log(n)Hﬁon + 04/2log(2n?) for some constant C' > 0. Using these

results, we establish our bounds for our three quantizers:

a” lat | A

Qx | —R| R | 2R

Qw2 | 0 | R?

Qy | —L | L | 2L

Matrix Bernstein Inequality for the Sketched and Quantized Scenario with

Fixed Z

Lemma 12. Let Z be a n x d matriz whose elements satisfy |z;;| < R for all i,j for some

R > 0. Define a scaled design matriz X = % and scaled response vector'y = % such that

y =X3° + o5 with € ~ N(0,1).
Then given a m x n matriz S for some m < n whose rows {slT, e, are drawn IID as
random samples from Normal(0,L,xm), define the sketched design matriz X = SX and
sketched response vector y = Sy. Let Ty; be the elements off( and G, be the elements of y
fork=1,... mandj=1,...,d.
Let 715 = Qg (a?kj), xij = Qx> <§:ij), and g, = Qg (Ur) be quantizers defined on the
intervals [—R, R], [0, R?], and [—L, L], respectively, where |Th;| < R and |§i| < L with

high-probability where

R :=+\/2R?log(2nmd), L :=+/202log(2nm), (= RC’\/log(n)HBOH2 + o+/21log(2n?).
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. . T T
Define unbiased estimators of ¥ := Z-2 and Xxy = LY g5
n y

N 1 mo 1 m
EZfZEkaZ)N(k)’Ek—FAk
Mz Mz
~ lore 1 &
Sxy = — X'y = — > Byl forl<j<d
m mk:I
For
2 [p21l

70 = log?(2nmd)2R? <3 +=+

= d by=2R*+d7'|=
d log(2nmd)>’ an 0 B+ 1=

then with probability 1 —2/n

2d log(2nd) Ty N 2d log(2nd)bg
m m '

|5-=] <

Proof of Lemma 12

Proof. Let us begin by defining the event

E : max |25 < R (4.320)
]7

which we showed is true with probability 1 — 1/n in section 4.4.2.

Conditioned on this event, we establish a few helpful facts. First, we note that .%z ;= R2

for all k, j. Second, J:ZJ € {0, R2} Thus, we can see that % — fij < 0 for all k, j resulting

~ ~ d
in A = diag (xzj — f%) - to consist of all non-positive values.
]:
Recall that we defined

ik = %kﬁz + Ak (4.321)
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We now apply the Matrix Bernstein inequality (Theorem 6.17 in Wainwright)[69]. We use

the fact that Var [ik — 2] = Var [ik], and apply a Bernstein result to the zero-mean

matrices {3, — 3} ,. Then we can say

P % é(ik—z> >§|E | <2rank éVar [f]k‘E] exp 2(0_%73”4‘25)
(4.322)
for some b > mik — EH‘ and 0 = 0 and where
= || X var B[] = v [ ]| < [var [Bi[ 2] s

Using arguments similar to those made in section 4.2.2 and 4.3.3, choosing b = 2dR? + || 2|
satisfies the Bernstein condition.

We the proceed by bounding the spectral norm of the variance of f]k conditioned on F:

IR°E [:?kif‘E] +E|A; | E|+2E [&ki@;{‘E] _?

l

+ H2E [&km}{ ‘ E] H

7% = | var [34] ]

N

dR’E [%@{\E]+E A |E|+ 2B |Ana] ‘E]

< dR? H'E [f,@f \ E] H' +

E {&2 E]

< dR? <f%2 + |||2\H) + 2R + 2E

[ —]

[t A 2]
< dR?||Z|| + dR* + 2R* + 2dR*

= dR*||Z|| + (3d + 2)R*. (4.324)
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Here we used Jensen’s inequality and the convexity of the spectral norm. Additionally, we

used the facts

1. Since Var [ik] >0 and ¥ > 0 we applied (D.1) to drop ¥ from the second step.

2. We can bound ‘HE [i;ﬁg ‘ E] IH by rewriting E [%kig ‘ E] as

$zl fklikg e iklikd
. ~ d Fro¥ri  Tiy...  Trofka
diag (R2 _E [xz ; ‘ E]) +E k2 E|  (4.325)
Thalpr Tralro... iy
— d
by adding and subtracting diag (E [xz y E]) . Then using that
j=1
~ n n
2 ~ ~
E [3:%] ‘ E] = Z T3 and E [:Ekjl’kj/ E] = Z Tijd (4.326)
i=1 i=1

where j # j' (see appendix A for formulations), we can then say

n d
E [zkﬁc{ \ E] — diag <R2 - x§j> + 3. (4.327)

=1 j=1
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We can then bound its spectral norm using the triangle inequality:

e

~ ~T
kak

d

n

d
diag (Rz - Z xfj)

=1 j=1

+X

d
n
< ||diag (Rz — Z xfj) + [II%]|
=1 j=1
< R?—nR*+ |3
R+ |z (4.328)

3. Recognizing that all the elements in %k:?z are bounded in absolute value by R2, then

a bound of H‘:Ekifm conditioned on F is

|7

I

= sup v ¥ TR TEV

<

<
v

sup Z VU

Ivii=1];

=1

[vii=1

d

53643, ()
; 4 o'

JJ’

< dR* sup |v]?

[vi=1

= d?R*

= [t < ot

(4.329)
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4. A bound of H‘Akm conditioned on F is

d

~

&) -| < & (4.330)

diag (R2 - :?ij)

j=1

since conditioned on F, :LT}:]JQ e {0, RQ} and %ij = R2.
We proceed by defining
7= dR*||Z|| + (3d + 2)R*

— d (Va2 logamd))” 21|+ (34 +2) (V2R og(2nmd) )
—d <2R2 log(2nmd) || Z|| + (3 + Z) (21%2 log(2nmd))2>

2 (B
= dlog?(2nmd)2R? (3 4+ = + ——— ). 4.331
og” (2nmd) ( - d * log(2nmd) ( )

Now, since a% < 7, then we can say

1| & —mé? —md?
Pl — Yp -2 )| =0|F | <2dexp <2dexp< )
kz=:1( ) 2(0224—195) 2(7 + bd)
(4.332)

Let us choose

5 2log(2nd)T N 2log(2nd)b (4.333)
m m

so that

mo? oo {m62 mod

20 +00) o 2b} > log(and). (4:334)
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We can now say

1 n ~ _m52 1
P - ,;1 (Ek - E) >0 |F | <2dexp <2(7‘+l)5)> < 2dexp (—log(2nd)) = -

(4.335)

for § = 4/ 2leCnd)r | 2log@nd)b “po o dlog?(2nmd)2R? (3 +24 %), and for any

m m

b= 2dR? + |||

Then using the law of total probability

1 m - 1 m N R R
Pl k;(zkz) >5|<P|— ];1 (2,@.*2) >6|E +]P’<H}%X|Ijk| >R>
1 1
= 4+ =
n n
2
== (4.336)
O
Summary of the Sketched and Quantized Scenario with Fixed Z
For fixed Z with bounded elements |z;;| < R for all 4, j we defined
Z'Z ~ 1 &<
»=X'x=2"= D ot (4.337)
n m =
/A < 1 Spa
Sxy = X'y =2 Sxy = —XT§ for1<j<d. (4.338)
n m
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~ ~ ~ ~ d
where we let X, = 5&;5({ + A and Ay = diag (xi] — J?i])j:l. We showed that

4d log(2nd) Ty 4d log(2nd)by

H‘E _ Em < = = wp.1-3/n  (4.339)
~ 8dR2L2 log(2nd
Hzxy - zxyH < \/ og(2nd) wp.l—4/n  (4.340)
2 m
for
o = log2(2nmd)2R? (3 + 2 4+ — = by = 202 +d |3
d  log(2nmd)

R = \/2R?log(2nmd) L = +/20210g(2nm)

(= Rcm)]@f)u2 + oy/2l0g(2n2) for C > 0.

We can summarize the results by stating

H)fj B Em _0 \/R2dlog(nci)nlog2(nmd) _ 5 <\/g> (4.341)

Hiz -3z H -0 \/R2£2dlog nmd) log(nm) log(nd))

m

I
S

m

\/; ) (4.342)

I
CY}

<\/d10g (nmd) log(nm) log(nd) log(n ))

Choosing m such that

2
m = max {24dlog3(2nd)n2R2 <6 + = + ]

7 " Tog(2n d)> ,22dlog(2nd)b077} (4.343)
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for n = ﬁ(z) satisfies the lambda-min-requirement and allows us to say

48, |52 + 4| ®xy - =x0)|

~

2 )\min (2)

2

|8 -p"

m m m

IH/B*H2< og(2nd)To og(n)g) 1 L?log(2nd)
<

(4.344)

X

)\min (E)

with probability at least 1 — 6/n. We now add on the additional error from H B — B*|| from
the inequality
HBO—BH <HB°—6* +HB—B* . (4.345)

resulting in

o - 4],

* 2d log(2nd) T 2dlog(2nd)b 8dR2L2 log(2nd)
B e e R S
h Ami]ﬂ (E) * Amim (2) n

5 ( ;i) v ( j) (4.346)

with probability 1 — 6/n.

4.4.3 The Sketched and Quantized Scenario with Gaussian Z

Let us assume the rows of Z, namely zZ—T, are drawn independently from a multivariate nor-
mal distribution with mean 0 and covariance I;44. Furthermore, suppose y = %BO + J%

where € is a n x 1 vector whose entries are independent and standard normally distributed.
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Then we define:

_Z v _ 04, €
Xi= o ym =X (4.347)
S =E [(X ~EX) (X-E [X])] —E [XTX] -E ZZZ] (4.348)
yARY
Sxy = E [XTy] —E [n] . (4.349)

We define Zj; and 7, as in the introduction (Section 4.1). We then define sketched and

quantized estimators of ¥ and ¥xy as

~ 1 &~ 1 & ~
Yi=— ) Yp=— ) XX .
— R - IR + Ay (4.350)
k=1 k=1
~ lope 1 5. .
Sxy = —X'y=— Z Ty forl<j<d (4.351)
m m bl

~ ~ ~ ~ d
where we define Xj, = >~<k>~<£ + Ag and Ay = diag (mzj — %é) . We note that, as in
j=1

other chapters, we define the estimators so they are unbiased, that is E [i] = X and
E[Sxy| = =xy-

Theorem 4.4.2. Let the rows of a n x d matrix Z, namely ziT, be drawn independently

from a multivariate normal distribution with mean 0 and covariance 13xq. Define a scaled

Z w

and scaled response vector y = Jn such thaty = XB° + aﬁ with

design matriz X =

B

€ ~N(0,I,).
Then given a m x n matriz S for some m < n whose rows {SZT, o, are drawn IID as

random samples from Normal(0,1,,«m), define the sketched design matriz X = SX and
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sketched response vector y = Sy. Let T, be the elements ofX and gy, be the elements of y

fork=1,.... mandj=1,...,d.
Let T; = Qx (j:kj), xzj = Qx> <nﬁij), and g, = Qg (Ur) be quantizers defined on the

intervals [—R, R], [0, R?], and [—L, L], respectively, where |Th;| < R and |gi| < L with

high-probability where

; ; 21
R, = ( +4/2log(nd) ) V/2log(2nmd), Ly = +/2clog(2mn) (1 + og(n)) 7

n

2
forc= (O’ +H,@0H2> . Define unbiased estimators of ¥ := E [%] and Xxy = E [ZZW]

as
~ 1 & L 1 & ~
=8 == ) XX+ Ay
mkzl mkzl
ExnyX y:72$kjyk f07’1<]<d
m m =
For

2
70 = log?(2nmd) (1+«/210g nd) 2+2 ,

log(Qnmd) (1 + 210g(nd))

R 2
bo=2R, +d |2 = ———
v 2B d B e
and choosing m such that
m > max { 2*dlog®(2nd) (1 + 1/21log(nd) ) L + % ,2%dlog(2nd)bon § |
log (2nd) (1 + 4/4log(nd) )
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then with probability at least 1 — 10/n

~

g BB

2 )\min (2)

m m m

P27 2
4] ﬁ*H2< 2d10g(2nd) T +2dlog(2nd)bo> + 4y /B4F3 L] log(2nd)

A

)\min (2)

Proof of Theorem 4.4.2

Proof. We wish to bound

PN

o S o],

X

2 )\min (2)

by controlling

o [5-3]  [S 3],

Analyzing Part (a) in the Sketched and Quantized Scenario with Gaussian As-

sumptions We use Lemma 12 modified for the Gaussian scenario to say:

2d log(2nd) T N 2d log(2nd)bg
m m

1| /~
m ;(Ek—z)

[5-=] <
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with probability 1 — 4/n where by > 2]%3 +d7 1=

2
TH = log (2nmd) (1 + +/2log(nd) ) 5 +

8
log(2nmd) (1 + 2log(nd)> d

This is further explained in a subsection below. To ensure the lambda min requirement is

met, m must be chosen such that

2d log(2nd) Ty N 2dlog(2nd)by - Amin (%)

< 4.353
m m 2 ( )
It is sufficient for each term to be less than )‘“‘i‘#‘(z). We examine the first term:
2d log(2nd)To < Amin () .
m 4
2log(2nd)dlog?(2nmd) (1 + +/2log(nd)) |12+ 2 + &
g( ) g ( g ) < log(2nmcl)(1-ﬁ-\/2log(nd))2 d) - Amin (2)
m = 4
4log(2nd)dlog®(2nd) (1 + +/2log(nd) 2 8
og(2nd)dlog” (2n ( * og(n ) ( log(2nd)(1+«/210g(nd))2 * d> A2 (3)
. <
m 24
26d10g 2nd) (1 + 4/21og(nd) ) < log(%d)(ul 2]og(nd))2 + 3)
== m = 3
AIl’lll"l (2)
1 4
— m > 2*dlog?(2nd) (1 + \/2log(nd) ) +o | @354
log (2nd) (l + 4/41og(nd) )
where
2
n= TG (4.355)
min
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Examining the second term:

2d log(2nd)bg - Amin ()

m 4

— m = 2%dlog(2nd)bgn. (4.356)

Choosing m to be the maximum value of these two values will ensure the condition is met.

Analyzing Part (b) in the Sketched and Quantized Scenario with Gaussian As-

sumptions We wish to now upper bound
[Exy ==

where we have defined i]xy to be

~ lare 1 &0 o .
Yxy = X'y = — > Fyih forl<j<d (4.357)
m m el
Let us define
m n
pj = 2 Tkl — ), TjiYi (4.358)
k=1 =1
such that
1 ~ 1 & 1 &
—y = (Exy - % ):7 Fode — — > Ty 4.359
Vi ( Xy = ¥xy) m};%kyk m 20 il (4.359)

is the jth term of the difference between the sketched and quantized estimator and Xx,.

With the event

E: (mkax|37k| < f/g> AND (Irlkax|ikj| < Rg> (4.360)
j
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which we showed with Lemmas 11 and 13 to occur with probability 1 — 3/n and 1 — 2/n,
respectively. Then we can directly apply the arguments and conclusions from the proof of

Theorem 4.4.1 to say
J

P (max (ixy — EXy) = t)
J

J J

<P (max (ixy — EXy) =t

(mgxm < ig> AND <H}€ax|jkj| < Rg)>
j
+ P ((m}gx@kl > f/g> OR (%&X\@kﬂ > Rg)>
j

1 3 2
=—4+=-+=
n n n
6
= — 4.361
- (4361)

R2 7,2 N ~
for t = 4/ %Og(znd) and R, and L, as defined in sections in sections 4.3.3 and 4.4.2,

respectively. Thus, we have bounded our desired quantity:

8dR2 L2 log(2nd)

m

[ 2], Vi -3, </ o

with probability at least 1 — 6/n.

Establishing a High-Probability Bound on the Sketched Data with Gaussian Z

With Gaussian assumptions on our data, we must establish high-probability upper and
lower bounds on the sketched data. In section 4.4.2, we relied heavily on our assumptions

that bounded |z;;| for all 4, j. Since in this section we no longer have these bounds, we will
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proceed by using a Gaussian tail bound to establish high-probability bounds on |z;;| and

|w].

Establishing a High-Probability Bound on the Elements of X We reuse results

from Section 4.3.3 to say

k] < Ry = <1 +4/2 log(nd)> v/2log(2nmd) (4.363)

for all k,j with probability 1 — 2/n.

Establishing a High-Probability Bound on the Elements of y

Lemma 13. Let the rows of a n X d matriz Z, namely z;fp, be drawn independently from a

multivariate normal distribution with mean 0 and covariance Ijxq. Define a scaled design

Z w

matriz X = and scaled response vector 'y = Vn such that y = X8° + Uﬁ with € ~

B

N(0,1,,).

m

oy are drawn IID as

Then given a m X n matriz S for some m < n whose rows {Sz;
random samples from Normal(0,1,,«m), define the sketched design matriz X = SX and
sketched response vector y = Sy. Let Ty, be the elements ofX and i, be the elements of ¥

2
fork=1,....mandj=1,...,d. Then for c= (0 +H[30H2> ,

21
|Uk| < A/2clog(2mn) (1 + og(n))

n

for all k with probability at least 1 — 3/n.
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We use Lemma 13 to define

Ly = +/2clog(2mn) (1 + 2log(n)> (4.364)

n

2
so that we can say |f| < Ly for all k with probability at least 1—3/n for ¢ = <U + HﬁOHQ> .

Proof of Lemma 13

Proof. Recognizing that g = >, Ski¥i, we can say that gy ‘ y~N (0,HyH§> We showed

in section 4.3.3 that

Iyl2 < (1 +6)° <0‘—|—H,@0H2>2 — ¢(1+ )2 (4.365)

2

n

with probability at least (1 —1/n) where we let § = 2l0e(m) and we let ¢ = <a + HﬁOHQ>

Let us define the events

A: max Uk =t (4.366)

E:|yl5<c(l+46)? (4.367)
for the same ¢ and ¢. We can now use event E to say that

Var [ | E] = |lyl3 < ¢(1 +4)°. (4.368)
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Then we apply a Gaussian tail bound to our conditioned sketched data and use a union
bound to say

) t? ¢
P <ml?x]yk| =1 E) < 2mexp (W) < 2mexp <—20(1+5)2> (4.369)

y

where Var [j; | E] = a}%. Letting

t = +/2¢(1 + 8)2log(2mn)

2
= |2c <1+ 2105(70) log(2mn)

= /2clog(2mn) <1 + 2105(70) (4.370)

then

1
P (mkax\@ﬂ >t E) < - (4.371)
n

We recognize that the probability of event E is the union of the probability of two
events:

z%HXﬁﬂL<HHWJ1+® (4.372)

ol s

4

(4.373)
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which both occur with probability 1 — 1/n from Section 4.3.3. Then we use the law of total

probability to say
P (m]?x@k > t) =P(A|E)P(E)+P(A|E°)P(E°)
<P(A|E)+P(E

=P(A|E)+P (B +P(CY

1 1 3
<lilyl 3 (4.374)
n n n o n
So we have shown
21
|Uk| < +/2clog(2mn) (1 + oi;(n)> (4.375)
for all k with probability at least 1 — 3/n. O

Establishing the Bounds of the Quantizers in the Sketched and Quantized Sce-

nario with Gaussian Z

We established in sections 4.3.3 and 4.4.2 that

lin] < Ry = (1 +4/2 log(nd)) /2log(2nmd) w.p.1-2/n (4.376)

N 21
l9k| < Lg = +/2clog(2nm) (1 + ()g(n)) w.p. 1 —3/n. (4.377)

n

2
for all 7,k and for ¢ = (0 + HﬁOH2> . Using these results, we establish our bounds for our

three quantizers:
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w.p.
Qx | —Ry | Ry | 2R, | 1—2/n
Qw2 | 0 |RZ| R2 |1-2/n
Qy | =Ly | Ly | 2Ly | 1—3/n

Matrix Bernstein Inequality for the Sketched and Quantized Estimator with

Gaussian Z

With the event

E :max |2 < Rg,
jk

we can apply Lemma 12 to say

164
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for § = 2loggnd)7 4 2oCndlb g any b > 2d]:2§ + [IZ]], and for

m

) o
T =dR, || 2| + (3d + 2)R,

= a((1-+ v2Toutad) vaogznd)) 13

4
+ (3d + 2) ((1 +4/2 log(nd)) \/2 log(2nmd)>

2
d4log?(2nmd <1+ 210g(nd)> 34 2) (14 v2lognd))’
= ddlog”(2nmd) 2log(2nmd) * < - d> < * og(n )>
2 8
= dlog?(2nmd) (1 + 4/2log(nd) ) 12 + st | (4.380)

log(2nmd) (1 + 2log(nd)>

This implies that

2log(2nd)T N 2log(2nd)b

|5-=l< (1381
m m
with probability at least 1 — 4/n where b > Qdfig + || 2| and
2 8
7 = dlog?(2nmd) <1+«/210g nd> +

log (2nmd) (1 + 4/2log(nd) )
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4.4.4 Summary of the Sketched and Quantized Scenario with Gaussian

Z

For a random Z whose rows Z;TF are drawn independently from a multivariate normal distri-

bution with mean 0 and covariance I;x4. we defined

YA/ ~ 1 K 1 &
S=E|Z 2| =1 =) N=— ) XX+ A
n m m
L k=1 k=1
- ZTw ~ 1o 1 &
Sxy = E|XTy| - E Sxy = —X'y = — Y ¥yl forl<j<d,
L n m m =

~ ~ ~ ~ d
where we let X = ikﬁf + Ag and Ay = diag (:1:%] — %i]) - We then showed

~ 2dlog(2 2d log(2
H’E B 2’” < dlog(2nd)T N dlog(2nd)bg

p.1-4 4.382
= - wp.l-d/n  (1382)
- 8dR2L2log(2nd
Hzxy = zxyH < \/ gL log(2nd) wp. 1—6/n  (4.383)
2 m
where
9 4 2 8
7o = log®(2nmd) (1 + \/2log(nd)> 12 + + 3

log(2nmd) (1 + 210g(”d))2

R, = (1 +4/2 10g(nd)> \/2log(2nmd) bo = 2R2+ a1 |2

n

i, - W(H 2“”“) o= (o+],)
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We can summarize by stating

m

‘Hi‘ B Em _0 \/dlog5(nd) log?(nmd) (4.384)

\/d log?(nd) log(nm) log(nmd)

Hf:zW - EZWH -0 (4.385)
2 m
Choosing m such that
m = max { 2*dlog®(2nd) (1 + \/ZIOg(nd))4 |6+ ! 5 + % ,2%dlog(2nd)bon
log(2nd) (1 + «/4log(nd))
(4.386)
for n = 5 ‘2(2) satisfies the lambda min requirement and allows us to say
: e, |2 - =[] + 4 Exy — =xy)
5o, 2
2 >\min (E)
s < [2dtogendm 2dlog7(3nd)bo> 4 4SS ostand)
< 4.387
>\min (2) ( )

with probability at least 1 — 10/n.

4.5 Discussion

Omitting the definitions and explanations that are provided in each chapter, we provide

here a brief summary of the results from each section. Then, we analyze the results of each
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section by calculating the relative efficiency of the estimator to the OLS estimator, where
(4.388)
Let us define the estimator MSE as

MSE (

W
SN——"
"
=
=

<B—E[ﬁ]>2] + (ﬁ—E [HDQ. (4.389)

Since we have defined B to be an unbiased estimator throughout, then

:E[

In each section we have found an upper bound to H,@O — ,3H2 and thus an upper bound to its

MSE (B) —tr | E

(o-e1al)

3- ﬁom . (4.390)

square, which we know is greater than its expectation. We can thus use this upper bound
to find a worse case scenario bound on the relative efficiency (RE) compared to the OLS
estimator.

- 2
B-e),
2 Amin (X)

- 2

IB B 160 H2 RE 2 * 4
2 L < 391
) (8.57) (4.391)
While these bounds are not tight, especially the lower bound, it does provide a worse case
scenario of the performance of our estimators compared to the OLS estimator assuming the

estimator’s variance achieves its upper bound. While we know our estimator will never be

more efficient than the OLS estimator, values closer to 1 indicate comparable efficiency.
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4.5.1 Quantized Estimator
Quantized Estimator in Fixed Design

We showed that the difference between the estimator and the true 3 can be bound by

2”6*H2< 210g(3nd)‘r + 410g(jnd)b> +4 /87'2Z2d110g(2nd) Y
A R () 7

Jo" 4], < )

where

rt (1 + 3d)

=dry=|r?|Z
T = d7y (r 1=+ 7

) ., b=b=2"+d T,
2
{ = 'I”C'\/ ].Og(n)H,BOHQ + g/ 210g(2n2), n = )\7(2)

Since we are interested in the relative efficiency of our estimator compared to the OLS

estimator, we examine

2

2/18%, (« /21og(2nd)T + 4log(2nd)b) + 44/8r22d log(2nd)
RE ( , *) <
Aonin () 02d

2
= UQA:(E(E) (Hﬂ*||2 (vm +2Vd 10g(2nd)bo> + WW) (4.392)

From this we can see that the RE is dependent on r, £, the nature of the design matrix,

and the magnitude of the terms in 8% and B°. All of these will contribute to the variance

of our estimator and thus to the RE.
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Quantized Estimator in Random Design

We showed that the difference between the quantized estimator and the OLS estimator can

be bounded by

N e e )

« A
HB B b Amin (2)
r242 log(2n
187, <\/m+ zloggndw) 1 430G Tos2nd)
< 4.393
)\min (2) ( )
where
n= _ 2 T=dr = log2(2n2d) 12 + 4 b=by=2r2+d" ((p1
Amin (2)’ d ) g ?

2
by = \/2 (HBOHQ + O'2> log(2n?), rg = A/2log(2n%d).

We can now calculate our the relative efficiency of our estimator compared to the OLS

estimator as:

2

2||8* H2 (/\/QIOg 2nd)T + 4log(2nd) ) + 4\/8r2€2dlog 2nd)

RE(8.6°) < o (5) 02d

2
= UQA:(E(E) (HB*||2 (v/2l0g(@nd)m + 2v/dlog(2nd)bo ) + /51202 10g(2nd)> (4.394)

This formulation’s dependencies are the same as that of the fixed case. This is illustrated
below in the figures of simulated data in the next section. Thus we expect the RE to

increase at a rate of d.
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Quantized Estimator in Simulation

In a simulation using toy data created under the assumptions of this section, the average

MSE of the estimator and the average RE were calculated for each combination of design

matrix with dimensions n = 10%,10°,10% and d = 3, 10, 20 and whose entries were absolutely

bounded by 1. The MSE is shown in Figure 4.1 and the RE is shown in Figure 4.2.

Average MSE of OLS and Quantized Estimators over 20 Iterations

1
1 d=3 d=10 d=20

Il Average MSE OLS
B Average MSE Quantized

100 4

1071

10724

Mean Squared Error (log scale)

1073 7

10749

n values

Figure 4.1: MSE of the Quantized Estimator

Figure 4.1 clearly shows the decay of the MSE as the number of samples increases. As
expected, the MSE of the OLS estimator also decreases with the number of samples. As the
quantizer is a lossy compression, we expect an inherent amount of error to exist between

these two.
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Relative Efficiency of Quantized vs OLS Estimators in Fixed Design

1 1
1 1
71 ! !
1 1 1
] 7 i
d=3 ; d=10 | d=20
1 1
60 | | 5781
50.60 51.34
50
w
« i !
g i |
9 40
Y
E
w
w
2 30
-
o
Q
o 23.03
20.54
2 | 17.54 |
| |
10 9.01 777 .
0 T T T
M & S & & & & & &
& & § $ § § $ & §
P )~ & P S & P P R
< & & ¢ & & < & &

Number of Samples

Figure 4.2: Relative Efficiency of Quantized vs OLS Estimators

In Figure 4.2, we see that as the number of features and samples increases, so does the
RE; however, within each category we see the RE remains relatively consistent across the
number of samples. This is consistent with our formulation in (4.392), as we expect the

d term to have the greatest affect on the RE. The other terms dependent on n and d are

log(+) or 4/log(-) which will have minimal effect.
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4.5.2 Sketched Estimator
Sketched Estimator in Fixed Design

We showed that the difference between the sketched estimator and the true parameter can

be bounded by

Hﬁo B BHQ (4.395)
42+ ) <||6*||2 =+ (ro\/log(m\)wHQ ro (14 v”)) X|) 2
< pw—c + /\mi: (dz) ~ (4.39)
where

B 2 _/d [21log(2n)
n_)\min(E)’ €= m+ m
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Then the relative efficiency compared to the OLS estimator is given by

RE (B, 5*)

N

Thus we expect the RE to grow at a rate of .

2

(ze+e)(!|ﬂ*!|2u|z+<rcm ol ve (e 2 )>'X) i ()7

Amin (X) o2d

160 (2¢ 4 )’ (HB*H2||2+<TCW o]+ (s F)>|X)

)\min (E)Uzd
9 2
16n< + /21057(1271) +( /%+ /210%271,)) > 02
2
16”(\/3-#\/\/2;%(270 +%+ /8d1;>52(2n) + 2loi§2n)> o2

Amin (%) 02d
Xmin (%) 02d

PN

m

160 (\/E+\/\/2$)g(2n) n d+\/8d log(2n)+2log(2n) ) 2 02

Amin (5) 02d

m m3/2 m

16n <d+1/8dlog(2n)+2log(2n) " 2(\/3+\/2 log(2n))(d+\/8d10g(2n)+210g(2n)) " (dﬂ/scllog(zn)mlog(zn)

))e

Amin (2) 02d

16n (% + O (£241) 1 O (7‘12”3/2”)) c?

Amin (%) 02d

e

m - m32  m32 32,/ m? m?2 m?2

< n nvd n n nd nvd )

(G}
N
33
N———

the nature of X and X, and 3*.
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Sketched Estimator in Random Design

We showed that the difference between the sketched estimator and the OLS estimator can
be bounded by

&= - 41,

4||ﬁ*||2 ( 2dlog(n;dn)lfi’,?,mzm + 210g£;nd)b)+4<1+ /QIOi(n) +\/§> (2€+62) <1+ /2105(71))0

Amin (2)

18]l (@ 2log(nd)R2 || =] + £ (210g(nd)bg)) +4 (2 + €2 < + 4 2os) +f> ( «/Qlog(”)> c

<

)\min(g)
i)
where
d 2log(2n) 2 ro 1
—al= e i b=dby =2 d b
oy s TEE e 0= 282 + a7 |3

R, = (1 + \/210g(nd)> \/2log(2nmd), c=|B8*,+o

Writing out these calculations would be cumbersome and space-consuming. Thus we sim-

plify them using the O notation. Then we can show the RE decays at a rate of

e () <@ o (1)

n

Thus, we have a term that grows at a rate of .-, as in the fixed design case. We illustrate

this behavior in the graphs of simulated data in the next section.
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Sketched Estimator in Simulation

We simulate data of dimensions n = 10%,10° and d = 3, 10, 20 according to the assumptions
made in the random design scenario. In Figure 4.3 we display the results from the scenario

with n = 10* and in Figure 4.4 we show the results from the scenario with n = 10°.

Average MSE of OLS and Sketched Estimators (n=10000)

[—

d=3 d=10 d=20

H
=)
8

s Average MSE OLS
[ Average MSE Sketched

Mean Squared Error (log scale)
=
o
i

Q Q Q o Q Qo Q Q Q o Q Q Q Q Q
& o O < S S B~ S o O O O N o O
ad A P A ~> A v po A ~> Pl A o A >
& <& <& <& @” <& <& & <& @” & <& <& & @”
Sketch Size

Figure 4.3: MSE of the Sketched Estimator with 10000 Samples

Comparing the two graphs, we can see that the values in the scenario with n = 10° are

substantially smaller in their relative case in the n = 10* scenario. This is consistent with

the rate of decay we expect to see based on our analysis, namely: O (\ / 7%) +0 (\/g)

We can also see that in all scenarios, the MSE decreases as m increases and increases as d

increases. Again, this is as expected.
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Average MSE of OLS and Sketched Estimators (n=100000)

1 d=3 d=10 d=20

1073

BN Average MSE OLS
[ Average MSE Sketched

104

Mean Squared Error (log scale)

Sketch Size

Figure 4.4: MSE of the Sketched Estimator with 100000 Samples

We also looked at the RE in simulation. Using the same data and scenarios, Figure 4.5
shows the scenario with n = 10* and Figure 4.6 shows the scenario with n = 10°. Comparing
these graphs, we can see that the RE is almost unchanged between them for all parameter
combinations. This is because the m that was chosen in each bar of the graph was the same
proportion of n. Thus, the graphs demonstrate that the RE scales proportional to the ratio

n/m, as expected.
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Relative Efficiency of Sketched vs OLS Estimators (n=10000)
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Figure 4.5: Relative Efficiency of Sketched Estimator for n = 10000
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Relative Efficiency of Sketched vs OLS Estimators (n=100000)
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Figure 4.6: Relative Efficiency of Sketched Estimator for n = 100000

4.5.3 Sketched and Quantized Estimator
Sketched and Quantized Estimator in Fixed Design

We showed that the difference between the sketched and quantized estimator and the true

parameter is bounded by

0 A
o4,

4HIB*H2( 210g£721nd)7’ n 210g7(72lnd)b> ! 8d}§2f12n110g(2nd) oy
< +

>\min (2) )\min (2) n

~ d ~ d

=0 — | +0 — (4.398)
m n
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where

R = +/2r2log(2nmd), L == /202 1og(2nm),
(= 1"(]«/10g(n)Hﬁ0H2 + 04/2log(2n?),

2 =]l
= dry = log?(2nmd)2r? Sy ——
T = drp = log*(2nmd)2r <3+d+log(2nmd) ,

2

- b=dby=2R:+d1|2.
n o () 0o =2R"+d " ||Z

Then we can calculate the RE as

m m m

2
<4H5*H2< 2log(2nd)T + 210g(2nd)b> 14 8dR2L210g(2nd)>

RE (B,ﬁ*) <

)\min (2)2 )\ng(cfl;)n

2
n (4“,8*“2< 2dlog(2nd)To + 2dlog(2nd)b0) +4 Wlog(%d))

B 4.
)\min (E) 02 ( 399)
S— 2
n (4“,@*“2 < 2108(3171@7'0 + 2\/310%271(1)170) 4+ 4 W)
B 4.400
Amin (2) do? ( )
N n
~oU) 4.401
(&) )

Thus the RE decays at a rate comparable to that of the sketched estimator, albeit with

different dependencies on the constant terms.
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Sketched and Quantized Estimator in Random Design

We showed that the difference between the sketched and quantized estimator and the OLS

estimator in a random design setting can be bounded by

~

IR |

2 = )\min (2)

m m m

* 2log(2nd)T | 2log(2nd)b 8dR2L2 log(2nd)
il N e
<

/

>\min (2)

where

2

8
+= |
log(2nmd) (1 + «/210g(nd))2 d

4
T = dry = log?(2nmd) (1 + 210g(nd)) 12 +

2

b=dby =2R; +d"||Z]|, = N (5

n

Ry = (1 +4/2 log(nd)) v/2log(2nmd), L, = v/2clog(2mn) (1 n 21%5(71)) _

Then we can calculate the RE as
RV, (”) | (4.402)

Thus the RE decays at a rate equivalent to its fixed counterpart at ;-. We show this using

simulated data in the graphs in the following section.
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Sketched and Quantized Estimator in Simulation

In a simulation using toy data created under the assumptions of this section, the average
MSE of the estimator and the average RE were calculated for each combination of design
matrix with dimensions n = 10°,10% 107 and d = 3. The MSE is shown in Figure 4.7 and

the RE is shown in Figure 4.8.

Average MSE of OLS and Sketched and Quantized Estimators

1
1

102 4

n=10"5 n=10"6 n=10"7

I Average MSE OLS
[ Average MSE Quantized

1073 4

_.
2
L

Mean Squared Error (log scale)

10-% 4

Sketch Size

Figure 4.7: MSE of the Sketched and Quantized Estimator

Figure 4.7 clearly shows the decay of the MSE as the number of samples and sketched

size increase. This agrees with the expected rate of decay of the MSE as calculated in the

fixed section, which yielded the MSE would decay at a rate of 9, (1 / %) +0 (\/%) As
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also expected, the MSE of the OLS estimator decreases with the number of samples. As the

quantizer is a lossy compression, we expect an inherent amount of error to exist between

these two.
Relative Efficiency of Sketched and Quantized vs OLS Estimators
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Figure 4.8: Relative Efficiency of Sketched and Quantized vs OLS Estimators

In Figure 4.2, we see that as the number of samples increases, the RE does not decrease.
However, within each n value, we see that the RE decreases as m increases. Since the m
values do not change between n values, the ratio n/m increases. The graph shows that the

RE follows this relationship, which is as we calculated. We calculated that the RE would

follow a rate of decay O (%)
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Appendix A: Derivations from Section 3.2.2

A.1 Preliminary Formulations

Let us assume a random variable X is bounded on [—R, R] and A := R—(—R) = 2R. Then

we can show a quantizer ()x is unbiased:

From unbiasedness, we can then show the following three results which are used extensively

in the formulations throughout this section:

i. Eg [)N(X] = X2 Indeed, we have:
Eq [¥X| = Eq |XX| - Eq|X] X = x?
ii. Eg [X(X - X)] — 0 Using part i.:

Eq |X(X - X)| = B |[XX| - Eq|X?| = x*— x* =0
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iii. Varg [X] < 22 Noting that A = R — (—R) = 2R then

Varg | X] = Bo [%2] - B [X|

A A
= % (XR*+ B + B - XR? - AX?)
- % (2R3 - 2RX2)
_ R?2_ X2

= (R=X)(X = (=R))

We note that minimizing the first operand maximizes the second, and vice verse.

Thus, the maximum value is achieved when % = R—X =X — (—R). Thus, we can

~ A2
conclude Varg [X ] < 7

A2 E|0]

n
E[0] -t Y B[RV -0t Y Ex [EQ %3,
i=1 i=1

I
S
)
[
=
s
=
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where 3° is the true value of 3 in the regression equation.
A3 E|V]

Using the unbiasedness of the quantizer, we can see,

E[V] =0t Y B[R2] = n ! 3 By [X2] - Bx [ X)]

i=1 =1

A4 Var [352]

X7
(R*)* 5

Var [X?| - E [)?22] ) [)?2]2 — Ex |- Ex [Xfr - B*Ex [X?] - Bx [X3]2

A.5 Var [Zﬁ]

Var X)) - B [(Z—ﬁ-)z] ~B[R3] = BR BV = B - Ry [x2]

Cov (X7, X) = & [X7:%2] - B [X7]] B[ 7]

—E [XiYiX?_ _E[X.Y]]Ex [XE]

By [XE’EE (x5 + ae)]] - PEx [ X7
Y <EX [X{*] - Ex [Xfr)
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Appendix B: Derivations from Section 3.3.4

B.1 Formulas for Calculating the Elements of E [zzﬂozzgo]

o~ T~ ~ T~ ~ o~ T T
=E [XiXiT/BOBO Xi%T + 088 xR + %% A+ A,8°8° A
~ (o~ ~ ~ ~ 0T ~ ~ ~ 0T ~ ~

-Y; <XixiTﬁoxiT + AiﬁOXiT + x;3° 5%+ %;3° Al) + B2X1'X,L'T:| . (B.1)

Then the j, kth element is given by
o
(o),
d d
BB BT + 0580 > B Tam i + 068 Y. BTy + 8580606k
m=1 m=1

d d
> 0 ~ ~ ~ O¢ ~ 0 ~ ~ ~ 0c ~ 2~ ~
—Y; Z Bm:nimxijxik + ﬁj 5]'1‘1'1@ + Z ﬁm$iml‘zjl’ik + Bk5k$ij + B iz (B.2)
m=1

m=1
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where we have let 9, be the p, pth element of A;. Then taking the expectation with respect

to the quantizers of the j, kth term is

d d d
EQ [(1%01?%0)%] = Z Z /B[ﬂ EQ wwxzfxzmxzk] +/8 EQ j] Z B&EQ [%@c]
{=1m=1 m=1
(@) ®
d
+Eq [6:] B Z BE [Timai;| +0;87 B8R0k + B E [ 2343
m=1
(©)
N d
~Eq|Vi| |2 Y] 80 [Fmanan] +87Eq [6,] Eq [#] + B1Eq [0 Bo [75] |- (B3)
m=1

(d)

When we take the expectation with respect to the quantizer, we know that the quantization
of the squared terms are independent of the quantization of their original terms. This allows
us to separate the expectation of the J, terms from the = terms.

We derive the formula for the terms (a), (b), (c), and (d). We must compare the possible
values of the iterable variables to each other and to j and k, as their different combinations
will result in different dependencies of the variables. These dependencies will affect how the
expectations are calculated. We will use brackets below terms to denote how those terms
have changed from previous steps based on the comparison of iterable variables.

For example, if we have a term with a double sum, the first sum with respect to m and
the second sum with respect to £. Our first step might be to compare £ to j by splitting
the term into two terms, the first assumes ¢ = j and the second ¢ # j. In the new term
that assumes ¢ = j, all variables with a ¢ subscript now become j and the sum over ¢ is
eliminated. In the new second term, the sum over £ changes from a sum from 1 to d to a

sum 1 to d, but not j. We denote this by simply putting ¢ # j as a subscript.

188



Docusign Envelope ID: 93A6B94D-51AD-472D-BE1A-F512D3BB43DD

To aid readability, we use a numbering system. If the original sum is labeled (al), then
when (al) is split, the resulting two terms will have labels (all) and (al2). If (all) is then
split, the resulting two terms will have labels (alll) and (al12). Each time a sum is split,
the resulting terms will have its parent’s label plus an additional digit.

The splitting and labeling are depicted in the first line of the formulation of term (a):

B.1.1 Term(a)

d d d d d
0 »0 ~ o~~~
DD BBVE [Emman] = Y, BB, [:vw fmmwm] > D, BIBLE [@Eaantin]
=1m=1 121:1 l#jm=1
(a) t=j e
(al) (a2)

2 ~ 3~
= ﬁ? E [xijgxik] Z /Boﬁ E [xu xzm$zk]
[

m#j

e:j,m:j v~
(all) l=j,m#j
(al2)

d d d
~ D~ ~ ~ o~~~
+ ), BIBE [l‘ij l‘izfﬂik] + 03 BIBNE @@t |
05 L#5 m#j

v - v

t#j,m=j L#j,m#]
(a21) (a22)

d
2 ~ 3~ ~2~2 ~ 2~ ~— ~2~2
= B"E [xij xzk] + 3] BLE [xz'j Tik ] + ) BY8E [%j xzmwzk] + BLBJE [ﬂ?zg Tik ]

l=j,m=j t=j,m#j,m=k m#k é#jzm:j,e:k
(all) (a121) ~ (a211)
Z:]7m7&]7m7&k
(a122)

d d d d
+ ) BVE [Fman | + Y AOONE [Fmant |+ ) Y HB%E [ Fuman] . (BA)

0#] b#7 0#j m#j

L#k ~ ~ — m#k

- ~ g (4 ;mt jm=k ‘ — g
(a212) (a222)
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Two additional comparisons are required for (a221) and (a222):

d d
Z Z 555 E ngmzﬁxzmxzk]

l=1m=1

(@)

2 [ ~~3~ 2~ 2
=B)°E [a?z'jgl’z‘k] + B BLE [$ij2$ik2] Z BB E [ﬂizg xzmxzk:l + BrBE [xijzxikQ]

" m#] _f—/
L=j,m=j L=j,m#j,m=k m#k 0#jm=3L=k
(all) (a121) (a211)

+ i BIBVE | T | + BB |[Ean’ | + Z BB |
G

l=jm+#j,m#k
(al122)

~ ~ ~

d
|+ ) A | Famen |

TijTipTik
L] L#] m#j
Lk £ m#jm=kt=k {#k m#k
(a2211) S
L#jm=3,0+k L£jm#jm=kl#k L#j,m#jm#k =k
(a212) (a2212) (a2221)

d d

+30 N BIBLE [
L#j m#j
L#k m#k

/\_/r\_//-\_//\_/]

LijLitLimLik

~
b#j,m# g m#*k L#k
(a2222)

2 [ 3~ ~2.2
= B)E [fij l“ik] + B} BLE [%j Tik ]

S A |5 T + BLAYE |77 |

m;&] —_—
l=j,m=j l=j,m#j,m=k m#k 0#5,m=j =k
(all) (al21) (a211)

L=j,m#j,m#k
(a122)

d d d
~2~ ~ 2 ~ ~3 ~ ~ ~2 ~ ~ ~2
+ > BIBE [l“ij xiﬂik] + A E [l’z‘sz‘k ] + ) BBE [xijxiéxik ] + > BUBLE [l‘ijmimmik ]

e#] —_— O gy m#j
0#k L#j,m#jm=kl=k {#k m#k
(a2211) ~ ~
b#j,m=3,L#k C#jm#jm=k #k C#j,m#“jm#k =k
(a212) (a2212) (a2221)

d
+ 2 5?21*3 |:1'” Tip mzk] 2 Z ﬁ[ﬂ E xljxdximxik]

(B.5)
(2 L#j m#]
l#k L#k m#k
m#l

L#£jm#jm#*k L#k,m=L
(a22221)

C#£jm#jm#*k L#k m#AL

(a22222)

Now we consider the case when k # j, that is, the off-diagonals of (a). Then all terms in

the summands are independent and we can calculate the expectation with respect to the
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quantizers as:

B3¢ B Eq |75 Tiim Tir )
1

M=
il

(T
L

(a)

d
2
= R*B) wma + R'BIBY +R> D BB mimza+ RUBLAY
— —— ~—

: ; ) : m#j ) i
£=j,m=j l=j,m#j,m=k m#k t#j,m=j,l=k
(a211)

(all) (al21)

{=j3,m#jm#k
(a122)

d d d
2
+ R BBYmipwi + R2BY wijma +R% Y. BB+ B2 Y BB Tim
—_——

L#j . . L#j m#j
L#j,m#j,m=k =k
L#k 0#k k
- (a2211) - ~ N m
L#£j,m=j,0#k L£j,m#j,m=kl#k L#j,m#j,m#k =k
(a212) (a2212) (a2221)

d d d
2 02 0 30
+ RPY B wgma + ), Y. BYBNTiTiTim Tk

L#£j L#j m#]
L#k L#k m#k
m#l

C#jm#jm#Ek L#km={
(a22221) L#£j,m#jm#Ek LER,mAL
(a22222)

d d d
2 02 02 0 2 0 20 0 20
= R [ wijaa | B) + B + D, B [+2 D] BYBoaimei +2 ), B Blwijai
m#j m#j O£
m#k m#k £k

d d
450 50 0 50
+ RGBT + ijwin Y Y BYBNTiTim
(7] m#Aj
(#k m#k
m#l

d d d
2
0
B H2 +2 (ﬁ?%‘k + ﬁgl‘z‘j) > Blwie |+ migan Y, Y, BLBYTuim (B.6)
7 (7] mEj
ok ek mk

= R4626§) + R2 TijTik
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When we let £ = j, then the result becomes

d d
1D BUBYE [Emiaam i

l=1m=1

g

(a)

d
2 2 2
= R+ RSy +R?) BB miwim+ RBY
~—— ~—— ~——

) . ) ) m#j ) .
L=j,m=j L=jm#jm=k m#k t#j,m=jl=k
(all) (al21) - ~ (a211)
é:jvm?&]:m#k
(a122)

d d d
2
+ R BB+ RYBY + R BB wijwie + R* D B Bowijaim
———

L] . . L#j m#j
0k L#jm#j,m=k =k £k m#k
~ - (a2211) ~ ~ ~ -
0#j,m=3L+#k L#jm#jm=k#k 0#j,m#jm#*k =k
(a212) (a2212) (a2221)

d d d
+ RO +RY Y BB wiim

l#] l#j m#]
{#k 0#k m#k
— m#L
0+ m#jm#k f#km=0
(a22222)

d d d d
2 2
=R 48)"+ D) B0 |+ 4R D BB wijmim + B2 BB Tuwim

m#j m#j (£] m#j
m#k m#k {#k m#k
2
— R4< 269" +||8°|| ) +4R? Z B0B0 i + R2 Z Z B9 iuim (B.7)
L#5 m#]
m#k {#k m#k
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B.1.2 Terms (b) and (c)

We now move to examining terms (b) and (c). We note that when k = j that these two

terms are identical. Thus, we will derive their formulas together.

d d
BEq [6;] Y, BmEe [Tmain]  Eqlok A Y, ALE [Zimayj]
m=1 m=1

(b) (c)

For both (b) and (c), we only have to compare m with k and m with j. For term (b)

d d
BEq (5] Y] BEq [Tmen] = BYEq [6] BB |72 | + BYBq [6] Y, 8%Eq [Fmn]
m=1 ~

~ m#k

-

< )

m=k

(b) m#k

d
= BYBIR’Eq [6;] + BYEq [6;] . BYEq [Tomtik] -
m#k

Similarly for term (c):

d d
Bo (5 8 Y, OB [7ini] = Bo [ 087 [ 77 + Bq 6] 60 ) 40 [

-~ m#j

<

J

1
(©) m#j

d
= BRBYR®Eq [0k] + BYEq [0] ) BYE [Timay;]
m#jJ
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When k # j, and we take the expectation with respect to the quantizer, then we have for

term (b)

d
BYEq [6;] D, BrEq [Timii] = B)BIR Eq [6;] + BJEq [4;
m=1

v

d
= ﬁ? <x12] — R) ,BgRZ + Z 59n$zm371k

m#k

d
] 2. BnEq [Timi]

m#k

d
Eq [6:] 87 Y| BUE [Zimay;| = BUBYREq [0k] + BYEQ [0k] D BYE [Zimai;]

d
= By (w?k — RQ) BIR?+ > B wimij

m#j

When k = j, then both terms (b) and (c) become:

d
ﬁ?EQ Z BmEQ xzmxzk] ]0'2R2EQ [53] + ’B?EQ
m=1

< _

(®),()

d
= ﬂ? <1‘?j — R2> 5?R2 + Z Bgnxzmxw

m#j
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(B.12)
d
53] Z BngQ [%fw]
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B.1.3 Term (d)

Now we examine term (d), which requires us to compare m with both j and k.

d d
2 Y, BnBa [T 5] = 260Bq |7°F0 | +2 3 #Bo [T il
m=1 ~ - m#j
~ A g m:j ~"
(d) m#j
d
— 280Eq | 75T | + 260Bq |F@a2 | +2 Y, AYEq [Famdn] (B.14)
~ ~~ m7éj
m=j m#j,m=k R m#k
m?ﬁj";ﬂ#k

Then when k # j, term (d) taken with respect to the quantizer becomes

d d
2 Y B0Eq [TimTiiain| = 28)R2xiy, + 280Rxij + 2ximi Y, BoyTim. (B.15)
m=1 m#j

N J

~ m#k
(d)

Then when k = j, term (d) evaluates to

d d
2 )} BBq [Fmdn] = 260Bq | &5 | + 260Bq | 7% +2 ), B0 |#mdy’ |
m=1 . ~ _/ _ m;éj
(@) " e N
m#j,m#k

d
= QB?RQJCU + QBISRQ.TU + 2R2xij Z 5%
m#j
m#k

d
= 2R%z;; " B, (B.16)

m=1

B.1.4 Combining Terms and Bounding

Now we have the components necessary to calculate the j, kth element of of E [QZBO 1;%:0]
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We begin with the case when k # j. Taking the expectation with respect to the quantizer

and combining the components yields:

o | (i) | = (s - #) 00 (s — R2) + Braymu

+ R4,6269 + R? | zijm

8]+ 2 (80 + By Zﬁew N

L#j m#j
Z;ék £k m#k

(a)

+ﬂ0( RQ) BOR? 4 Z B0 Timin +5k( R2> B;-)Rz—k Zdl BY T im Ty

©) (e)

d
-Y; 25?R2ilfik + 2ﬁ2R21‘ij + 2xijxik Z ﬁ%xzm +ﬂjo (ZE?] — R2) Tik + Bg (l‘fk — RZ) Tij

m#j
m#k
(d)
= BB a% — R2BYRY%, — R2BV30% + RABYBY + Bwyjwu + RUBYAY + Rayjaa, ‘,6 H
d d d d
+ 2]—1),2‘)).[1-].(,‘[/‘. Z .3;".1,‘,',( + 2R252I7] Z 5?:177[ + TijTik Z Z ﬂ?ﬂfnxwmlm
0] L] L#j m#j
C#k l#k l#k m#k
+ R28980a2, + Z B0 wimask — BOBIRY — BY R Z BY, Tim ik
m:,ﬁk m#k
d
2 20 p } p A
+ R2BU3%%, + B, Z B Timti; — BB R — BIR® D" BY wim i
m#j m#j
d
-Y; |2 + 2‘82]%2!1)/,:47' + 274k Z ,831.13”” + Bg)xfszk - + ﬁgl‘ka” — “BgﬂiiljRQ
ms#j
m#k

(B.17)

196



Docusign Envelope ID: 93A6B94D-51AD-472D-BE1A-F512D3BB43DD

We use colors here to identify like terms. Now we combine like terms are reduce, while also
taking the expectation Ey [Y;] = XiT,BO, where the expectation is taken with respect to the

variance in the error term in Yj.

Eqy [(¢ﬁ0¢§0)jk] Boﬁkngxzk + B? TijTik + R? LijTik

d
‘5 H + R2Bwi Y, Blwie
oy

L#k

d d d d d
2 50 0 0 50 0,2 0 0,2 0
+ R*Bwi; Y, Blwie + wigwin Y, Y. BYBrTictim + BY3%; D BouwimTin + BTy Y, BrTimis

L] U#j m#] m#k m#j
L#k l#k m#k
d d
0 2 20 2 00 0 0,.2 0,.2
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When k = j the calculation becomes:
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Now we wish to bound the entries of E [Jﬁo Jgo] using these formulas and the boundedness

of the entries of X. For the k # j case:
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Now when k = 7, our upper bound becomes:
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Appendix C: Supporting Work for Chapter 4

C.1 Quantized Scenario

C.1.1 Quantized Scenario with Fixed Z

Unbiasedness of the estimator 3
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Unbiasedness of the estimator izw
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C.1.2 Quantized Scenario with Gaussian Z

Unbiasedness of the estimator >
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Unbiasedness of the estimator izw
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Appendix D: General Supporting Ideas

D.0.1 Bound on the Norm of the Difference of Matrices

While not an assumption, we will repeatedly use the fact that for conformable matrices A,

B, and C where A =B — C and A > 0 and C > 0, we can show
A =B —ClJ|

= max 27 B% — 27C%
l12],<1

< max 2'Bi — min #TCz
ll£]l,<1 [EAPEST

< )\max (B) - )\min (C)

< [IB]| (D-1)
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