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Abstract

SEMIPARAMETRIC REGRESSION ANALYSIS OF SURVIVAL AND LONGITUDINAL
DATA

Mengdie Yuan, PhD
George Mason University, 2014

Dissertation Director: Dr. Guoqing Diao

The proportional odds model is used in survival analysis when the odds ratios over time
are constant. The assumption, however, is often violated in many applications. We propose
a novel semiparametric general odds ratio model for the analysis of right-censored survival
data. The proposed model incorporates the short-term and long-term covariate effects on
the failure time data, and includes the proportional odds model as a special case. We derive
efficient likelihood-based inference procedures and establish the large sample properties of
the proposed nonparametric maximum likelihood estimators. Extensive simulation studies
demonstrate the proposed methods perform well in practical settings. An application to a
breast cancer study is provided.

Secondly, we study the generalized linear models with an unknown link function for
both data with independent observations and longitudinal data. We propose sieve max-
imum likelihood estimation procedures for both fixed effects models and random effects
models by using B-splines. We establish the consistency and asymptotic normality of the
proposed sieve maximum likelihood estimators. Extensive simulation studies along with an
application to an epileptic study are provided to evaluate the finite-sample performance of

the proposed methods.



Chapter 1: Introduction

Semiparametric regression models are useful alternatives to standard parametric models in
that they are generally robust to violation of certain model assumptions. These models typ-
ically involve finite dimensional regression coefficients and one or more infinite dimensional
functional parameters. In this dissertation, we investigate several semiparametric regression
models for survival data and longitudinal data and develop statistically efficient likelihood-
based estimation and inference procedures. We derive the asymptotic properties of the
proposed estimators through advanced empirical process theories. The performance of the
proposed methodologies is evaluated through extensive simulation studies and applications

to real examples.

1.1 Proportional Odds Model

Survival data arise in many scientific areas, such as health studies, biomedical studies, and
insurance. Examples of survival data include time to death, time to develop a disease, and
time to default of an insurance company, etc. Survival time are often subject to censoring
because of loss to follow-up, limited duration of study, or failure due to competing causes.
One main objective of the analysis of survival data is to evaluate the effects of covariates
of interest on the survival time. The proportional odds (PO) model (Bennett, 1983a,b;
Pettitt, 1984) is a commonly-used regression model for analyzing survival data. The PO
model specifies that the survival function of the failure time 7" given the covariates X takes
the form
e‘ﬁ x

= e



where H (t) is a strictly increasing function with H(0) = 0, and 3 is a vector of regression
parameters. Unlike the Cox proportional hazards model (Cox, 1972), the hazard ratio
between two sets of covariates is time-varying under the PO model. Instead, the odds ratio
of survival is assumed to be constant over time under the PO model. Consequently, the
hazard ratio converges to one as time goes to infinity. The converging relative risk property
makes the PO model favorable to the proportional hazard model, another commonly used
survival model, in practice.

The performance of the PO model relies on the assumption of constant odds ratios over
time. This assumption, however, is violated in many applications. The violation of the
proportional odds assumption can lead to biased results and may compromise the power
of identifying covariates with significant time-varying effects. In Chapter 2, we propose a
novel semiparametric odds rate model which allows for time-varying covariate effects and

one can explicitly model the short-term and long-term odds ratios.

1.2 Generalized Linear Models and Generalized Linear Mixed

Models

The classical linear models assume the response variable is continuous and and is normally
distributed. These assumptions are often not true in practice. For example, we often
encounter binary, ordinal, and count data, none of which follow normal distributions. Linear
models are not appropriate for these types of outcomes.

Generalized linear models (GLMs) are an extension of linear models. The responses are
allowed to follow a distribution in the exponential family without being restricted to normal
as in linear models. A link function is introduced when regressing the expected value of the
response variable on a linear combination of a set of covariates. It is therefore commonly

used when analyzing discrete and non-normal responses.



The general form of the distributions in the exponential family is given by

{119—6(9)

a(0) —c(y, ¢>)},

where a(-), b(-) and ¢(-) are known functions and ¢ is a scaler. We call 6 the canonical

parameter. The mean and variance of Y can be obtained as
E(Y) =0V(9),Var(Y) =b"(0)a(¢),

where ¥'(-) and 0”(-) denote the first and second derivatives of b(-), respectively. The
exponential family includes common distributions such as Normal, Binomial, Poisson, Ex-
ponential, Gamma, and inverse Gaussian. To relate the outcome variable Y with covariates

X, we denote E(Y|X) = u and define the linear predictor n = X” 3. If we have the model

as g(p) = n, we call g(-) the link function and h(-) = g~'(-) the inverse link function. A

particular link function &' (-) is known as the canonical link function, where &' () is the
inverse function of the first derivative of b(-). It is intuitive and common to use the canonical
link.

Generalized linear models have also been widely applied to longitudinal data with re-
peated measurements. For longitudinal data, it is necessary to account for the correlations
among repeated measurements. There are mainly two methods to account for heterogeneity
across time, namely, the marginal approach and the conditional approach. In the fixed ef-
fects models, the marginal distribution of the outcome at each time point is specified, and a
variance-covariance structure is set for the repeated measurements. That is, the mean and
variance-covariance are constructed separately. There are no subject-specific coefficients or
random effects in the mean structure. All subjects share the same fixed effects. Thus the
inference is made on population averages. The coeflicients can be estimated by generalized
estimating equations (GEE). Thall and Vail (1990), Pourahmadi (1999) and Pourahmadi
(2000) described some possible choices of the variance-covariance structures.

3



Mixed models incorporate subject-specific random effects in the mean structure in ad-
dition to the fixed effects. This approach allows the regression coefficients to vary across
subjects according to the distribution for the random effects. The variance-covariance ma-
trix for the repeated measurements from a subject therefore is contributed by two parts:
the subject-specific random effects and the random errors. The response vectors of different
subjects conditional on the subject-specific random effects are assumed to be independent.
With non-linear link functions, there is no model-based interpretation for the population
mean. The expectation of the linear predictor does not necessarily explain the expected
mean through the non-linear link function as the case with the identity link. Usually we re-
fer to this kind of random effects models as the generalized linear mixed models (GLMMs).
One issue for random effects models is that the model misspecification may cause bias
results (Heagerty and Kurland, 2001).

Zeger et al. (1988), Heagerty and Zeger (2000) and Heagerty and Kurland (2001) in-
vestigated the relationship between the random effects models and the fixed effects models.
They showed that we could associate the random effects model with a fixed effects model
by imposing an adjustment function in the fixed part of the linear predictors and use the
same link function for both models. However Chiou and Miiller (2005) pointed out that the
link functions for the random effects model and the corresponding fixed effects model are
not in general coincident due to the impact of the random effects. In Chapters 3 and 4, we
develop sieve maximum likelihood estimation procedures for GLMs and GLMMs with an

unknown link function using B-spline smoothing.

1.2.1 Fixed Effects Models

Suppose we have n subjects with k; repeated measurements for the ith subject. Let Yj;
denote the jth outcome of the i¢th subject with the corresponding p-dimensional vector of

covariates X;;, where ¢ = 1,--- ,n and j = 1,--- ,k;. The distribution of ¥;; belongs to the



exponential family

Jy (yij) = exp {W — c(yij, ¢)} :

For simplicity, suppose that a(¢) = ¢ which is a scalar parameter. Let E(Yj;) = pij
and Var(Y;;) = ¢vij(pij), where {v;;(-) i =1,--- ,n;j5 =1,---  k;} be known functions.
Generalized linear models employ a one-to-one continuously differentiable function g(-) to

adjust the mean structure as a linear model. For fixed effects models, we have

g(ﬂ’t]):nl]:ij;BvZ:l,7n7]:157k1,

or

where g(-) is the link function and h(-) = g~!(-) is the inverse link function.

Unlike linear models for normal data, the likelihood cannot be fully determined by
only specifying the mean and the covariance. In this regard, the inference based on a
conventional likelihood function is not suggested. Alternatively, quasi-likelihood is preferred

in the absence of a full distribution assumption for the data.

Let Y; = (Y1, Yo, - ,Yiki)T and the corresponding mean vector p; = (i1, fi2, - - - 5 fik; )-

_ (O
Q‘(%)

which is a k; x p partial derivative matrix. The k; x k; covariance matrix of Y; is denoted

We define

by X;. Suppose that 3;(¢, u;) = ¢Vi(p;), where V;(p;) is a known matrix function of ;.

The quasi-likelihood Q;(u;]Y;) for the ith subject satisfies

0Qi (1| Yi)

aul - Vz (/J'z)(Yl “’z)'



Since we assume independence between subjects, the quasi-likelihood can be written as
n
QuIY) =D Q| Ya).
i=1
The corresponding quasi-score equations are given by
n
ZDz’TVi_l(Hz‘)(Yi — u;) =0.
i=1

The equations are non-linear functions of 3 which therefore may not be solved analytically.
An extension of the quasi-likelihood-based method is the generalized estimating equa-

tions (GEE) approach. In GEE, the covariance matrix is specified as

1 1
where A;(p;) = Diag (vi1 (pi1), via(pi2), - -+ 5 vik, (ik; ), and R;(ex) is a working correlation
matrix indexed by some unknown parameters . Usually, we assume R;(a) = R(a) among

subjects for balanced data. The unknown parameters include a and 8. The generalized

estimating equations are given by
n
> DIV Ny, a)(Yi — ;) = 0.
i=1

Typically, the estimators are obtained by iterative algorithms. First, given current

~ ~ .5k . . . .
estimates of ¢(*) and a(k), we obtain ,6( ) to be the solution to the generalized estimating

equations. Initially, we may use an independent structure for V;, where R(a) = I. Then



~(k n ~ . . .
given ,8( ), we update ¢*t1) and a* 1 on the basis of current standardized residuals

()

O Yig — My
1] (k :
Uij(uz(j))

Generally,

The formula for &@*™V depends on the assumed structure of R(c). We iterate between
the above two steps until convergence. The resulting estimator B can be shown to be
asymptotically unbiased and normally distributed.

Let Var(83) be the covariance matrix of 3. Denote %; = (¢, fi;, &) and

n
So=Y DIS, D,
=1
Then

»=s;!

~

is called a “model-based” or naive estimator of Var(3). However the naive covariance

estimator 3 is not a consistent estimator of Var(8) if R(c) is incorrectly specified.

A “sandwich”, robust or empirical estimator is defined as
3, = S7'SeST Y,

where

~—1 . R 1
S1 =) DI'S; (vi—)(yi—i)"'S,; D
=1



~

This empirical estimator is preferred because it provides a consistent estimator of Var(3)

even if the correlation structure is misspecified.

1.2.2 Random Effects Models

The GLMMSs specify

or

where g(-) is the link function and h(-) is the inverse link function. In the model, Z;; is a set
of covariates, and b;’s are ¢g-dimensional subject-specific random vectors which are indepen-
dently and identically distributed with a joint distribution fp. Typically, b;’s are assumed
to be normal distributed with mean 0 and variance-covariance matrix M although other
distributions can be considered too. We also assume Yy, - - -, Yj;, are mutually independent
given b;.

As mentioned before, the coefficients in the random effects model do not necessarily

have the same interpretation as in the fixed effects model. It follows from

E(g(E(Yi;|b:))) = X;8 # 9(E(Yy)))

except for the case of linear mixed models. Actually, we cannot simplify the marginal mean
and variance of the outcomes without knowing about g(-) and the distribution of b;. Notice
that using the same link function in a fixed effects model and in a GLMM does not lead to
the same model for f;; in non-normal cases.

The inference is typically likelihood-based under the GLMMs. The marginal likelihood



is given by

1 [ #xidbsutboyan.
=1

In general, there is no closed form for the integral. Numerical or Monte-Carlo approaches
can be used to approximate the marginal likelihood. We can use numerical methods to

obtain the maximum likelihood estimators by maximizing the marginal likelihood. Given

the MLEs (,@,ﬁ), we can predict the random effects as b, = E(bi|Yi,,B, ﬁ)

1.3 B-spline Smoothing

B-spline smoothing in statistics is a technique to estimate a nonparametric real-valued
function using a linear combination of basis splines (B-splines) of certain degree. A B-
spline is a piecewise polynomial function, where the pieces connected at specified knots.
Suppose there are K interior knots & < & < --- < £x in an interval bounded by
o <& <& < <€k < &k+1. We augment the K interior knots & = (§1,&2,- -+ ,&K) to

a K + 2M knot sequence T defined below:
o7 <1 < -y < o
e iym=¢&,5=1,-,K;
® Skl STRyMA1 S TR4M+2 < TK12M-

Notice that the knots must be in an ascending order. Typically, the additional knots are
made all the same and equal to & and &g s, respectively.
Suppose B; () is the ith B-spline basis function of order m, where m < M. The basis

functions can be derived recursively by the following formula,

1 ifTi§$§Ti+1
Bil@f): ,i=1,--- K4+2M -1

5

0 otherwise



and

T —T Titm — X

———Bim-1() + ———— Bitim-1(x
tigme1 —Ti @) Tigm —Tig1 0T @),

B%m(%) =

fori =1,---,K 4+ 2M — m. Particularly, with M = 4, we call B;4, i = 1,--- ,K + 4
the cubic B-spline basis functions. Therefore, the B-spline of degree m consists of m + 1
m-~degree polynomial pieces jointing at m internal knots. Using the B-spline to fit the curve
y = g(z), we can write

K+M

g9(z) = > vBium(@),
i=1
where 7;’s are unknown coefficients.

1.4 Kronecker Product

Let A = (a;j) be a n x p matrix and B = (b;;) be a m x ¢ matrix. Then the Kronecker

product is defined by

anB CL12B e alpB
A ® B_ ang a22B s a2pB ’
anlB angB s aan
mnXpq
and
biiA  biaA - bipA
B® A bglA bQQA s prA
b1 A bpaA oo bppA

mnXpq
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1.5 Sieve Maximum Likelihood Estimators

Let © be the parameter space, and Ly, (6), # € © be the likelihood. The maximum likelihood

estimator 6, may be inconsistent if the size of the underlying parameter space is too large.
Therefore we often maximize the likelihood over a space ©, that is an approximation of
©, where the approximation error decreases to zero as the sample size increases. Then O,
is called the sieve space, and the corresponding maximizer is called the sieve maximum

likelihood estimators.

1.6 Gaussian Quadrature Approximation

1.6.1 One-dimensional Gauss-Hermite Quadrature

Gaussian quadrature is commonly applied to numerically approximate the integral against

the probability measures. The integral can be presented as
o
| t@mwyz,
—0o0

where p(z) is a density function. When p(z) has the kernel e=**, we can use the Gauss-
Hermite quadrature. Let N, denote the number of quadrature points, w; and z; are the

quadrature weights and the abscissas, i = 1,--- , N;. Then

o0 Nq
| t@pers = 3w pw).
=1

—0o0

11



1.6.2 High-dimensional Gauss-Hermite Quadrature

Let b, follow a multivariate normal distribution with density p(b). To get the r-dimensional

quadrature grid, we first obtain the empirical Bayes estimates bof b by minimizing
—log(f(z[b)p(b)) = g(z; b).

Let w = (w1,w2, -+ ,wn,) and x = (21,72, - ,2N,) Which are defined above. The for a
point on the r-dimensional quadrature grid xj, = (2, Zg,, - - , Tk, ), the centered and scaled

abscissas are given by

a; = b+ V24" (2 B)_%X*,

where

9*g(z;b)
"e . o )
g (@b) = 5 0T |

Then the integral can be approximated as

Ng Ng T 5
/ Falb)p(b)db ~ (VB lg"(e:B)[ 3 3 -+ 3 [ Flalagplay) [Twne™].
=1

k1=1 kr=1

1.7 Outline

In Chapter 2, we propose a novel semiparametric general odds ratio model for the analysis
of right-censored survival data by incorporating the short-term and long-term covariate
effects. The baseline odds function is unspecified and we derive the nonparametric maximum
likelihood estimators and establish their large sample properties. In Chapter 3, we study the
generalized linear models with an unknown link function for independent data. We propose
to use B-splines to approximate the unknown link function and derive the sieve maximum
likelihood estimators (MLEs). In Chapter 4, we extend the proposed methods in Chapter 3
to longitudinal data by incorporating random effects in the model. In both Chapters 3 and

12



Chapter 4 , we derive the convergence rate of the sieve MLEs and establish the asymptotic
normality and asymptotic efficiency of the estimators of the finite dimensional parameters.

We conclude this dissertation with discussions and future work in Chapter 5.

13



Chapter 2: Semiparametric Odds Rate Model for Modeling
Short-term and Long-term Effects with Application to a
Breast Cancer Genetic Study

2.1 Introduction

Much attention has been paid to the development of inference procedures under the PO
model and its generalizations. Murphy et al. (1997) provided statistical inference for the
maximum likelihood estimation with right-censored data under the PO model and demon-
strated that the estimators of the regression parameters provided by Bennett (1983a) are
efficient. The sieve maximum likelihood estimation and the estimation based on weighted
empirical odds functions were developed by Shen (1998) and Yang and Prentice (1999),
respectively. Computational issues in the PO models are discussed in Hunter and Lange
(2002). The PO model has also been extensively studied for current status data and interval
censored data, see Rossini and Tsiatis (1996), Huang and Rossini (1997), Rabinowitz et al.
(2000) and Sun et al. (2007), among others. For correlated failure time data, the PO model
with random effects has been investigated in literature (Lam et al., 2002; Zeng et al., 2005).

All the aforementioned methods are developed under the assumption of constant odds
ratio over time. However, in some applications, this assumption is violated. Violation of
this assumption may lead to biased and misleading results. A motivating example is from a
copy number alteration (CNA) study with breast cancer patients (Zhang et al., 2009). The
objective of the study was to determine whether the CNAs influence the time to develop
distant metastasis among breast cancer patients. We expect the log odds curves of survival
to be parallel for two groups if the proportional odds assumption is true. Figure 2.1 presents

the Kaplan-Meier curves for two groups partitioned by the median of copy number variation

14



data at two SNP loci. It appears that the proportional odds assumption is reasonable at
SNP #2124; however, the two curves cross at SNP #39687 indicating a violation of the
proportional odds assumption. The PO model failed to capture the phenomenon of the
crossing survival at SNP #39687.

To test the proportional odds assumption, Dauxois and Kirmani (2003) developed a for-
mal analytical test for two-sample problems. Resampling approaches using observed score
processes for the regression coefficients have been developed by Scheike (2006) to check
the goodness-of-fit of the PO model. Liu et al. (2009) provided graphical diagnostics to
check model misspecification for the PO model. To alleviate the proportional odds assump-
tion, Scheike (2006) proposed a flexible transformation model which allows for time-varying
coefficients for some covariates in the model. They developed estimation and inference
procedures based on martingale estimating equations. Additionally, they proposed to use a
robust sandwich-type covariance matrix for the estimates of the regression coeflicients. More
recently, Chen et al. (2012) proposed an extended PO model by incorporating “external”
time-varying covariates and developed appropriate inference procedures for the regression
parameters. Note that both Liu et al. (2009) and Chen et al. (2012) do not incorporate
time-varying coefficients.

In this chapter, we propose an alternative approach for relating covariates of interest to
the odds of survival for right-censored data. Specifically, we propose a novel semiparametric
odds rate model to incorporate the short-term and long-term covariate effects. This model
includes the PO model as a special case, leading to a new diagnostic tool for checking the
proportional odds assumption. We establish efficient likelihood-based estimation and infer-
ence procedures and derive the asymptotic properties of the proposed estimators. Results
from numerical studies demonstrate that the proposed methods perform well in practical
settings.

The remaining of this chapter is organized as follows. In Section 2.2, we propose the
new model and derive the nonparametric maximum likelihood estimation. The model as-

sumptions and the large sample properties are presented in Section 2.3. In Section 2.4,

15



we conduct extensive simulation studies to investigate the finite sample properties of the
proposed estimators. An application to the motivating CNA study is provided in Section

2.5 and we conclude with a brief discussion in Section 2.6.

2.2 Methods

Suppose there are n independent subjects in a random sample. For the ¢th subject, let T; be
the failure time, C; be the censoring time, and X; be a p x 1 vector of time-independent co-
variates. The observed data contain {(Y; = min(7;,C;), A; = I(T; < Cy),X;),i = 1,...,n},
where I(-) is the indicator function.

Let F(t|X) and S(¢|X) be the conditional distribution function and survival function of
the failure time 7" given the covariates X, respectively. We propose the following generalized

odds model

F(t1X)
S(t|X)

— H(t) | B XF() + XS] (2.1)

where H (t) is a non-decreasing function with H(0) = 0. In model (2.1), H(t) is the baseline
odds function of failure, S(t) is the baseline survival function which is the survival function
for a subject with X = 0, and F(t) = 1 — S(t) is the baseline cumulative distribution
function.

Under the proposed model (2.1), the regression coefficients 3 and -+ have attractive and

intuitive interpretations. For two sets of covariates X and X*, we can show that

150 F(t[X*)/S(t/X*) " hoo F(8X*)/S(HX7)

F(t1X)/S(tX) = TXXY) i F(t1X)/S(tX) _eﬁT(X—X*)'

Therefore, B and ~ can be interpreted as the long-term and short-term log-odds ratios,
respectively. When 3 = ~, model (2.1) reduces to the PO model. Hence, this model
provides a useful diagnostic tool for testing the PO model. To be more specific, we can

check the PO model by testing the null hypothesis Hy : 3 = 7. The test can be performed
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by using Wald, score or likelihood ratio test statistics.
We now derive the likelihood function for the unknown parameters (3,~, H). It can be

shown that

It follows that
H(t) +1
BTXE2(4) 4+ (VX L VD) H(E) + 1

S(tX) =
Consequently, the hazard function is given by

1/ () { B X H2(8) + 268 X H (1) + VX

A(tX) = iy ;
(H(t)+ 1} {eﬁ XH2(t) 4+ ("X £ 1) H (1) + 1}

where H'(t) is the first derivative of H(¢). Under the conditional independent censoring

assumption, the likelihood function for (3, ~, H) has the form

n

Lo(B,~, H) :HAAZ‘O@!XZ-)S(Y;\X»

n H'(Y;) {eﬁTXiHQ(Yi) 428 X () + evTxi}

L EY) + 1) {eﬂTXim(m + (VX + 1) H(Y;) + 1}

y H(Y;) +1
B2V + (VX L DH(Y) + 1

We would like to make inference based on the likelihood function. Note that the maximum
of the likelihood function does not exist since we can always choose H'(Y;) = 0 for some
Y; with A; = 1. Therefore, following the techniques of nonparametric maximum likelihood

estimation in the Cox proportional hazards model (Murphy, 1994, 1995), the proportional
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odds model (Murphy et al., 1997; Zeng et al., 2005), and the semiparametric transformation
model (Zeng et al., 2008), we allow H to be a right continuous function. Therefore, we allow
the estimator of H to be a step function with positive jumps only at the observed failure
time points. Let H{Y;} denote the jump size of H(t) at Y;. We replace H'(Y;) with H{Y;}
in the above equation (2.2) to obtain the nonparametric likelihood function, still denoted

by L, (8,7, H) for simplicity,

T T A;
o [ R + 208 () 4 %)
Ln(B,y, H) = ,
Gt =11 () + 1) {BTX2(Y,) + (VX 1) H () + 1

y H(Y;) +1
B2V + (VX L DH(Y) + 1

Assume the data have m unique observed failure time points Y{;) < Y(9) < -+ < Y.

Easily we have H(t) = Zk:Y(k)gt H{Y{,}. Then

1 Zk:}/(k)gt H{Y(k)}

S(t) = , F(t) = .
Zk:Y(k)gt H{Yyy}+1 Zk:Y(k)gt H{Yp}+1

In this case, the odds function H (t|X) = F(¢|X)/S(t|X) is given by

T
> P XE) + eVTXS<if<k>>} H{Y{p}

Hence, to estimate the unknown parameters, we maximize the nonparametric likelihood

function with respect to the regression parameters 8 and -, and jump sizes H {Y(l)},

H{Y(9)}, -+, H{Y;n)}. Theresulting nonparametric maximum likelihood estimators (NPM-

LEs) are denoted by (3,,, 4,,, Hy).

The maximization procedure can be performed by using the quasi-Newton optimization
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algorithm in Press et al. (1992). Based on Fisher information theory, the covariance matrix

for (3,,, 4., Hy) can be obtained by inverting the observed information matrix, which is

the negative second derivatives of the nonparametric likelihood function with respect to the

regression parameters 3 and <y, and the jump sizes H{Y(1y}, H{Y(2)}, ---, H{Y(;n)}. The

justification follows the arguments in Theorem 2 of Parner (1998).

2.3 Asymptotic Properties

Before we derive the asymptotic properties of the NPMLESs, we impose the following regu-

larity conditions:

C1.

C2.

C3.

C4.

C5.

There exists some positive constant dy such that Pr(C; > 7|X;) > J§p almost every-

where, where 7 is the end of the study. In addition, Pr(T; > 7|X;) > 0.

Conditional on the vector of covariates X;, the censoring time C; is independent of T;

fori=1,--- ,n.
X, are bounded for all i = 1,--- ,n. Furthermore, a’ X; = 0 almost everywhere if and
only if a = 0.

The true values B, and =, for parameters 3 and -« belong to the interior of a known

compact set By in R?P.

The true baseline odds function Hy belongs to
Ho = {H : H is strictly increasing in [0, 7] and is continuously differentiable

with H(0) =0 and H(7) < oo}.

Remark 2.1. Condition C3 implies that X; is linearly independent, which ensures the

identifiability of the model. Condition C1 implies that any subject who survives at the end
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of the study is considered censored at time 7, and every subject has a positive probability

to relapse after the study. Conditions C4)and C5 guarantee the existence of the NPMLEs.

We first establish the consistency of the NPMLEs.

Theorem 2.1. Under conditions C1 - C5, the NPMLEs (3,,,%,,, Hx) exist. Furthermore
||Bn —Boll = 0, [|4,, —Yol| — 0 and SUPyeo,7] |lEIn(t) — Hy(t)| — 0 almost surely as n — oo,

where || - || is the Euclidean norm.

The existence of (3,4) can be proved from the compactness of the parameter space and
the boundedness of covariates. Suppose for some Y; with A; = 1, we have ﬁn{Yl} =oc0. In

that case, the likelihood function must be 0, which implies ﬂn{Y;} must be finite. Therefore,

the NPMLESs exist. The key part of the proof of consistency is to establish the boundedness
of I:[n(T). Then we can construct a limit, (8%,v*, H*), for the sequences (Bn,’yn, ﬁn) and

prove that the limit is actually (8¢, g, Ho) by using the Kullback-Leibler information.

Proof. Suppose two sets of parameters (3,~, H) and (B,'S/, H) give the same likelihood

function for any observed data. That is,

H'(Y) {8 XE2(v) + 268 XH(v) + 77X}

(H(Y) + 1} {eﬁTXH2(Y) + (VX L D)H(Y) + 1}

§ H(Y)+1
B XYY 4 (VX L D)H(Y) + 1

(2.3)

Since we assume (2.3) holds for any Y and X, setting A =1, Y = 0 and X = 0, we have
20



H'(0) = H'(0). And for any X = 0 with A =1, Y =0, we have ¢¥" X = eﬁ’TX, ie.
(y=9"X=0.

By (C3), we obtain v = 4. With A = 0 and X = 0, for any Y =y, we have H(y) = H(y).

~T

It follows that eIBTX — X which implies 8 = 3 with (C3). Therefore, the model is

identifiable.

By constructing a new step function H,,(t) = H,(t)/H,(7), we show that its correspond-

ing likelihood will be larger than the likelihood of the NPMLEs if ﬁn(T) goes to infinity.

In fact, let 1,,(3,~, H) denote the log-likelihood with sample size n. We have

(1B A Hn (7)) = (B A )|

S|

{ln(énﬁ’mﬁn) - ln(Bn’ﬁ/n’ H")] -

S|

A~

n H,(7) {e’glef[g(ﬂﬁ%(}ﬁ) + 2@/6:)(11’{”(7)[}”(}/1) + e’?fxl}

1
= — E Al log
n -
=1

[ () Ha(Yi) + 1) {eﬁfxiﬁszf%(m (VX 1) B (1) () + 1}

[(Y) +1} {ef’fxfﬁ,m (VX )L () + 1}

~T ~ ~T ~ A
{oBLx v + 2083 1, 1) 4 90

H, (1) H,(Y;) +1
T (1) AT( ) —
BnXi [I12(7)VH2(Y;) + (€Vn X + 1) H, (1) Hy (V) + 1

AT ~ 2T ~
BX V) + (VX 4 1) Hy (V) + 1
H,(Y;) +1

Given the compactness of the parameter space and the boundedness of covariates and H,,

it is easy to show when lEIn(T) goes to infinity, the first log term goes to a bounded limit,
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and the second log term goes to —oo. That is,
1 A~ A -
0< E [ln(ﬂna7naHn) - ln(ﬁna‘YVan)} — —00, as n — 0.

By the contradiction, ]:In(T) is bounded almost everywhere. In addition, H,(t) is bounded
by 1. This holds for arbitrary n.

Hence, it follows from compactness theorems that there exist convergent subsequences
of (B, 4, Hyn ) with limits (3*, v*, H*).

We next show that 3" = B, v* = ¢, and H* = Hy. We begin with constructing a new
sequence of step functions H,,(t) with jumps at those Y;’s for which A; = 1. We define the

jump size as

2
ArAk(Bo, Yo, Ho) + {eﬁ‘)TX’“Hg(Yk) 1+ 2680 Xk 1y (V) + e70TXk}

A; "
)Y ({2 ,
Hp{Y;} ; ( 2 B(Bo, 70, Ho)
where

T T T T
Ap(B,y, H) =P Xe A(v) + 4628 Ko 13(Y;) + (228 Xr 4 4P XtV X0y 2y
+ (265TX’“+7TX’“ — 265Txk + 227 Xk 4 267Txk)H(Yk)

— 2e'6TX’“ + 2V Xn 4 27 Xk

and

By(B.y, H) =(H(Y:) + 1) {ef’TXkH%Yk) (O L) HY) + 1}

T T
X {eﬁ XkHz(Yk)+2€ﬁ X’“H(Yk)+e7TX’“}.
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The above equation is derived similarly from the score functions of 1,,(3, v, H) with respect

to H{Y;} as follows:

A A AT . AT A AT 2
A . AvAw(B,y, Ay, H) + {eﬁnkagl(yk) 1 26B Xk 1, (V) +e’Y"xk}
=) I, >Y) — :
Hn{YYz} k=1 Bk(lgn77naHn)

where H,(t) = 20" | H {Vi}I(Y; < t) and H,(t) = 20" | H {Vi}I(Y; <t). Let

ARAR(B,v, H) + {eﬁTkaQ(Yk) + QeﬁTXkH(yk) n e'yTxk}2
Bk(ﬁ777 H)

Mk(ﬁv’YvH) -

We have

a _ ! ZZ:l I(Yk > YVi)Mk’(BO/‘YOaHO)

0= f S 10 = YoM (By . ) 24

Therefore H,(t) is absolutely continuous with respect to Hy,(t). If we could verify that H, (t)
converges uniformly to Hy(t) in [0, 7] with probability 1, then in (2.4), letting n — oo, we
obtain

. t Z"];L:l I(Yk > Y;)Mk(ﬁO?’)/[)aHO)

Hy(t) = 0 Yon_y IV > Vi) My(B*,~*, H*)

dHy(t).

Therefore H*(t) is differentiable with respect to Ho(t). It follows that dH,(t)/dH,(t)
converges uniformly to dH*(t)/dHy(t) in [0,7]. Here we introduce a lemma before the

following proof.

Lemma 2.1. The class

F={IV1 >2y)Mi(B,~,H) :y€[0,7],(B,v) € B,H € H}
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is a bounded p-Donsker class, therefore a Glivenko-Cantelli class, where B is a compact set

and
H = {h :h is increasing in [0, 7] with h(0) = 0, h(7) < By

where By is a positive constant such that H, (7) < By with probability one }.

This lemma can be proved by definition. Recall that
F={IV1 2 y)M:(B,7,H) :y € [0,7],(B,v) € B,H € H}.
First we prove that
Fr={M(B,~,H) :y €10,7],(B,v) € B,H € H}

is a bounded p-Donsker class. And {I(Y7 < y),y € [0,7]} is uniformly bounded and
monotone on the real line, therefore is p-Donsker. By the preservation of Donsker property
under product, we can prove Lemma 2.1.

It remains to prove that F7* is a bounded p-Donsker class. Despite the complex expres-
sion for M1(8,~, H), it is easy to know that it is bounded and continuously differentiable

with respect to (3,4) for any (3,~) € B and the norm of the derivative are also bounded. It
is also dominated by H. Therefore, by the mean-value theorem, |M;(3,~, H)—M; (,E'}, ¥, ﬁ)]
is dominated by || — 8|+ ||y — || + SUPye (0,7 [H (1) — H(t)|. Then F* is a p-Donsker class
(van der Vaart and Wellner, 1996). It follows that F is a p-Donsker class. This completes

the proof of Lemma 2.1.

By the Glivenko-Cantelli theorem given by van der Vaart and Wellner (1996),

A1) > F [W] uniformly, where 4i(y) = B [I(Yi > 4)M1 (8o, ¥, Ho)].
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Let S¢(:|X) be the survival function for the censoring time. We can show that

H'(y) {650TXH3(y) +2eP0 X Ho(y) + e%TX} Se(ylX)

{Ho(y) + 1} {BaXH3(y) + (V8% + 1) Ho(y) + 1

uly) =E

Then we have

[ H/w) {2 A ) + 260X Holy) + X Si1%) ()]
T Yy
0 () Ho(w) + 1} {POXER) + (WXL DHop) 1)

v <A ]
(Y1) ]_E

d

—/Ot dHo(y) = Ho(t).

Thus, H,(t) converges uniformly to Hy(t) in [0, 7] with probability 1. By the argument
above, dH,,(t)/dH,(t) converges uniformly to dH*(t)/dHo(t) in [0, 7].
On the other hand,
1 A _
; |:ln(/6n7 7717 Hn) - ln(IBOa 707 Hn):|

A~ 5T N AT . T
H,{Y:} {6ﬁnXiH3(Yi) +2eP X | (V) + enxl}

= —Z A; log —
n 4 N A Ty N
= [ (Y) + 1} {eﬂanHzL(m (VX4 )ALV + 1}

{A(V5) + 1} { B X2(Y:) + (75X 4+ 1) (V) + 1}]

H,{Yi} {65§Xiﬁ%(1€) +2eB0 X /1, (v;) + evgxi}

H,(Y;)+1
+ log T . n(zj i R
B XiH2(YV;) + (7 Xi + 1) Hy (Vi) + 1
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T _
ePo X H2(Y;) + (76X + 1) Hy (V) + 1

Hn(Yi) +1

Y
o

Letting n — oo, given X, we have

1 . . _
E g - nh—>r<(>lo {ln,l(ﬁnv7n7Hn) - ln7i(1603707Hn)}]
* * A
() {7 X2 n) 4 268 X )+ XN e
=FE<lo * Ak o e\
g (H*(Y1) + 1) P1(B7,v*, H*) {Pl(ﬁ ,7*,H*)}

Ay

Hy() {PIXHI(V) + 205X Ho(vi) + VIX ) Ho(¥) +1
(HO(Yl) + 1)P1(507707 HO) {PI(BW'Y(M HO)}

where 1, ;(3,7, H) is the log-likelihood contributed from the ith subject and

PuB.y H) =B XE2(v1) + (Y X £ DHY) + 1.

This expectation is the negative Kullback-Leibler information, which is non-positive. As a

result, it equals zero. Consequently, we have

Ay

7 (v1) { P X2 (1) + 2687 X (1) + 77X H* (V) + 1
(H* (Y1) + DPA(B" v H") {a(ﬂw*,ﬂ*)}

Ay

[ H(v) { P X B3 (1) + 2050 X Ho (1) + 75X} Ho(vi) +1
a (Ho(Y1) + 1)P1(Bo, Yo, Ho) {Pl(ﬂoﬁo,ffo) }
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Using the same argument in the proof of identifiability, we have 8* = By, v* = 7, and
H* = H,.

Therefore, ||3, — Boll = 0, ||4,, — Yol| = 0 and |H,(t) — Ho(t)] — 0 pointwise, almost
surely as n — oo. Since Hy is a continuous function, we have further uniform convergence
SUPye|o,7] |H,(t) — Ho(t)| — 0 almost surely as n — oo.

O]

We next establish the asymptotic normality of the NPMLEs. Let [*°[0, 7] be a space
consisting of all uniformly bounded functions on [0, 7] and the norm on it is defined as the

supremum absolute value on [0, 7].

Theorem 2.2. Under conditions C1-C5, \/ﬁ(Bn —BosYn—"0 H,— Hy)T converges weakly

to a Gaussian process with mean zero in the metric space (*°(.A) where
A={(61,02,9): 0, € RP,0, € R, g is a function on [0, 7],
and [|6:]] < 1,{|02]] < 1,[glv <1,

where |g|y is the total variation of g on [0, 7]}.

Proof. First, we introduce some notation in the context of empirical process. Let P,
and P be the empirical measure and the population distribution of n i.i.d. observations
01,02, ,0,. Let G, = /n(P, — P) denotes the empirical process. Then for any mea-

surable function h,

and

Gnh = v/n(Pnh — Ph).

By the consistency theorem, [|3,, — Boll + ||%., — Yol + SUPseo,7] |H,(t) — Ho(t)| < e with
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probability 1 when sample size n is large enough. Therefore we consider a neighborhood of

(1607 Yo H0)7

U=A{(B,v,H): I8 = Boll + [l = voll + sup |H(t) — Ho(t)| < e}

te|0,7

for a small constant €, and define a sequence of functions K,, mapping U to I*°(A) as

1d t
K, (B,v,H)[01,02,9] = E%ln (,@ +€61,v + €02, H(t) + 6/0 gdH(s)>

e=0
Particularly, consider a single observation (Y, A, X), we have

K(lgvﬁva)[017927g]

B XLOTXH(Y) + 20TXH(Y) + 2(H(Y) + 1) Eg(Y))
B XE(Y) (H(Y) +2) + V"X

=A|g(Y)+

e7TX02TX
+— -
B XHY)(H(Y)+2)+ VX

B X (OTXHA(Y) + 2H(Y) Epg(Y))
B XE2Y) 4 (VX 4 D)H(Y) + 1

—(A+1)

Y X(OIXH(Y) + Eng(Y)) + Eng(Y)
B XYY 4+ (VX L 1) H(Y) + 1

where Egg(Y) = fOY g(s)dH(s).
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Essentially, the empirical process G, K also maps from U to *°(.A), and

PnK(anﬁrwf{n)[alae%g] = 07 PK(BO;‘YOaHO)[Ol,HQ,g] =0.

This is implied from the definition of K, and the consistency of NPMLEs.

To prove the asymptotic normality, we verify three Properties a) — ¢) below. Then it
follows from Theorem 3.3.1 of van der Vaart and Wellner (1996) that /n(8,, — By, ¥y, —

~o Hy — Hy)T converges in distribution to a Gaussian process in [°°(A).

a’) GRK(Bna :er ﬁn)[ola 0., g] _GNK(IBm Yo> HO)[eh 02, g] = OIP’[l + \/ﬁ(‘ |Bn _180‘ | + | ﬁ/n -
Yol + supiejo, -1 [Hn(t) — Ho(t)])]-

b) G.K(By, Vo, Ho)[01,02,9g] converges to a tight random element &.

c¢) PK(B,~,H)[01,02,¢] is Frechet-differentiable at (3,7, Ho) with a continuously in-

vertible derivative (PK)(50770a Hy).

Note that we assume that 3 and « belong to the interior of a known compact set By in R??,
H(7) < o0, and X are bounded. Therefore it is easy to see from the explicit expression
(2.5) where (61,602,9) € A that K(8,~, H) is continuously differentiable with respect to
(B3,7) and the norm of the derivative is bounded. Furthermore, K(3,~, H1) — K(8,~, H2)

is dominated by
Y
{‘Hl(Y) — Hy(Y)| +/0 d|Hy(s) — H2(8)|} )

Therefore, we have

sup P(K(ﬁ77aH)[01792vg] - K(B07707H0)[017027g])2 — 07
(91,02,Q)EA

as ||8 — Boll + |7 — 7ol + supsepo ) [H (t) — Ho(t)] — 0. Using the similar arguments in the
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proof of Lemma 2.1, we prove that the class

{K(,B,‘Y,H)[Hl,eg,g] - K(/60770>H0)[01>027g] : (B777H) S uv (0170259) S 'A}

is p-Donsker. Therefore, by applying Lemma 3.3.5 of van der Vaart and Wellner (1996),
Property a) holds.

Similarly, we can prove that the class {K(8,~q, Ho)[01,02,9] : (61,02,9) € A} is p-
Donsker. Then Property b) holds. In fact, £ is a Gaussian process indexed by (601, 02, g) € A.

The covariance between £(01, 02, g) and £(67, 603, g*) is denoted by

]P)(K(ﬁ07707H0)[0170279} X K(1307’707H0)[ T70;7g*]) :

The smoothness of P(3,~, H) implies the Frechet differentiability in Property ¢). According

to the proof of Theorem 2 in Zeng and Lin (2007), to show the continuously invertibility of

(IP’K ) can be implemented by showing that (IP’K ) is one-to-one; that is,

K(By, Y0, Ho)[01,02,9] =0

implies 81 = 0,02 = 0,9 = 0. In fact, to prove the continuously invertibility, it suffices to
prove the Fisher information along the path B, + €01, v, + €02, Hy + €Eq, g is nonsingular.

This can be proved by using the idea of proving the identifiability.
Let A = 1,Y = 0, we have 82X + ¢(0) = 0. By Condition (C3), we have 8 = 0 and
9(0) = 0. Let A = 0,X = 0, we obtain Ezg = 0. While when A =1,X =0, g — 22 = 0.

Thus, g = 0. Plugging in 83 = 0,9 = 0, we have

K(IBO>707 HO)[elv 07 0]

T T
BoX(0TX H? + 207X H) eBoXgTX

T
Bo XH(H +2) + Yo X

—(A+1)

BoXp2 4 (€Yo X + 1)H + 1
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By letting A = 0, we immediately have 8; = 0 by Condition (C3). Therefore, Property c)
is proved.

It follows from Theorem 3.3.1 of van der Vaart and Wellner (1996) that /n(3,,—Bq, 4, —

. .|
~Yo, Hy, — Ho)T converges in distribution to a tight Gaussian random element (PK) ¢ in
[*(A).

O

Moreover, we can show that (3,,,4,,) is an asymptotic linear estimator for (8y,~,) and

the corresponding influence functions are in the spanned space via score functions, which

implies (8,,,4,,) is semiparametrically efficient (Bickel et al., 1993).

2.4 Simulation Studies

We conduct simulation studies to examine the finite-sample performance of our proposed

methods. We generate the failure time from the following model

ePX2 + Xt
ePXt2 + e Xt +t+ 17

F(t|X) =

where X is set to be uniform(—0.5,0.5). Under the above model, H(t) = t. Results are
obtained under four scenarios of regression parameters (3,v): (0.5, 0.5), (0, 0.5), (-0.5,
0.5), and (-0.5, 0). The long-term and short-term effects are equal under the first scenario
where the model reduces to the PO model; there is no long-term effect under scenario
2; the long-term and short-term effects are in opposite directions under scenario 3; and
there is no short-term effect under scenario 4. We generated the censoring time from an
exponential distribution with mean 6. The censoring time is truncated at 4. The censoring
rates were about 30% under all scenarios. For each setting, we consider the sample sizes of
100 and 200 and generate 10000 replicates. The variance-covariance matrix of the NPMLEs

is approximated by the inverse of the observed information matrix.
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Tables 2.1 and 2.2 present the summary statistics of the NPMLEs of the unknown
regression parameters and the baseline odds functions at the time points 0.3, 0.8, 2, and
4, the first three of which correspond to the approximate first quartile, median and third
quartile of the failure time, and the last one is the end of the study. In the table, Bias is the
sampling average of the biases of the estimates; SEFE denotes the average of the standard
error estimates; SE denotes the empirical standard deviations of the parameter estimates;
CP is the coverage probability of 95% confidence interval estimates; and PO denotes the
average of the parameter estimates under the PO model.

From Tables 2.1 and 2.2, we observe that the biases of the NPMLEs are small under
all simulation settings. The standard deviation estimate exhibit the true variation. The
coverage probabilities of the 95% confidence interval estimates are close to the nominal
level. As expected, as sample size increases, the coverage probabilities improve. The PO
model yield biased results when the proportional odds assumption is violated. Particularly,
when the long-term and short-term effects are in opposite directions, the PO model have
little power to detect covariate effects.

The next set of simulation studies are concerned with the performance of our proposed
procedures for testing the covariate effects and the proportional odds assumption. We use
the same simulation settings as the previous simulation study except that the censoring
time is from a uniform distribution in (0, 20), yielding approximate censoring rates of 20%
under all scenarios. We consider five hypothesis testings here: (H1) Hy : f = 0; (H2)
Hy:~v=0; (H3) Hy: B =~v=0; (H4) Hyo: B =; (H5) Hy : fpo = 0. The first four tests
are conducted based on our proposed model. The last one is conducted based on the PO
model. We use Wald test statistics for testing (H1), (H2), (H4), and (H5) and likelihood
ratio test statistics for testing (H3). The data are generated under the same model as above
with n = 400.

Table 2.3 presents the sizes/powers at the nominal significance level of 0.05 based on
10000 replicates. Our method provides accurate control of type I error rates. We also

observe reasonable powers of the proposed tests for testing (H3) compared to the test using
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the PO model when the proportional odds assumption is true; the powers for testing the
covariate effect under both scenarios f§ = = —1 and 8 = v = 1 are approximately 84.2%
and 90.7% using the proposed model and the PO model, respectively. However, when the
proportional odds assumption is violated, the proposed tests tend to be more powerful than
the test based on the PO model, especially when the long-term and short-term effects are in
opposite directions. For example, when (3,7) = (—1, 1), the powers for testing (H1), (H2),
and (H3) are 0.4553, 0.5213, and 0.5804, respectively, compared to the power of 0.0569
from the PO model. The proposed test for the proportional odds assumption also yielded
reasonable powers; for example, we obtained powers of 0.6755 and 0.6713 for (3,~) = (—1,1)
and (5,7) = (1, —1), respectively.

In the last set of simulation studies, we compare the performance of our method with the
method by Scheike (2006). We consider the simulation settings similar to those in Scheike

(2006). Specifically, we generate data from the following model

F(t|X, Z)

SHXZ) {Ao(t) + X As ()} exp(ZB),

where Z is a standard normal random variable, X is a log-normal random variable truncated
at 30 with mean 0.3Z and standard deviation 0.4, Ag(t) = 0.1t, and A;(t) = 0.05t2. We vary
the value of § from -0.2 to 0.2. The failure times are censored at 12 yielding approximate
censoring rates of 30%. For each setting, we consider the sample sizes of 200 and 400. We
fit the proposed model with the constraint of equal short-term and long-term effects of Z
and compare its performance with that of Scheike (2006).

Table 2.4 summarizes the results for estimating the effect of Z. The NPMLE of the
effect of Z under the proposed model appears to have little bias suggesting that the proposed
method is robust to moderate model mis-specifications. Compared to the method of Scheike
(2006), the NPMLE has slightly larger biases but the empirical standard deviations are

smaller. Additionally, the NPMLE appears to be more efficient in terms of the mean
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squared error since the method of Scheike (2006) involves the estimation of two unknown

functions Ag(t) and A;(t) instead of one unknown function H(t) in the proposed model.

2.5 Example

In this Section, we apply the proposed methods to the motivating CNA study (Zhang et al.,
2009) described in the Introduction Section. In this study, the copy number data for 313
lymph node-negative breast cancer patients who were selected from the tumor bank at
the Erasmus Medical Center are available. Survival analysis on time to develop distant
metastasis (DM) was conducted at 56859 SNP loci in the breast cancer genome. The follow
up time ranged from 20 to 169 months with a median of 99 months. Among the 313
breast cancer patients, 114 patients developed distant metastasis yielding a censoring rate
of 63.6%.

There are two types of estrogen receptor (ER) for tumors, ER positive or ER negative.
Among 313 patients, 199 tumors were ER positive; and 161 patients experienced menopause.
The ages (years) of patients at the time of surgery were recorded ranging from 26 to 83
with a median of 54. As suggested by Zhang et al. (2009), we conduct the analysis for ER
positive group and ER negative group separately. For each group, we include surgery age
and menopause status as confounders and evaluate the long-term and short-term effects of
the CNV data at each of the 56859 SNP loci. As a common practice, we standardize all
the covariates in the numerical implementation.

Using the proposed method, the proportional odds assumption holds at about 99.5%
of SNP loci for age and about 66.4% for menopause status. Table 2.5 presents the results
for the ER positive group. The first part of Table 2.5 presents the top ten SNPs with the
smallest P-values for testing the proportional odds assumption. It evidently shows that
the PO model is inappropriate when the long-term and short-term effects are in opposite
directions. At these loci, the proposed methods are able to detect significant short-term

and/or long-term genetic effects missed by the PO model. The second part of Table 2.5
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presents the top ten SNPs with the most significant copy number effect under the PO
model. The results demonstrate that our proposed model can also detect significant long-
term and/or short-term effects at those SNP loci. In contrast to the first part, we present
the first 10 SNPs with the largest P-values for testing the proportional odds assumption in
the third part of Table 2.5. The proposed methods yield short-term and long-term effects
similar to the estimates obtained from the PO model, suggesting that the proposed methods
work well when the proportional odds assumption is true.

As described in the Introduction Section, the proportional odds assumption appears to
be true at SNP #2124, but is violated at SNP #39687. In Table 2.5, at SNP #2124, the
estimates for the long-term and short-term effects were both —0.203 with standard error
estimates of 0.285 and 0.242, respectively. The estimate for the effect under the PO model
was —0.193, which is close to the estimates under the proposed model. At SNP #39687, we
obtained significant long-term and short-term effects in opposite directions with estimates
1.482 and —1.130. However, the PO model yielded insignificant results with regression
parameter estimate of 0.006 (P-value = 0.967). These results suggest that in this case the
proposed model works as well as the PO model when the proportional odds assumption is
true and outperforms the PO model when the assumption is violated.

We also calculated the adjusted odds ratio comparing patients with copy number value
of 1 against 0 while fixing the two confounders at their sample means. Figure 4.1 displays
the estimated curves of the log odds ratios with their pointwise 95% confidence bands at
SNP #2124 and SNP #39687. It appears that the log odds ratio curve at SNP #2124 is
close to a horizontal line whereas the log odds ratio curve at SNP #39687 is non-decreasing

and crosses 0 around 60 months suggesting violation of the proportional odds assumption.

2.6 Discussion

We have proposed a novel odds rate model incorporating short-term and long-term co-

variate effects and have established efficient likelihood-based nonparametric estimation and
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inference procedures. The proposed model allows one to explicitly model the long-term and
short-term covariate effects on the odds of survival without the use of smoothing. The sim-
ulation studies demonstrate that our model can detect the short-term and long-term effects
when the proportional odds assumption is violated, while the PO model is inappropriate in
this circumstance.

One limitation of the proposed method is that we assume inexplicitly that the odds
ratio function is monotonic over time. Consider two univariate covariates X > X*. It can
be shown that

F(t|X)/S(t|X) B . -
Fxe/sax ~ ¢ TS

(2.6)
= P p() 4 X1 — F(1)).

When § < #, the odds ratio in (2.6) is decreasing, whereas when § > ~, the odds ratio
is increasing. On the other hand, the transformation model proposed by Scheike (2006)

postulates that

F(t|X,Z)

SUX.Z) XTA(t)exp(2"B),

where Z is another set of covariates which satisfy the proportional odds assumption, A(-)
is a vector of functions, and H (¢|X) = XT A(t) is assumed to be increasing for all X. This
model is more general than the proposed model in the sense that it does not impose any
assumption on the odds ratio functions A(¢). However, it is not clear whether the estimators
of A(t) are constrained to be monotonic (see Equation (7) in Scheike (2006)). Alternatively,

one may consider another model described by Scheike (2006)

F(t|X,Z)

SUX.2) = H(t)exp{Z" B + X" a(t)}.

This model is not identifiable as t — 0. Furthermore, it is not clear how one can ensure
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that the estimator of S(¢|X,Z) is non-increasing.
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Table 2.1: Summary statistics of the proposed NPMLEs

Parameter Bias SEE SE CP PO

Scenario 1: (5,7v) = (0.5,0.5)

n=100 I5; 0.024 1.277 1.404 0.955 0.498
¥ -0.024 1.068 1.132 0.941
H(0.3) -0.013 0.071 0.073 0.908
H(0.8)  -0.031 0172 0.173 0.921
H(2.0) -0.054 0.486 0.501 0.913
H(4.0) -0.028 1.273 1.353 0.898
n=200 B 0.012 0.849 0.868 0.959 0.499
0% -0.012 0.739 0.741 0.952
H(0.3) -0.006 0.051 0.051 0.937
H(0.8)  -0.014 0120 0.119 0.938
H(2.0) -0.020 0.335 0.337 0.934
H(4.0) -0.001 0.871 0.893 0.929
Scenario 2: (8,v) = (0,0.5)
n=100 B -0.010 1.275 1.411 0.956 0.268
¥ -0.015 1.064 1.130 0.941
H(0.3) -0.013 0.072 0.073 0.911
H(0.8)  -0.031 0.172 0.174 0.919
H(2.0)  -0.053 0487 0.504 0.917
H(4.0) -0.022 1.278 1.378 0.901
n=200 I5; 0.000 0.849 0.869 0.959 0.270
¥ -0.009 0.737 0.739 0.951
H(0.3) -0.005 0.051 0.051 0.936
H(0.8)  -0.013 0.120 0.120 0.938
H(2.0) -0.020 0.336 0.338 0.934
H(4.0) 0.000 0.873 0.902 0.928

Continued in next table
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Table 2.2: Summary statistics of the proposed NPMLEs

Parameter Bias SEE  SE CPp PO
Scenario 3: (3,7) = (—0.5,0.5)
n=100 B -0.049 1.285 1.419 0.954 0.038
v -0.005 1.065 1.125 0.940
H(0.3) -0.013 0.072 0.073 0.909
H(0.8) -0.030 0.173 0.176 0.919
H(2.0) -0.053 0.491 0.509 0.916
H(4.0)  -0.038 1.277 1.357 0.898
n=200 I3 -0.016 0.856 0.878 0.958 0.041
ol -0.006 0.736 0.739 0.949
H(0.3) -0.006 0.051 0.051 0.935
H(0.8) -0.013 0.121 0.121 0.938
H(2.0) -0.019 0340 0.344 0.934
H(4.0) -0.004 0.877 0.905 0.932
Scenario 4: (3,7v) = (—0.5,0)
n=100 I3 -0.016 1.277 1.416 0.955 -0.234
ot -0.012 1.066 1.131 0.939
H(0.3) -0.013 0.071 0.072 0.908
H(0.8) -0.032 0.172 0.174 0.918
H(2.0) -0.056 0.486 0.504 0.914
H(4.0) -0.039 1.268 1.345 0.896
n=200 I3 -0.004 0.849 0.871 0.957 -0.231
vy -0.007 0.738 0.741 0.948
H(0.3) -0.006 0.051 0.0561 0.934
H(0.8)  -0.014 0.120 0.119 0.938
H(2.0) -0.021 0.336 0.339 0.936
H(4.0) -0.004 0.871 0.897 0.930

Bias is the bias of the parameter estimate; SEE is the av-
erage of the standard error estimates; SE is the empirical
standard deviation of the parameter estimates; CP is the
coverage probability of the 95% confidence interval esti-
mates; and PO is the estimated covariate effect under the
PO model.
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Table 2.3: Empirical sizes/powers at significance level of 0.05

B v Hop:=0 ~v=0 pB=v=0 pB=v PBpo=0

-1 -1 0.4789 0.5126 0.8457 0.0494  0.9065
-1 0 0.4812 0.0537 0.4212 0.2249  0.3548
-1 01 0.4553 0.5213 0.5804 0.6755  0.0569
0 -1 0.0511 0.5223 0.4534 0.2361  0.3932
0 0.0502 0.0521 0.0533 0.0488  0.0518
1 0.0488 0.5169 0.4532 0.2358  0.3952
-1 0.4497 0.5259 0.5787 0.6713  0.0568
0 0.4727 0.0536 0.4181 0.2261  0.3586
1 0.4767 0.5022 0.8422 0.0492  0.9065

— == O O
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Table 2.4: Comparison between the proposed method and the method

of Scheike (2006)

New \ Scheike(2006)
True Bias SE MSE Bias SE MSE RE
n=200 -0.2 0.009 0.122 0.015 0.004 0.133 0.018 1.170
-0.1  0.005 0.122 0.015 0.002 0.131 0.017 1.169
0.0 0.001 0.121 0.015 0.001 0.131 0.017 1.172
0.1 -0.003 0.122 0.015 0.000 0.132 0.017 1.172
0.2 -0.007 0.123 0.015 -0.002 0.133 0.018 1.170
n=400 -0.2 0.012 0.08 0.007 0.003 0.094 0.009 1.196
-0.1 0.007 0.085 0.007 0.003 0.094 0.009 1.211
0.0 0.002 0.08 0.007 0.002 0.094 0.009 1.217
0.1 -0.003 0.085 0.007 0.001 0.094 0.009 1.216
0.2 -0.009 0.085 0.007 0.000 0.094 0.009 1.203

True is the true value of the parameter; Bias is the bias of the parame-
ter estimate; SE is the empirical standard deviation of the parameter
estimates; MSE is the mean squared error; and RE is the MSE rel-
ative efficiency of the proposed estimator compared to the estimator
of Scheike (2006).
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Table 2.5: Results for the CNA study

SNP loci with the smallest P-values for testing the PO assumption
SNP B3 se(B3) Y3 se(¥3)  P3=0 v3=0 B3=v3=0 pB3=73 Pspo Bzpo=0
39687 1.482 0.249 -1.130 0.212 2.55E-09 1.01E-07 2.93E-10 1.82E-12 0.006 0.967
39734 1.481 0.249 -1.130 0.212 2.55E-09 1.01E-07 2.94E-10 1.82E-12 0.006 0.967
36091 1.463 0.249 -1.139 0.212 4.52E-09 &.01E-08 3.02E-10 2.48E-12 0.001 0.996
11222 1.404 0.246 -1.118 0.209 1.14E-08 8.88E-08 9.13E-10 4.75E-12  -0.022 0.885
27435  -2.410  0.341 0.708  0.195 1.68E-12  2.84E-04 4.21E-07 5.12E-12  -0.172 0.222
7879 1.411 0.251 -1.122 0.209 1.82E-08 7.88E-08 9.19E-10 6.54E-12  -0.028 0.851
7934 1.411 0.251  -1.122  0.209 1.82E-08  7.89E-08 9.19E-10 6.54E-12  -0.028 0.851
52493 1.356 0.235 -1.151 0.221 8.15E-09  2.00E-07 1.10E-09 7.42E-12 0.029 0.844
55032 1.355  0.235 -1.152  0.222  8.43E-09 2.00E-07 1.12E-09 7.63E-12 0.029 0.844
54335 1.355 0.235 -1.152 0.222 8.43E-09 2.00E-07 1.12E-09 7.63E-12 0.029 0.844

SNP loci with the most significant effects in the PO model

SNP B3 se(fB3) 3 se(¥3) B3 =0 v3=0 B3=v3=0 pB3=73 Pspo B3po=0
38136 0.856 0.201 0.426 0.188 2.07E-05 2.38E-02 1.39E-06 0.114 0.623 5.04E-06
9940 -0.974 0.531 0.902 0.168 6.63E-02 8.37E-08 8.48E-06 0.002 0.620 5.64E-06
9732 -0.978 0.530 0.902 0.168 6.49E-02 8.14E-08 8.35E-06 0.002 0.620 5.64E-06
9889 -0.975 0.531 0.902 0.168 6.60E-02 8.34E-08 8.47E-06 0.002 0.620 5.65E-06
24812 -0.373 0.364 -0.789 0.218 3.05E-01 3.04E-04 5.69E-06 0.399 -0.649 6.79E-06
8495 0.984 0.287 0.418 0.235 6.05E-04 7.51E-02 2.28E-06 0.194 0.611 6.93E-06
25940 0.968 0.319 0.439 0.245 2.43E-03 7.35E-02 3.01E-06 0.275 0.614 7.04E-06
31353 0.969 0.319 0.438 0.246 2.41E-03 7.48E-02 3.06E-06 0.274 0.613 7.16E-06
31412 0.969 0.319 0.438 0.246 2.42E-03 7.48E-02 3.06E-06 0.274 0.613 7.17E-06
31253 0.969 0.319 0.438 0.246 2.42E-03 7.48E-02 3.07E-06 0.274 0.613 7.18E-06

SNP loci with the largest P-values for testing the PO assumption

SNP B3 se(fB3) 3 se(¥3) B3 =0 v3=0 B3=v3=0 pB3=73 Pspo B3po=0
19252 0.108 0.354 0.108 0.243 0.760 0.656 0.437 1.000 0.113 0.420
33094 0.057 0.429 0.057 0.206 0.894 0.780 0.676 1.000 0.053 0.699
19200 0.108 0.354 0.108 0.243 0.760 0.656 0.437 1.000 0.113 0.420
33046 0.057 0.429 0.057 0.205 0.894 0.780 0.676 1.000 0.053 0.699
38039 -0.322 0.445 -0.322 0.230 0.470 0.160 0.027 1.000 -0.326 0.025
38133 -0.322 0.446 -0.322 0.230 0.471 0.161 0.027 1.000 -0.326 0.026
18446 0.219 0.251 0.219 0.210 0.382 0.297 0.095 1.000 0.219 0.096
8897 -0.128 0.304 -0.128 0.231 0.674 0.578 0.373 1.000 -0.127 0.378
2124 -0.203 0.285 -0.203 0.242 0.476 0.401 0.172 1.000 -0.193 0.196
26366 0.224 0.279 0.224 0.191 0.421 0.241 0.075 1.000 0.217 0.083

B3 and 43 are the estimates of the long-term genetic effect and short-term genetic effect

under our proposed model. 36(33) and se(93) are their estimated standard errors. B3po
is the estimate of the genetic effect under the PO model. Columns 6, 7, 8, 9 and 11 are
the P-values for testing the corresponding null hypotheses.
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1: group of patients with larger copy number. 2: group of patients with smaller copy number.

Figure 2.1: The Kaplan-Meier curves of time to develop distant metastasis for the CNA
study at SNP #2124 and SNP #39687.
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Figure 2.2: Adjusted log odds ratios (black curves) and the 95% pointwise confidence bands
(blue) at SNP #2124 and SNP #39687.
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Chapter 3: Sieve Maximum Likelihood Estimation Using
B-spline Smoothing in Generalized Linear Models with an

Unknown Link Function

3.1 Introduction

Canonical link functions are commonly used in practice for the generalized linear models.
However, more concerns have risen about the impact of misspecification of the link function
on the inference procedure, say the consistency and robustness of the regression parameter
estimators. Pregibon (1981) provided data analytic procedures as a tool to assess the
adequacy of the assumed link function for GLMs. Aranda-Ordaz (1981) proposed families
of parametric link functions for binary outcomes by considering departures from the logistic
model. Scallan et al. (1984) extended these ideas to other GLMs. However parametric
models are not adequate in many applications (Chiou and Miiller, 2005). A Bayesian
approach assuming a strictly increasing link function was introduced by Mallick and Gelfand
(1994).

Beyond the Bayesian approach, smoothing techniques were another widely-used proce-
dure to estimate the unknown link in the GLMs without a full distribution assumption.
Weisberg and Welsh (1994) introduced a Kernel-based method to estimate the unknown
link function in the GLMs. Other smoothing techniques without full model specification
have also been considered in Fan et al. (1995), Chiou and Miiller (1998) and Muggeo and
Ferrara (2007), among others.

For the GLMs, alternative inferential methods using the Quasi-likelihood have been

well studied in literature. Chiou and Miiller (1998) pointed out that specifying the variance
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function as an unknown function of the mean would not lose efficiency based on the quasi-
likelihood. They used the local polynomial smoothing method fitting by locally weighted
least squares, and suggested well-working data-adaptive bandwidth choices. Muggeo and
Ferrara (2007) presented an estimating algorithm by using the P-spline smoothing.

In this chapter, we consider the GLMs with an unknown link function. We propose
to estimate the unknown parameters by B-spline smoothing. Specifically, we maximize
the log-likelihood function over a sieve space induced by the B-splines. We establish the
consistency of the resulting sieve MLEs. In addition, we show that the sieve MLEs of the
regression coefficients are asymptotically normally distributed, and the variance-covariance
attains the semiparametric efficiency bound. Extensive simulation studies demonstrate that

the proposed estimators perform well.

3.2 Methods

Suppose there are n subjects in the study. Let Y; denote the outcome of the ith subject
and X; = (X1, -+ ,Xip)T denote the corresponding p-dimensional vector of covariates, i =
1,--- ,n. We assume that the outcome variable Y has a probability distribution belonging to
the exponential family. Specifically, the density of Y; in the general form of the exponential

family is given by

fly) = GXP{W - C(y,sO)},

Let u; = E(Yi|X;). Consider the following generalized linear model

where 3 is a p x 1 vector of unknown regression parameters and h~! o g(-) is the link
function. In this model, g() is a known transformation function and A(-) : R — R is an

unknown function which needs to be estimated. The transformation function g(-) can be
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taken as the canonical link function, that is, g(u;) = ¢;. For example, g(x) = z for normal
data, g(z) = log(x) for count data, and g(x) = logit(z) for binary data. To ensure the
identifiability of the model, we impose the constraint on 8 such that ||3|| =1 and 3, > 0,
where || - || is the Euclidean norm.

The log-likelihood for (3, h) is

=1

" 1
= | {wh(xI'B) —b(h(xIB))}| + C,
> [a(@ v (hxI'p))}

T T T)T and

where C' is a constant as a function of (3, h) for the given x = (x7,x5, - ,X,
y = (y1,¥2, -+ ,yn)". We propose to approximate h(-) with B-splines.

Suppose X! 3 are bounded by (a,b). For v € (0,0.5), consider K, interior knots
Ki, Ky, ,Kg, with K,, = O(n”) and maxo<;<xk, |[Kj+1 — K;| = O0(n™"), and a = Ky <
Ky <Ky <---<Kg, <Kpg,11 =0b. Let S,(K, K,,, M) denote the space of polynomial
splines of order M defined in Schumaker (1981), where K = (Ko, K1, -+, Kk, +1). Then
there exists a local basis {B; : 1 < j < K, + M} such that for any s € S,,(K, K,,, M), we

have

Kn+M
s(t) = > vBu;(t) =7 Bul(t),
j=1

where v = (71,72, , YKk, +m)" are the smoothing coefficients and By (t) = {Ba,1(t), Bu2(t),

o Bak,+ M(t)}T are the M-degree B-spline basis functions. Under some smoothness as-

sumptions, the unknown univariate function h(-) can be well approximated by an M-degree
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B-spline in S,,(K, K, M). Replacing h(t) by v7 B (t), we obtain

(8.1 =3 7 v B )~ (" Bu L)} + €

To maximize the above sieve log-likelihood, we solve the following score equations:

al, (B, n / Kn+M /
g;w =2 a(lcp) {vi =V (@)} D 7B, (xIB)xi =0,
i=1 =
a1, (8, n ,
éﬁ;‘v) =>. a(tp) {y: =V (¢:)} Bu(x] 8) =0,
=1

where /() and Bj ;(-) are the derivatives of b(-) and By ;(-), respectively. We use an

iterative algorithm to estimate 8 and ~. We refer to the resulting estimator 6 = (B,ﬁ)
as the sieve MLEs, where h(t) = 47Bj;(t). Note that the estimation of (3,7) does not
depend on a(y). However, the estimation of the variance of 3, depends on a(p) because
the efficient score function of B, involves a(y). Without loss of generality, we assume ¢ is
known. Also note that in the likelihood, the basis are functions of X73. We recommend
to choose the knots based on the equally spaced sample quantiles of X7 3. As a result, the
knots and basis change as B changes. We describe the detailed algorithm in Section 3.4.
To make statistical inference of 3, the distribution of Bn can be approximated by
a multivariate normal distribution when the sample size is large enough. The variance-
covariance matrix of Bn can be estimated by the inverse of the observed information matrix
under the efficient score function of 3;. We show that the asymptotic variance-covariance
matrix of Bn attains the semiparametric efficiency bound. Ding and Nan (2011) suggested
to use the observed information matrix by taking into account the nuisance parameters .

In our simulation, we used the inverse matrix of the estimated variance-covariance matrix

of the score functions also by taking into account the nuisance parameters <. Extensive
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simulations suggest that this variance-covariance estimator works well. When ¢ is unknown,

we denote o = (3, ) and similar techniques can be used to obtain the sieve MLEs of a,

denoted by &, and to establish the asymptotic properties of (&, hy,).

3.3 Asymptotic Properties

Let Oy = (8, ho) denote the true parameters. Before we establish the asymptotic properties

of the sieve MLEs, we impose the following regularity conditions.

C1l. The true values 3 for parameters 3 belong to the interior of a compact set

By = {,3*6* € RP, 3, >0, and [|B"|| = 1}.

C2. The domain of X is a bounded subset of R?. Furthermore, E(XXT) is nonsingular.

C3. The true function ho(-) belongs to H?, where the functional space H? is the collection
of bounded functions h on a bounded interval [a,b] with bounded jth derivative hU),

j=1,--- k, such that h*) satisfies the Lipschitz continuity condition with exponent

m (0 <m < 1):
W) (s) — hB) ()] < L|s —t|™, for s,t € [a, ],

where L < oo is a positive constant, and ¢ = k +m > 3.

C4. For some p € (0,1), v Var(X|XT8y)u > pul E(XXT|XT3,)u almost surly for all

u € RP.

C5. E [{hg(XTBO)}QXXT} is nonsingular.

Remark 3.1. Condition C1 is a common regularity assumption in literature. Conditions
C1 and C2 ensure the identifiability of the model. The restriction ¢ > 3 in the condition C3
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is needed to provide a desirable control of the B-spline approximation error rates of hg as

well as the first and second derivatives of hg for the proof of the asymptotic normality of Bn
Conditions C4 and C5 are technical assumptions and can be justified in many applications.
In addition, Condition C5 ensures that the semiparametric efficiency information matrix is

invertible.

Let Hi = HIN S,. Clearly, we have H} C HZH C ... C H? for all n > 1. Denote

Of = B x H}. as the sieve space. The sieve MLEs are the maximizer of the log-likelihood

function over the sieve space ©. Define the norm || - |2 over the space HY as

Inl2 = [E{R2(X78,)}]*

Let || - ||co denote the supremum norm. We define the distance over the space ©7 = B x HP

as follows

1
d(01,02) = (/B — Bal” + ||h1 — hal3) 2, for 61 = (By, 1), 02 = (By, ha) € O,

Next, we introduce some notation in the context of empirical process. Let P, and P be the
empirical measure and the population distribution of n i.i.d. observations O1, Oo,--- , Oy,
where O; = (V;,X;),i = 1,---,n. Let G,, = y/n(P, — P) denote the empirical process.

Then for any measurable function h(O),

and
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where O = (Y, X). Let K,, = O(n”), and ﬁ <v< 2%, where ¢ is the smoothness

parameter in Condition C3. The following theorem establishes the convergence rate of the

A~

sieve MLEs 0,, = (8,,, hn).

Theorem 3.1. Under the regularity conditions C1-C6,

A 1—v

(0, 00) = Op(n~mnl@57)),

Remark 3.2. The proof is provided in the following by verifying the assumptions in Theo-

rem 1 in Shen and Wong (1994). According to Ding and Nan (2011), the sieve space H7, does

not have to be restricted to S, as long as the estimator 0., satisfies the assumptions of The-

orem 1 in Shen and Wong (1994). Notice when v = we have the optimal convergence

1
1+2q°
__9
rate of n~ 1+2¢ in the nonparametric regression setting. In general, the convergence rate in
1
this theorem is lower than n™ 2, yet as stated in the next theorem, the proposed estimators

of the regression parameters still possess asymptotic normality and are semiparametrically

efficient.

Proof. We prove Theorem 3.1 by verifying the assumptions in Theorem 1 in Shen and Wong
(1994). For simplicity of the notation, we assume a(¢) = ¢ is known. It is straightforward

to generalize the results to the case when ¢ needs to be estimated.

Let [(8,h; 0) = S {Y(X"B) —b(h(X"B))}, and

o) - UB.hO)
_ ; {Y - (hX"8))} W(X"B)X,
(8. h O] = al(ﬂ,h;—;hno) .

_ ; {Y -0 (MXTB))} (X7 ),
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l33(8.h;0)

Ihh (B, h; O)[hy, hol

[3,(8,h; 0)[]

[,3(8,h; 0)[]
Ihn(B, b; O)[ha, "]
I (B, h; O)[0*, ]

[3,(8:h; O)[h"]

[,3(8:h; O)[h"]

WherehthEH:{g:g:%

088"
<) o (X
! (h(XT,B)) (h/(XTB))2 }XXT,
0

%l‘h(ﬁ, h -+ EhQ; O)[hl]

; {=0" (M(XTB)) hi(XTB)hao(XTB)},
ggz‘ﬁ(ﬁ, h+¢ehi;0)
;{Yh’l (X78) — ¥ (M(X"B)) h,(XTB)
b (h(X"8)) (X" BN (X7 B) } X,
1,8, 1 O) [,
(1 (8,1 O e, A, (8, 1 O) [, 3], T (8, s O) i, ] )
Ui, (B, h; O)[a, 0],
(n (8. h: O)[ki). I, (8. O)h3]. -+ .13, (8.1 O) 3]

3,08, h; O) [,

_g-he € HP}, and h* = (hj,h3,--- ,h) € HP. Under

conditions C1-C3, all the above derivatives are continuous and bounded. Moreover, the first

derivative of PI(3, h; O) at (B, ho) is 0. Then by applying the Taylor series expansion, we

obtain
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= 22 {8 B) i3580 ho: OV (B — By) + 28 — B)" I3, (B0, ho, O — o]
iun(Bo, ho: O)[h — ho, h — ho]} + o(d2(8,80))
= A+ 0(d*(6,60)).
It is easy to show that
EY|X) =0V (M(XB))

and

Var(Y|X) =b" (M(XTB)) ¢ > 0.

Then there exists a positive number ¢; such that —b” (ho (XT,BO)) < —c;. It follows that

A = B[ (KT B) (4087 80)° (8- 80 TXXT(8 — By

=20 (ho(X" By)) {h(XT Bo) — ho(XTBo) } ho (X" Bp)(B — By)" X

0" (ho(X" B0)) {R(X" By) — ho(X"By)} "]

< =5 F|B - BTXXT(B ~ B) (X" 80))°
+2 {h(X"By) — ho(X" By) } hp(X"'By) (B — By)" X
+{n(XT8y) — ho (X" By}’ |

= P ARXTB)XT (B~ By) + (H(XTBy) — ho(XTBy))

S g [PARXT 80X (8~ B0)}” + P {h(X"By)  ho(X30)}’

~2[P [y (X" B0)X" (8~ Bo) (H(X"Bo) — ho(X"B0)) } .

Let By = h,(XTB,)XT (8 — By) and By = h(XT3,) — ho(XT3,). Under condition C4 and
0 0 0 0 0
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by Cauchy-Schwartz inequality, we have

[P(B1By)| < /(1 — p)B(BY)P(B3) for some p € (0,1).

Then
A< [(1 - \/ﬂ) {P(B2) +P(B§)}] .

2¢

In addition, condition (C5) ensures that the smallest eigenvalue of P [{hé(XTBO)}Q XXT]

is positive, and therefore is greater than a positive number cy. It follows that
2
P(B2) = (8~ Bo) P [{np(X780)}* XX (8 - By) = 18— Bl
By definition, P(B3) = ||h — ho||3. Thus, there exists a positive constant C; such that

P(l(ﬁO) ho; O) - l(lgv h; O)) > Cld2(07 00)

It implies that

it P(1(80; 0) — 1(6;0)) > C1%.
{d(0,00)>c,0con} (1(80;0) — I ) 1

Hence the condition C1 of Shen and Wong (1994) holds with a = 1 in their notation.

Next we verify the condition C2 in Shen and Wong (1994). We have

¢ {l(B,h; 0) — (B, ho; O)}
= [V {R(XTB) — ho(X"By)} — {b (R(X"B)) — b (ho(XTBy))}]?
<2 [V {W(XTB) — ho(XTBy)}]” +2 [{b (h(XTB)) — b (ho(XTBy)) }]”

<2[Y {(XTB) — h(XTBy)}]" +2 [Y {n(XTBy) — ho(XTBy)}]”
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2
2 [{b (XTB) — b (ha(XTB0) ]
By the Mean Value Theorem, there exists a point c3 between X”'3 and XT,BO such that
h(XTB) = h(XTBy) = 1 (c5) X" (B — By).

Similarly, there exists a point ¢4 between h(XT3) and ho(X?3,) such that

b (WX B)) — b (ho(XTBy)) = b'(ca) (WX B) — ho(XTBy)) -

By the boundness of h and the continuity of ¥ and b”, we can show that |E(Y|X)| and
Var(Y|X) are bounded by a positive number c5, b'(c4) is bounded by a positive number cg,

and h/(c3) is bounded by a positive number ¢7. Without loss of generality, let ¢ = 1. Then

P {1(8, h; O) — U(Bo, ho; O)}*
< 2P [W(XT8) — h(XTBy)]” + P [n(X7 By) — ho(XT By)]”
+cgP [R(XTB) — h(XTﬁO)]2 + 3P [R(XT By) — ho(XT ﬁo)]Q
= (2 + )P [M(XTB) — W(XTBy)]” + (2 + AP [(XTBy) — ho(XT By)]”
< (B + })3(B — By) P(XXT)(B - By) + (¢ + )|k — hol 3.
Since the largest eigenvalue of P(XXT) is bounded, there exists a positive number Cy such

that

P{1(8,h; O) — 1By, ho; O)}* < Ca([1B — BolI* + |Ih — hol[3)-

Therefore we verity the second condition in Shen and Wong (1994) with § = 1 in their
notation.

Finally, we introduce a lemma to verify the condition C3 in Shen and Wong (1994). Let
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gn = K, + M for simplicity. According to the Corollary 6.21 of Schumaker (1981), there

exists a sequence hg, € H such that

[1ho.n = hollee = O(gy,?) = O(n™").

Let 0., = (B¢, hon), and F,, = {1(8;0) — (0 ,; O) : 0 € OF}.

Lemma 3.1. Under the regularity conditions C1-C3, the e-bracketing number associated
with || - || norm for F,, Nyj(e, Fu, || - |leo), is bounded by co(1/)%*P for some constant

co > 0and ¢ > 0.

We continue to verify the condition C3 in Shen and Wong (1994) before providing the
proof of Lemma 3.1.
Actually, the covering number is bounded by the bracketing number, therefore the Lo-

metric entropy of the space F,, follows

H{(e, Fo, || - lloo) = log Nyy(&; Fns || - lloo) < er(eqn + p)log(1/e) < cgn”log(1/e),

where ¢7 and cg are positive constants. Hence the condition C3 in Shen and Wong (1994)
is verified with 2rg = v and r = 0" in their notation.

Meanwhile, by definition, ,, satisfies (1.1) in Shen and Wong (1994) with 7, = 0 in
their notation.
Thus all the assumptions in Theorem 1 in Shen and Wong (1994) are satisfied. The

1—v loglogn with loglogn

constant 7 in their theorem is 5~ — 5oz n Slogn 0 as n — co. Moreover, the

Kullback-Leilber pseudodistance of 6, and 6y is given by

K(00n,600) =P{l(60;0)—1(00,;0)}

=~ {iunlho,n — ho, o — o]} + olllho,n = hol 3)
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2
=" (ho(X"By)) {hon(XTBg) — ho(X"By)}” + o(||hom — holl3)
< co||hon — holl3 + o(||hon — holl3)
< col[hon — hol|2 + ol||hon — hol%)

= O(n~2),

Hence

N|=

K2(0¢,,,00) = O(n~ 7).
Then by Theorem 1 of Shen and Wong (1994), we obtain the convergence rate for 0., as

1—v 1—v

5080 = Oy (st 59 199 — G- 59

This completes the proof of Theorem 3.1. It remains to prove Lemma 3.1.

Let [z] be the ceiling of a number x. Then for any ¢, and ny = [(1/e)®9"], there
exists a set of brackets {[h;r,hv]:4=1,---,np}, such that for any h € Hi, we have
hir(t) < h(t) < hjpy for all ¢ for some 1 < i < nyy, and ||hijy — hirlleo < €. The compact
set B can be covered by npy = [az(1/e)P] balls with radius e. That is, for any 8 € B, there
exists an 1 < s < ngy such that ||3 — B,|| < e. Tt follows |XT(8 — 3,)| < aze. Assume
hir,(XT B, +cire) and hyy(XT B, + cive) are the minumum and maximum values of h;, and
h;r within the interval [X7 8, — age, XT3, + aze], where the two constants |¢;1|, |cir| < as.

So we can construct a set of brackets

{[misL(O)ymisU(O)] S 17 N1, S = 17 o ,an},

and for any m(0;0) € F,, there exists a pair (i,s) such that for any O, m(0;0) €
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[mis,(O), misy (O)], where
misi(0) = Yhir (X' B, + cize) = b (hie (X7 B, + cire)) = 1(80.; 0),

and

misu (0) = Yhiy (X1 B, + cive) — b (hiv(XT B, + cive)) — 1(0o.n; O),

Still, we suppose ¢ = 1 without loss of generality. Then using the Mean Value Theorem

and the similar technique in the proof of the condition C2, we can show
[misy (0) — misp ()| =Y {hiv (X" B, + cive) — hir (X" B, + cire) }
—{b (hiv (X' B, + cive)) = b (hio (X' B, + cire)) } |
<|Y {hiv(XT B, + cive) — hir(XT By + cire) } |
+[b (hiv(XT B, + cive)) — b (hir(XT B, + cire)) |
<aglhiv (X7 B, + cive) — hin (X7 B, + ciLe)]
<asleiv — ciLle

§a65.

It follows ||misy — Mmist|loo < age. Then the e-bracketing number associated with the

supreme norm for the class F,, satisfies
Ny(e, Fo || - [loo) < (1/6)" 9" az(1(1/)F = ag(1/e)® P

In the proof, a;,7 = 1,--- ,6 are constant positive numbers.
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Theorem 3.2. We define a®? = aa’ for a vector a. Under the regularity conditions C1-C6,

A

n3 (B, — Bo) = N(0,17(B,)
in distribution, where 1(3,) = P {ZB(GQ; O)®2}, and

13(80;0) = {Y — ¥’ (ho(X"B0)) } {16(X" By) (X — B(X|XT8y)) }

is the efficient score function of 3.

Remark 3.3. To prove Theorem 3.2, we check the similar assumptions of Theorem 6.1
in Wellner and Zhang (2007). Specifically, we need to verify the consistency and rate
of convergence, positive information, stochastic equicontinuity of the estimators and the
smoothness of the model. The proof heavily employs the empirical process theory in van der

Vaart and Wellner (1996).

Proof. Following the proof of Theorem 6.1 in Wellner and Zhang (2007), we verify the

following assumptions to prove Theorem 3.2.

~

(i) d(0y,80) = Op(n=0%) for some § > 0.
(i) Pig(60;0) = 0 and Piy(8o; O)[h] = 0 for all h € H.

(iii) There exists an h* = (h],h3,--- ,h;)T, where h; € H for j = 1,---,p, such that

Piﬁh(OO;O)[h] — Plyn(60; O)[h*,h] = 0, for all h € H. Furthermore, the matrix

P {Zﬂﬁ(eo; 0) - Zhﬂ(Ho; O)[h*}} is nonsingular.

(iv) Pnlﬁ(én, 0) = op(n_%) and P,[1,(0,; 0)[h*] = op(n_%).
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(v) For any ¢ > 0,

sup )an‘ﬂ(a; 0) — Gnig(o; 0)) = 0,(1),
{d(0,00)<cn—5,0co}}

and

sup \ \an'g(e; 0)[h*] — Gnly(80; 0)[h"]| = 0,(1).

{d(0,00)<cn—9.0cor,
(vi) For some ¢ > 1 and §¢ > 1/2, consider a neighborhood of 6y:
{00218 = Bl + llhe = holl2 < en™}.
Then

[Pig(6.; 0) — Pig(80; ) — Pigg(8y; 0)(8 — By) — Pig, (6: O) e — ho)

=0 ((18. = Bol + [Ihe = holl2)°) .
and

Pl (8; 0)[h*] — Pix(8o; O)[h*] — Pi, 3(80; O)(B — Bo)[1*](B — By)

Pl (80; O) ", h = hol| = O ({18, = Bol + IIhc = holl2)) -

The assumption (i) is a direct result of Theorem 3.1 with § = min(qv, 35%). The

assumption (ii) is also obvious for the score functions. We next find h* such that the
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assumption (iii) holds. Using the same calculation in the proof of Theorem 3.1, we have
Pig,,(60; O)[h] — Plyy(60; O)[h*, A]

= —P {0" (ho(X" Bg)) h(XT By) (X" By) X }
(3.2)
+P {b" (ho(X" By)) M(XT By)h* (X" By) }

=P {b" (ho(X" By)) h(X" Bo) {h*(X"By) — hp(XTB)X} } .

To let (3.2)=0 holds for all h € H, setting ty = XT,BO and using the Double Expectation
Theorem we obtain

h*(to) = hg(to)P(X|to).
By the fact of zero-mean for a score function, we have

0

0:§

Pig(Bo, ho + ch; O)

e=0

— Pig,,(Bo, ho; O) 1] + P {i3(By, ho; O)in(Bo, ho; O)[h] }
Thus, we have
Pig, (8o, ho; O)[0*] = —P {ig(By, ho; O)if (By, ho; O)[b] } .

Similarly, we can also obtain

Pi\ (8o, ho; O)[b"] = —P{z'g(ﬁo,ho;0)[h*]ig(ﬁ0,h0;0)},
Pigg(Bo:ho:0) = ~P{ig(By, hoi O)if(By,ho; )},

Pinn(Bg, ho; O)[h*,h*] = —P{ih(ﬂoﬂo;0)[h*]zg(507h0;0)[h*]}~
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Then
- Pzﬁﬁ(eo; 0) + Mhﬁ(eo; O)h7]
= —Pigg(6o; O) + Pl 3(60; O)[h’]
+Plg, (80; O)[h] — Ply(60; O)[0*, h]
(3.3)
= P {i5(By, ho; O)Ify(By. ho; O) — I3(By, ho; O)if (By, ho; O) 1]

~iy(Bo: o3 O) D)5 (B, hos O) + i (By, ho; O) [1*JiT (By, ho; O)["] }

X . " ®2
=P {lﬁ(ﬁo, ho; O) — Ih(Bg, ho; O)[h }} :

Note that Zﬂ(ao; 0) = ilg(ﬁo, ho: O) — I4(Bg, ho; O)[h*] is the efficient score function of B.

The last term in (3.3) is the information matrix for 3, under semiparametric efficiency and
it is nonsingular.

Next we prove the assumption (iv). The first part holds since

~

Pnlg(Bp, hn; O) = 0.

Meanwhile,
Bl (B o O[] = B {YH3(XT8) =¥ (X7 B)) h5(X"B) }

According to the Corollary 6.21 of Schumaker (1981), we can also show that there exists a

sequence h;, € H?2 such that [1R; =R} plleo = O(n=%). Also,
Py {VR;,(XTB) =¥/ (ha(X7B)) 5, (XTB) } = 0.
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So it suffices to show that for j =1,--- ,p,

Pol (B o3 OV — 5] = 0p(n2).
Notice
Pl (B Gn; O) [} — 1]
= (P = P)in(Bs i OV — 13] + P {in(B, s OV = ) = 0By 903 O)[A; — 3]}

= Aln + A2n-

Before further proof, we introduce a lemma.

Lemma 3.2. For j =1,---,p, define
Fi€) = {z’h(e; O)[h —h]: 6 € ©%,h € H2 and d(6,00) < &, ||h — h||e < 5} .

Under the regularity conditions, Nj(e, FUE | - lso) < co(&/e)m P for some positive con-
stant ¢g and c.
The proof of Lemma 3.2 is similar to the proof of Lemma 3.1 by constructing a set of

baskets for .7-7;(5) and proving their radii are bounded by ¢ times a positive number.

It follows from the lemma that the bracketing integral

A 3 ,
T FAELa(®) = [ /14 log Ny(e. FAl6). La(P))de

3 ‘ .
< [ /r+10g Ny(e F@). - l)de < buaie
0
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Let =& =0 (nf min(QV’kTy)). Then since ¢ > 3,

N

A(8,,80) = 0, (n~™n(0+'5)) < 0, (- mn(15)) =,

and

115 = B alloo = O(n™2) < Oy (n™"n(25%)) =,

Therefore I (8,,, hn; O)[h; —hj,] € Fi(€). Similar to the proof technique in Theorem 3.1,

it is easy to show
. 2
P{in(0:0); — h5,]} < bal 1 = b1 < ot
In addition, by direct calculation, we can show that |]ih(9; O)[h;f — h;n”‘oo is bounded by

some positive constant M. Then by the maximal inequality in Lemma 3.4.2 in van der

Vaart and Wellner (1996), we have

. J(& Fa (), La(P))
EplGul 5,y < b8 (€, FAE), La(P)) <1+ v M)

3

1 . v
< by <qr%§n + an;) =0 (n_ mm(?%ﬂ)) +0 (n”*%) = o(1).
Thus
Atn = 0 3Gln (003 O)[AF — ,] = 0,(n~2).

The Taylor series expansion for I, (én, O)[h;’f - h;"n] at O is given by
in(8: O) [ = 15 ] = In(Bo; O) [ — 13,
= (Bn - IBO)Tz;Bh(ocm O)[h; - h;,n] + z}lh(ecn; O)[h; - h;,m iln — hol,

64



where 6, is the intermediate value between 6y and @n Using similar techniques in the

proof of Theorem 3.1, we obtain
|in(8:: O) 1 = 15| < b5 (/18] = B lloo + RS = B5%alloo) -

According to the Corollary 6.21 of Schumaker (1981), ||} — R} [|c = O(n™"). Thus,

v

(B, — Bo) T 11(8; O) [ — 13,0 = 1By, — Byl {O(n™) + O(n~2)}

1—v

O, (n_ min (g, 15 )> -0O(n™")

0, (n’ min((q+1)y,%)> ‘

In addition,
|inn (O en; OB — 13y, T — o] | < bl |1 = 15 ulloo - [1Fin — Pol|2

= 0(n™) - 0, (n=minlm5%))

0, (-l

1
2(1+q)

1

TTag7 it follows that

Since <v<

Agy = op(nfé).

Therefore, we have shown that the assumption (iv) holds.

To verify the next assumption, we need to use the following lemma.

Lemma 3.3. For j =1,---,p, define

Fo;B(6) = {zﬁj(o; O) —ig,(60;0) : 0 € ©F, h' € HE~" and d(8,00) < &, [[I — hploe < g} :
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and

Fjn(€) = {z’h(e); 0)[13] — i(80; O)[17] : 0 € OF and d(8,65) < 5}.

Under the regularity conditions,
Nye, Foy 30,11 lloe) < ex(€/e)an 2,

and

N[] (g, 'rJLj,h(é-)a H : Hoo) < C3(§/5)C4Qn+p’

for some positive constant c1, cs, c3 and c4.

The proof of Lemma 3.3 is similar to the proof of Lemma 3.1 by constructing two sets

of baskets for ]:ij (&) and FI . (€) respectively, and proving the radii of the baskets are

nj,h
bounded by e times a positive number.

From Lemma 3.3, we have

Tg(&, F,; 3(6), La(P)) < brgy/*¢

and

Ty(& F2, (8, La(P)) < bsal/%¢.

By the Cauchy-Schwartz inequality,

{i5,(0:0) - I5,05:0)}
— [{Y =¥ (W(X"B)} (X B)X; — {Y =¥ (ho(XTBy)) } hy(X"By) X;]
< [YX;(h— ho)(XT,@)]2 + [YX; {ho(X"B) — h‘O(XTIBO)}]Q

+X2 1 (W(XTB)) W(XTB) — V' (ho(XTB)) 1 (X" 8)]”
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+X7 [V (ho(XT8)) W(XTB) = ¥ (ho(X"By)) W(X"B)]"

X7 [V (ho(XTBo)) W (XTB) = V' (ho(X" By) hp(XTB)] (3.4)

+X7 [V (ho(XTBy)) Bp(XTB) = ¥/ (ho(X" By)) h(X" By)]”

= By + By + B3 + B4 + Bs + Bg.
We again apply the technique used in the proof of Theorem 3.1, and obtain

PBy < [[h —holf3 < €2,
PB; < |8 — By|* < &,
PB; < ||h — holl3 < €%,
PBy < |8 - Bol* <&,
PBs < ||k — holl3 < €,

PBs < |8 — By|? < €2,

. . 2
where we omit the positive constant on the right-hand side. Hence P {l 5;(0;0) — 15, (00; O)}

. . 2
< €2, Using the similar argument, it is easy to show P {lh(O; O)[h;] — 1n(Bo; O)[h;]} < €2,
Also, ||i5j(0; o) — igj(00;0)||oo and ||ih(9;0)[h;] - l'h(Ho;O)[h;f]Hoo are bounded. Pick
E=& =0 (n_ min(q”’l%)» then by the maximal inequality in Lemma 3.4.2 of van der

Vaart and Wellner (1996),

3 1 —min((¢g—2)v,t—v v—=
EP||Gn\|fnjﬂ(gn) < by (qﬁfn +qnnz> =0 (n (=33 )) +0 (n %) =o(1).
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Similarly,

BelGullys (e, = o().

(&)

Thus taking § = min (ql/, lfT”), by the Markov’s inequality,

sup ‘Gniﬁ(a; 0) - Guig(Bo; 0)‘ = 0,(1),
{d(0,00)§m—5,0€®ﬁ}

and

sup \ ‘@nz’g(e; 0)[h"] — Goly(B0; O)[h*]| = 0,(1),

{d(B,Oo)gcnfé,Heeﬁ

which completes the verification of assumption (v). For the last assumption, we consider a
neighborhood of 8g: {0 : |8, — By| + ||he — holl2 < en ™} with § = min (qv, 15%). By the

Taylor series expansion, we have

[3(B8,h;0) — [3(Bo, ho; O) = I33(Be, he; O)(B — Bo) + Iy, (Be, he; O)[h — hal,

where (3., h.) are an intermediate value between (3, ho) and (3, h). Then
[Pig(6; 0) — Pig(60; O) — Pigg(60; 0)(B — By) — Pig, (80; O)[h — ho]
— [P{ig3(8.: 1 0) ~ igg(By 10 0)} (B By)
+ P {ig,(Be:hes O) — g, (Bo, hos Ok — hol }|
(3.5)
< [P [{0" (ho(X780) hE(XTBy) — V" (he(XT B,)) h2(XTB.)} XXT (8~ 8y)] |

+ [P [{b" (o(XT o)) h6(XT Bo) (h — ho) (X7 By)

b (Re(XTB,)) HUXT B)(h — ho) (X7 )} X] .
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Using the same technique in (3.4) by adding and subtracting some terms, we continue to

work on (3.5) as follows

(3.5) < (18, — Bol + ||h. — hgll2 + ||he — holl2) - 18 — Bol + 8. — Bol + ||kl — holl2 + [|he — holl2

= {0(n™) + O mn(@ D51 0(n7%) + O(n~?) + O(n~ min(la=415%))

1—v

= O(nmn(=0n555)) . O(n=7) 4 O (- minlla=15%))

_ O(n— min((2q—1)l/,%—i—(q—%u),l—z/))

= O(n~%) = o(n"2),

where ( = min ((2q -1y, % + (¢ — %y), 1— V) /6 > 1 and ¢§ > % Similarly, the second
equation in the assumption (vi) can be proved. Therefore, we have verified all the assump-

tions. Notice in the proof of assumption (iii), the A matrix in Wellner and Zhang (2007) is
given by Pl 3 (09;0)®? = I71(B,). Therefore, we complete the proof of Theorem 3.2.

O]

A consistent estimator for the asymptotic variance-covariance matrix is provided in the

following theorem.

Theorem 3.3. Under the regularity conditions C1-C6,

A~

P, {ig(6..0)**} - P{ig(60,0)*}
in probability, where

Ig(0,,0) = {¥ ¥ (ha(X73,)) }{h,(XTB,) (X - PXIX"B,)) }.
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Proof. Define
Lx(80) = P [{i5,(60; 0) — (60; O)[31} x {is(80; 0) — 1(80; O) 1i] }| = PA;(60;0)
and

Liin(0,) =P, [{iﬁj(én;O) — in(By; 0)[h;]} x {iﬁk(én; 0) - ih(én;O)[h,’;]H = PoAjin(0,;0).

Then
Ijlm(én) - Ijk(eﬂ) = GnA]kn(éna O) +P {Ajkn(én; O) - Ajk(00§ O)}

- Iln + IQn'

The following work is similar to the technique details of the verification of the assumption

(iv) in the proof of Theorem 3.2. We construct functional spaces
i Bnl6) = {iﬂj(e; 0) — i4(6; O)[hj] : 6 € 1, I € H?

and d(6,60) < & || — hylla < & [1h; = il| < €

and
@€ = { (i5,(60) = in(8; O)[1y]) (i3, (6: 0) — (65 0) 1) : 0 € ©4, 1), b € M2

and d(6,80) < &I — ylla < & IIh; — Bl < & Il — hilloe < €.

Moreover,

Ny(e, F B8 1 - loo) < (€/e)cantP
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and

Ny Fy e 811 loo) < (€))7,

where we omit the positive number on the right-hand side and c is a positive constant. This
result can be easily obtained by following the proof of Lemma 3.1 by constructing a set
e-baskets. Using the similar argument in the verification of the assumption (iv) in the proof
of Theorem 3.2, it is straightforward to show I, = 0,(1) and Iz, = 0p(1).

In the above proof, b;,7 = 1,---,9 are constant positive numbers.

3.4 Simulation Studies

We conduct simulation studies to examine the finite-sample performance of the proposed
method. In the first set of simulation studies, we consider the normal response. We include
three covariates X, X9 and X3 in model (3.1). Specifically, X is generated from a normal
distribution with mean 1 and variance 0.52, X3 is generated from the uniform distribution

U(—4.25,2.25), and X3 is generated from a bernoulli distribution with success probability

0.5. We set the true values B, = %(0.6, 0.8,1). Then the outcome Y is generated from

a normal distribution with mean h(X?3,) and variance 0.2. We consider two different
scenarios for h(-): (i) h(t) = t; and (ii) h(t) = cos(t). We adopt three data-adaptive interior
knots that were placed at the equally spaced sample quantiles of XiTﬁ,i =1,---,n for a
given B, and employ the cubic (M = 4) B-spline to approximate the unknown function.

Therefore, we obtain the sieve MLESs iteratively by using the following procedures.

(1) Choose the initial values 3.
(2) Given 3, calculate the knots and basis functions.

(3) Given the knots and basis functions, obtain 4 by solving dl,(3,y)/0v = 0.

(4) Given the knots, basis functions and 4, obtain B by solving dl,(B,v)/08 = 0.
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(5) Set the initial values for next iteration as 3 = 3.

(6) Repeat steps (2)-(5) until the maximum of the component-wise absolute value differ-

ence of B between two consecutive iterations is less than 1073,

The quasi-Newton algorithm is used in steps (3) and (4) to update the estimates of -
and 8. We estimate the variance-covariance matrix for the regression parameters 3 using
the inverse of the consistent variance-covariance matrix estimator for the score functions.
For comparison, we also analyze the data using the standard GLM based on the normal
distribution with an intercept and the identity link function. For fair comparison, we also
standardize the estimates of the regression parameters (excluding the intercept) of the GLM
such that the Euclidean norm is 1. For each case, we consider the sample sizes n = 300,
500 and 1000 with 10000 replicates.

Tables 3.1 and 3.2 present the summary statistics of the sieve MLEs of the unknown
regression parameters and the MLEs of the regression parameters under the GLM. In these
tables, Bias is the sampling average of the biases of the estimates; SE denotes the empirical
standard deviations of the parameter estimates; SEE denotes the average of the standard
error estimates; CP is the coverage probability of 95% confidence interval estimates; and
MSE is the mean squared error of the parameter estimates. The last column RE is the
MSE relative efficiency of the proposed estimator compared to the estimator of the GLM.

From Tables 3.1 and 3.2, we observe that the biases of the proposed sieve MLEs are
small under all simulation settings. The standard error estimates exhibit the true variation
well. The coverage probabilities of the 95% confidence interval estimates are close to the
nominal level. The relative efficiency with h(¢) = ¢ in Table 3.1 are all less than 1. It implies
that model (3.1) loses some efficiency when the true model is the GLM. The loss of efficiency
is caused by estimating the unknown link function in model (3.1). We also notice that when
the sample size increases, the relative efficiency improves. The sieve MLEs appear to be
more efficient with h(t) = cos(t) in Table 3.2 in terms of the mean squared error. Moreover,

the estimates of the GLM have larger biases in Table 3.2 compared to those in Table 3.1.
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In the next set of the simulation studies, we consider the count data. We still include

three covariates X, Xo and X3 in model (3.1), and use the same distributions to generate

the covariates. We set the true values 8, = %(1, 1,1). Then the outcome Y is generated

from a Poisson distribution with mean ¢"X780). Tn the simulations, we still consider two
different scenarios for h(-): (i) h(t) = t; and (ii) h(t) = cos(t). We also adopt three
data-adaptive interior knots that were placed at the equally spaced sample quantiles of
X;fﬁ,z = 1,---,n for a given 3, and the cubic (M = 4) B-spline to approximate the
unknown function. We used model (3.1) to analyze the generated data and compared the
results with that of the GLM based on the Poisson distribution with an intercept and the
log link function. For each case, we considered the sample sizes n = 300, 500 and 1000 with
10000 replicates.

Tables 3.3 and 3.4 present the summary statistics of the sieve MLEs of the unknown
regression parameters under model (3.1) and the MLEs of the regression parameters under

the GLM. We observe similar results to the case of normal outcome data.

3.5 Discussion

We have proposed the sieve MLEs of the unknown parameters for the GLMs with an un-
known link function using B-spline smoothing, and have established the asymptotic prop-
erties of our proposed estimators. The sieve MLEs of the regression coefficients and the
unknown link function are consistent. Furthermore, the sieve MLEs of the regression pa-
rameters are asymptotically normally distributed and their covariance attains the semipara-
metric efficiency bound. The simulation studies demonstrate that the proposed sieve MLEs
outperform the MLEs based on the ordinary GLMs with mis-specified link functions while
the loss of efficiency is limited under correctly specified link functions.

We propose the sieve estimation approach in the framework of the GLMs. However,
the proposed likelihood-based methods are not restricted to the GLMs and can be easily

extended to other regression models in which the distribution of the outcome may not
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belong to the exponential family.
In Chapter 4, we extend the GLMs with an unknown link function to the longitudinal

data by incorporating random effects.
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Table 3.1: Comparison between the Sieve MLEs and the MLEs from the GLM with
h(t) =t for normal data

New \ GLM
n True Bias SEE SE CP MSE Bias SE MSE RE
1072 1072 102 % 103 103 1072 1073

300 B 0424 -0.62 476 481 943 232 -1.52 455 2.08 0.90
B2 0.566 -0.65 3.17 3.19 945 1.02 -0.82 3.08 0.95 0.93
B3 0.707 -2.28 335 339 945 1.15 -1.32 325 1.06 0.92

500 (; 0424 0.09 3.65 3.66 94.7 134 -1.16 3.55 126 0.94
B2 0.566 -0.39 243 240 951 058 -0.40 235 0.55 0.96
Bz 0.707 -1.56 2.56 2.56 95.0 0.66 -0.70 250 0.62 0.95

1000 B; 0424 0.63 256 256 945 0.66 -0.56 251 0.63 0.96
B2 0566 -0.16 1.70 1.70 95.1 0.29 -0.18 1.67 0.28 0.97
Bz 0707 -1.15 1.80 1.80 949 032 -0.38 1.76 0.31 0.96

True is the true value for the parameter; Bias is the bias of the parameter estimate;
SEE is the average of the standard error estimates; SE is the empirical standard
deviation of the parameter estimates; MSE is the mean squared error; CP is
the coverage probability of the 95% confidence interval estimates; and RE is the
relative efficiency of the proposed sieve MLEs with the estimators under the GLM
with identity link function.
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Table 3.2: Comparison between the Sieve MLEs and the MLEs from the GLM with
h(t) = cos(t) for normal data

New \ GLM
n True Bias SEE SE CP MSE Bias SE MSE RE
1072 1072 1072 % 1073 1073 1072 1073

300 B; 0424 -1.33 586 6.08 933 3.70 -1875 6.34 437 1.18
B2 0.566 0.56 3.74 3.85 941 148 1041 4.22 189 1.27
Bz 0.707 -4.55 4.01 415 938 1.75 -2.88 440 1.95 1.11

500 G 0424  0.20 4.52 4.61 94.0 213 -17.76 494 275 1.29
B2 0566 0.18 2.87 288 94.7 083 1035 3.21 1.14 1.37
B3 0707 -3.05 3.07 3.12 94,5 0.98 -1.18  3.38 1.15 1.16

1000 p; 0.424 0.70 3.18 320 94.7 1.02 -17.37 348 1.51 148
B2 0566 0.12 2.01 201 949 041 1046 229 0.63 1.56
B3 0707 -1.86 2.16 217 94.8 047 0.14 239 057 1.20

True is the true value for the parameter; Bias is the bias of the parameter estimate;
SEE is the average of the standard error estimates; SE is the empirical standard
deviation of the parameter estimates; MSE is the mean squared error; CP is the
coverage probability of the 95% confidence interval estimates; and RE is the rel-
ative efficiency of the proposed sieve MLEs with the estimators under the GLM
with identity link function.
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Table 3.3: Comparison between the Sieve MLEs and the MLEs from the GLM with
h(t) =t for poisson data

New \ GLM
n True Bias SEE SE CP MSE Bias SE MSE RE
1072 1072 102 % 103 103 1072 1073

300 B1 0577 -237 464 461 947 214 -2.03 440 194 091
B2 0577 -0.61 3.66 3.67 943 135 -0.85 3.51 1.23 0.92
Bz 0577 -1.80 4.63 451 952 203 -1.55 441 195 0.96

500 fp 0577 -1.88 3.52 352 949 124 -145 3.40 1.16 0.93
B2 0577 017 280 280 946 078 -0.46 271 0.73 0.93
Bz 0577 -1.09 3.53 346 955 1.20 -0.74 343 1.17 0.98

1000 B; 0.577 -0.94 245 247 949 0.61 -0.59 238 0.57 0.93
B2 0577 0.06 1.96 1.95 949 038 -0.54 190 0.36 0.95
Bz 0577 -0.48 247 243 950 0.59 -0.19 242 0.59 1.00

True is the true value for the parameter; Bias is the bias of the parameter estimate;
SEE is the average of the standard error estimates; SE is the empirical standard
deviation of the parameter estimates; MSE is the mean squared error; CP is
the coverage probability of the 95% confidence interval estimates; and RE is the
relative efficiency of the proposed sieve MLEs with the estimators under the GLM
with log link function.
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Table 3.4: Comparison between the Sieve MLEs and the MLEs from the GLM with
h(t) = cos(t) for poisson data

New \ GLM
n True Bias SEE SE CP MSE Bias SE MSE RE
1072 102 102 % 103 103 1072 1073

300 p; 0577 -9.24 9.25 10.99 88.6 12.17 -42.01 11.16 14.21 1.17
B2 0577 -240 6.84 778 90.1 6.06 2850 838 7.83 1.29
B3 0577 -14.00 9.10 10.58 89.6 11.38 -16.16 10.94 12.22 1.07

500 B 0577 -5.27  7.39 813 91.0 6.63 -38.92 859 889 1.34
B2 0577 -1.38 541 580 928 337 3142 6.52 524 1.56
B3 0577 -729 722 778 923 6.11 -1099 843 723 1.18

1000 By 0577  -2.76 532 554 93.6 3.07 -36.25 6.10 504 1.64
B2 0577 -0.41 387 399 940 1.59 3340 4.64 327 2.06
Bz 0577  -3.31 517 531 94.0 2.83 -7.49 598  3.63 1.28

True is the true value for the parameter; Bias is the bias of the parameter estimate;
SEE is the average of the standard error estimates; SE is the empirical standard
deviation of the parameter estimates; MSE is the mean squared error; CP is the
coverage probability of the 95% confidence interval estimates; and RE is the relative
efficiency of the proposed sieve MLEs with the estimators under the GLM with log
link function.
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Chapter 4: Sieve Maximum Likelihood Estimation Using
B-spline Smoothing in Generalized Linear Mixed Models

with an Unknown Link Function for the Longitudinal Data

4.1 Introduction

For longitudinal data with repeated measurements, the misspecification problem of the
link function also attracts attentions in literature. Chiou and Miiller (2005) explored the
methodology dealing with GLMs with an unknown link function and unknown variance-
covariance functions. They used the local polynomial fitting to estimate the link function
and variance-covariance functions. Instead of using GEE, they proposed “estimated esti-
mating equations” (EEE) to obtain regression parameter estimators. Large sample proper-
ties were derived for the coefficient estimators. Bai et al. (2009) also developed estimating
equation-based procedures to estimate the unknown link function under the GLMs using pe-
nalized P-spline smoothing. Xu and Zhu (2012) proposed profile-type estimating functions
for the coefficients by applying the Kernel smoothing method to estimate the unknown link
function. The penalized spline method shows no boundary effects, while Kernel smoothing
tends to have boundary effects. Various work has been done for other models with unknown
link functions as well. Jiang and Wang (2011) employed Kernel smoothing to investigate
the functional single index models for longitudinal data. Kernel smoothing method for the
linear mixed effect models (partially linear single-index models) with unknown link func-
tions are also studied by Pang and Xue (2012). Essentially no work on the GLMMs with
an unknown link function is available in literature.

In this chapter, we consider the GLMMs with an unknown function. We propose a sieve

maximum likelihood estimation procedure to estimate the unknown parameters including

79



the regression coefficients, variance-covariance matrix of the random effects, and the un-
known link function by using the B-spline smoothing. We derive the convergence rate of
the sieve MLEs and establish the asymptotic normality and semiparametric efficiency of the
sieve MLEs of the regression coefficients and the variance-covariance matrix of the random
effects. Extensive simulation studies and an application to an epileptic study (Thall and

Vail, 1990) are provided.

4.2 Methods

Suppose there are n subjects in the study with k; observations for the ith subject. Let Y;; de-
note the jth outcome of the ith subject, X;; = (Xjj;1,- - ,Xijpw)T denote the corresponding
paz-dimensional vector of covariates and Z;; = (Zjj1,- - ,Zijpz)T denote the corresponding
p.-dimensional vector of covariates for the jth observation of the ith subject j =1, -, k;,
t=1,---,n, and Y;; and X;; be sampled from ¥ and X. We assume that the outcome

variable Y has a probability distribution belonging to the exponential family. Specifically,

the density of Y;; in the general form of the exponential family is given by

Yijbij — b(dij)

f(yij) = exp { o(?)

—C(yz'jm)} J=1,- kji=1,---,n.
Consider the following generalized linear mixed model
9 (E(YijlXij, Zij, bi)) = MXGB + Zijbi) . j =1, ki =1, ,m, (4.1)

where (3 is a p, x 1 vector of unknown regression parameters, ¢(-) is a known transformation
function and A(-) : R — R is an unknown function which needs to be estimated. More-
over, b;’s are p,-dimensional subject-specific random vectors which are independently and
identically distributed with a joint distribution ¢ and b; can include a random intercept.

The transformation function g(-) can be taken as the canonical link function. For example,
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g(x) = x for normal data, g(x) = log(x) for count data, and g(x) = logit(x) for binary data.
Notice that the actual link function is h=! o g(-). To ensure the identifiability of the model,
we do not include intercept in the term Xg,@, and impose the constrint on B such that

||1B]| =1 and $,, > 0, where || || is the Euclidean norm. In this chapter, we assume b; fol-
lows a multivariate normal distribution with mean 0 and variance-covariance matrix 3. We
also assume Yy, - -, Y, are mutually independent given b;. Let p;; = E(Yi;| X5, Zij, b;).
Then for the canonical link function, we have g(j;) = ¢sj.

The conditional likelihood given b; for the ith subject is given by

Lei(B,v[xi,2i,yi, bi) = C H exp |: {yz] zj/B + Zz;bz) —b (h(Xz;ﬂ + Zz;bz))} )

T T)T

_ T T T T \T
where x; = (X7, Xj9, " s Xjp, )

y Zj = (Zi17 Zio, 7Z7,k y Yi = (yil: Yi2, - 7yik:i)T and giVen
the data, C' is a constant . It follows that the log-likelihood given the observed data takes

the form

ln(,B,’y,2|x,z,y Zlog/ ci /37 ’XMZMYZabz)w(bi)dbh

where x = (x1,X2, -+ ,Xn)", 2; = (21,22, - ,20)", ¥ = (Y1,%2, - ,yn)", and 1(-) is the
multivariate normal density function with mean 0 and variance-covariance matrix 3.
Consider a bounded interval (a,b). We also consider K, interior knots K1, Ko, -+ , Kk,
with K,, = O(n”) and maxo<j<k, |Kj+1 — K;| = O(n™"), for v € (0,0.5), and a = Ky <
K < Ky <---<Kg, <Kg,y1 =0b. Let S;(K, K,,, M) denote the space of polynomial
splines of order M defined in Schumaker (1981), where K = (Ko, K1, -+, Kk, +1). Then

there exists a local basis {B; : 1 < j < K, + M} such that for any s € S, (K, K, M), we
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have

Kn+M
s(t) =Y Bum;(t) =" Bu(b),
=1

where vy = (71,72, , YKk, +m)" are the smoothing coefficients and By (t) = {Ba,1(t), Bu2(t),

-, By + M(t))T are the M-degree B-spline basis functions. Under some smoothness as-

sumptions, the unknown univariate function h(-) can be well approximated by an M-degree

B-spline in S, (K, K, M), that is,

Kot M
h(t)~ Y vBui(t) =" Bul(t).
j=1

Replacing h(t) by v Bjs(t) in the conditional likelihood function, we obtain

Lei(B,7|xi,2i, ¥4, bi)

k.
4 1
= C H exp [a(@) {yij’YTBM(XZI;,B + z;fpjbi) —b ('yTBM(XZ-Tj,@ + —i—zZ-iji))} )
j=1

In order to estimate the unknown parameters, we need to maximize the observed-data log-
likelihood. Notice that there is no closed form for the observed-data log-likelihood in general
except for normal responses. We suggest to use the Gauss-Hermite quadrature to numer-
ically approximate the log-likelihood function. Let o = (01,092, -+ ,0,) be a r x 1 vector
of parameters that contain all the unknown parameters involved in the variance-covariance

matrix ¥. For simplicity, let 1,,(3,7,0) = 1.(8,7, X|x,2,y). The score equations are then
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given by

aln(ﬁ? ’Y’ 0-) — 0
0B ’
OBy, 9) _
oy ’
OBy, 9) _
0o '

We use an iterative procedure to estimate the unknown parameters 8 = (3,%,h). The

resulting sieve MLEs are denoted by én = (,@n, 27“ iLn), where ¥ is determined by &, and

hn(t) = 4,Ban(t). Notice that the likelihood involves the value of the basis functions at

xz;-,B + zg;bi, 7=1,---,ki,i=1,--- ,n. We recommend to choose the knots based on the

equally spaced sample quantiles of xg;ﬂ—kzz;b*, j=1, ki,i=1,-- ,nk=1--- N,
N is the number of quadrature points and bj, are the kth abscissas of the Gaussian-Hermite
quadrature. As a result, the knots and basis change as 3 and X change. We describe the

detailed algorithm in Section 4.4.

~

To make statistical inferences of 3, and Xy, the distribution of (3,,, &) can be approx-

imated by a multivariate normal distribution when the sample size is large enough. The

A

variance-covariance matrix of (3,,, 6,) can be estimated by the inverse of the observed infor-

mation matrix under the efficient score function of (8, 00). We show that the asymptotic

~

variance-covariance matrix of (3,,,6,) attains the semiparametric efficiency bound. Ding
and Nan (2011) suggested to use the observed information matrix by taking into account
the parameter «. In our simulation, we used the inverse matrix of the estimated variance-
covariance matrix of the score functions by taking into account all the unknown parameter

(B, o, 7). Extensive simulations suggest that the variance-covariance estimator works well.
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4.3 Asymptotic Properties

Let 89 = (B8, X0, ho) denote the true parameters. Before we establish the asymptotic

properties of the sieve MLEs, we impose the following regularity conditions.

C1.

C2.

C3.

C4.

C5.

C6.

The true values (8, Xo) for parameters (3, X) belong to the interior of a compact set

Bo={(B,5): B R, B, > 0,18 =1, and

¥ is positive definite and its eigenvalues are bounded away from 0 and oo} .

The domain of X is a bounded subset of RP*. Therefore, Z is also bounded. Further-

more, E(leX;g) are nonsingular for jy,jo =1, -+ , k.

The number of observations k for each subject is random. Moreover, there exists a

positive integer ko such that 1 < k < kg and Pr(k > 2) > 0.

The true function hg(-) belongs to H4¢, where the functional space H? is the collection
of all bounded functions h on a bounded interval [a, b] with bounded jth derivative A,

j=1,---,k, such that h(¥) satisfies the Lipschitz continuity condition with exponent

m (0 <m < 1):
IW®) () — BB (@) < L|s — t|™, for s,t € [a,b],

where L < oo is a positive constant, and ¢ = k 4+ m > 3.

For some 1 € (0,1), uIVar(X|XT8y + ZTb)u > nul E(XXT|XT3, + Z'b)u and

u'Var(Z|XT By + Z'b)u > nul E(ZZT|XT B, + ZTb)u almost surly for all u € RP.
E [{hg(xTﬁo +27b))? XXT} and E [{hg(xTﬁo +27b))? zzT} are nonsingular.
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Remark 4.1. Condition C1 is a common regularity assumption in literature. Conditions
C1 and C2 ensure the identifiability of the model. The restriction ¢ > 3 in the condition
C4 is needed to provide desirable control for the B-spline approximation error rates of hg
as well as the first and second derivatives of hg for the proof of the normality. Conditions
C4 and C5 are technical assumptions and can be justified in many applications. Condition
C3 implies that the number of observations for each subject is bounded and some of them
have at least two observations. Note that although the domain of X738+ Z"b is (—o0, ),
we focus on the estimation and inference of h on a bounded interval (a,b). In addition,

Condition C6 ensures that the semiparametric efficiency information matrix is invertible.

Let Hi = HINS,. Clearly, we have Hj C HZH C ... C H? for all n > 1. Denote

Of = B x H} as the sieve space. The sieve MLEs are the maximizer of the log-likelihood

function over the sieve space ©f. Define the norm || - ||z over the space H? as

1hlls = [E{R2(XT )} -

Let || - ||co denote the supremum norm. We define the distance over the space ©7 = B x ‘HP

as follows

N|=

d(01,02) = (||By — Bol* + llo1 — 02> + [|h1 — ha|[3) 2,

for 81 = (B1,01,h1),02 = (85,02, ha) € ©4.

Next, we introduce some notation in the context of empirical process. Let P, and P be
the empirical measure and the population distribution of n i.i.d. observations O1, Oz, -- , O,
for O=(Y, X, Z),i=1,--- ,n. Let G,, = /n(P, — P) denote the empirical process. Then

for any measurable function h(O),

B,h(0) = 1 3" h(0,), Ph(O) = B [n(0))
i=1
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and

Guh(0) = Vi (Ph(O) — Ph(O)).

Let K, = O(n”), and < v < where ¢ is the smoothness parameter in C4.

_1 1
2(1+q) 2q°

Suppose o contains the least number of parameters that can determine ¥, and a=(3, o).

The following theorem establishes the convergence rate of the sieve MLEs 6,, = (&, hy,) to

the true parameter 8y = (ay, ho).

Theorem 4.1. Under the regularity conditions C1-C5,

~ 1—v

d(0,,600) = Op(n~™n@5%)),

Remark 4.2. The proof is similar to the proof of Theorem 3.1 in Chapter 3. The main
difference is that we have an integral in the log-likelihood. In fact, the integral of a bounded
function against a probability measure is still bounded. Due to this fact, the properties of the
log-likelihood and its derivatives remain the same. In addition, the condition C1 indicates

that the eigenvalues of 3 are also bounded. Then by verifying the conditions in Shen and

Wong (1994), we obtain the convergence rate of 0,..

Proof. Suppose k is the number of observations for a single subject, which is random.
For a single subject, let Y = (Y7,Y2,---,Y%) be the outcome variable. Correspond-

ingly, the covariate vector for the jth observation is denoted by X; and Z;. Then X =
XTI, x7T,---,XT), and Z = (ZT,Z%,--- ,ZT). Suppose O = (Y,X,Z, k), and O;,i =
1,---,n are n iid. observations. For simplicity, let Tj(b) = X]TB + Z;‘-Fb, Toj(b) =

X;‘-F,BO + ZJTb. Then the likelihood for a single subject given O takes the form

k
1(B,%,h;0) = —;log|2|—|—log/exp —%bTE_1b+Z{1/jh(1}(b)) —b(h(T;(b)) } ¢ db.
j=1
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Before further proof, we recall that for independent data (k = 1), the likelihood and its

derivatives for a single observation are given by

(B,h;0) = {Yh(X'B)—b(h(X"B))},

ig(p.1:0) — HE0)
= {Y v (MX'B))} '(XTB)X,
in(B,h; 0)hy] = 21O ’h;:h“o) _
= {Y ¥ (M(XTB))} m(XTB),
. 821(B, h; O)
lﬂg(,@,hso) = T ops"

_ {Yh”(XTB) — ¥ (M(XTB)) (X" B)
' (h(XTB)) (1 (XTB))* }XXT,

91(B, h; O)
2B

(8.1 O] —
- {Yh’l(XTﬂ) — ¥ (M(XTB)) (X7 B)
b (h(XTB)) b (XT AN (X7 ) } X,

91(B, h; O)

= =" ((X"B)) (X" B)he(XT B).
Then for the jth observation, given b, we define

(B8,h;0,b) = Y;h(Tj(b)) —b(h(Tj(b))),

%(5% 0.b) = {Y; =¥ (h(T;(b)))} h'(T;(b))X;,
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U, (8,1 0.b) (]

i7.(8,h;0,b)[hy, ho]

Let
1 e
A@):—Ebz
= lyre-
2
and
Then
. ol(B,2,h;0
ig(8.3.110) - 20
1 k
_* [ Am) i .
5| e ;%@@0@

{Y; =V (M(T}(b))) } hi(T}(b)),

{YiR"(T;(b)) = ¥/ (h(T;(b)) R"(T; (b))
b (W(Ty(B))) (W' (T3(b)))* |, X7,

(Y3 (T3 (b)) = ¥/ ((T;(b)) 14 (T (b))

b (h(T3(B))) b (Ty(B)H(T; (b)) } X,

" (h(T3(b))) ha (T5(b) ha(T5 (b)).

k
b+ D {Yh(T(b)) = b (h(T;(b)) }
j=1
k
'b+ > {F(8,h;0,b))}
j=1
B_/&W%
]%,
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1 1 A(b) (=1 T —1

= 2 +2B/e (X7 "bb” X7 ")db,

8l(572>h+6h170)
Oe

Ih(B, 2, h; O)[h] =

1
:B/gw

i33(8,3,h;0) =

e=0

k
> (B,h;0,b) [hﬂ] db,
j=1

91(B, %, h; O)
0B6B"

Jj=1

k k
/ ! 5(8.51;0.b) + {Zz’jﬁ(ﬁ,h;o,b)} {Z%T(ﬁ,h;O,b)}]db,
: =

k k
_1 A i . Ab T
5 e {;l]ﬂ(ﬂ,h,Ob}db/ Lz;z (B,h;0,b)| db,
7 . _ 82[(16727h; O)
g% (8, %, h;0) = T 0Bnon

k
_ L [ am i (3. b 11
=5 [ ;leﬁ(ﬂ,h,o,b)@{il bbIS 11| db

1 A(b 1y Tx—1
—232/6 ®1 @ {="'bb"E!} db,
lZB(ﬂazvh,O) = oz w08
1

db
2B

k
) {ylbszfl}@Z%(B,h;o,b)
j=1

1

—o5 AP (37 1pb"s ) @ 1db,

9*(B, 2, h; O)

1
= _§Ipz ® D
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1 Ab) [oxr—11 0 T I 1y Tt T -1
+2B/e 257'bb" @D + S {E7'bbTS !} @ {27'bb ="} |db

1

—432/eA<b>(z—1bsz—1)db®/eA(b>(2—1bsz—1)db,

308, 2,15 0) ] = -1 5(8, %, h + ch; O)

S

k k
_é oA(b) {Z%(ﬁ,h;O,b)} db/eA(b) lz l'{t(,@,h;o,b)[hl]] db,
Jj=1

J=1

k
(B,1;0,b) ] + {ZV B,hOb}{Zl (B,h;0,b) hl]}]db
7=1

3i2<5,2,h +¢ehy; 0)

ZZJh(/Bv 27 h‘v O)[h‘l] = 85

k

> " (8,h;0,b)[hi]db

j=1

1 A(b) -1 Tya—1
= — >
55 e bb* X%

j=1

k
1 — _ ..
_2[32/€A(b)2 HNND> 1db/eA(b) {Zli(ﬂah,o,b)[hﬂ} db,
. a .
Ihn (8,3, h; O)[1, ho] = glh(ﬁ, 3, h+ chg; O)[h]

_ /A<b [Zz (8,1; 0, b)[h1, h]

Jj=1 Jj=1

k
+{Zli B, h; 0,b)[hi] } {Zli B, h; 0, b)[hz]}

k

1 k B .
g [A® {;li(g,h;o,b)[m]} db/eA(b) {Zli(ﬁ,h;O,b)[hz]} db,

J=1

where hi,ho € H = {g: g = 8{;?

ep: e € HP}, ® is the Kronecker product, I, is the

90



p,-dimensional identity matrix,

Di1 D2 Dy,
Dy Dao Doy,
D=
Dpzl Dpz2 Dpzpz
with
ai;aj1  a1ia52  ccc G1iG4p,
a1 G2iQj2 -+ (2iQjp, o
D;; = _ , _ i =1, D,
apziapzl apzia’sz T apziapzpzv

and a;; is the (i, j)th element of 3!, It should be mentioned that instead of the ordinary

Kronecker product, we use R ® D denote

RD;1 RDy2 -+ RDyp,
RDs;, RDy --- RDa,
RDpzl RDp22 e RDpzpz

for a p, X p, matrix R.
Let h* = (hi, h3,--- , h;) € HP, then we have
[3,(8, %, h; 0)[h*]
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[,3(8. %, h; 0)[0*] = ig, (8, %, h; O)[h"],
I,(8, 3, h; O) (']
= (I8 2. b O)[hi). I3, (8. 2, b O3], - I3, (8, 5. h: O) )
L,5(8,%,h;0)0*] = Iy, (8, %, h; O)[07],
inn (B8, 3, h: O)[ha, ']
= (11 (8., 15 O) . 1, Tun (B, B, 15 O b, B, -+l (B, 2. b O, 3] )

Inn (8,2, h; 0) [0, h1] = I};}, (8,2, h; O)[h1, h*].

For simplicity, < denotes that the left-hand side is bounded above by the right-hand side
times a constant; and 2 denotes that the left-hand side is bounded below by the right-hand
side times a constant.

In the methodology, h(-) is defined on a bounded interval. To make the integral mean-
ingful, we extended h(-) to the whole real line with h(z) = 0 if z is outside the bounded
interval. Then under conditions C1-C3, the likelihood and all of its derivatives above are
continuous and bounded. In fact, from the proof in Chapter 3, the likelihood for each single
subject is bounded. Therefore, the integral against a probability measure is still bounded.
Consequently, B is bounded by two positive numbers. We will use this property for bounded
functions throughout the proof.

It is straightforward to get all the derivatives with respect to @ = (a, h) from the above

formulae. And this operation will not change the results. Under this parameterization, by

applying the Taylor expansion, we obtain
P{i(6;0) — (60; 0)}
1 . .
= 51[”{(04 — ap)"laa(00; O) (e — ag) + Ini By, ho; O)[h — ho, h — ho]

+2(a — )T lun (80, O)[h — ho]} + o(d%(8, 8y)).
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Since B is bounded by two positive numbers, we can omit the terms %, % in the proof.

By the condition C1, the eigenvalues of 3g are bounded from 0 and oco. Therefore, the
eigenvalues of X L are also bounded from 0 and co. Also, using the fact that the integral
of a bounded function over a probability space is still bounded and the proof techniques in

Chapter 3, we can verify the three conditions in Shen and Wong (1994):
1) inf{d(gﬂo)Z&,OGQﬁ} ]P)(Z(BOQ O) - l(@; O)) Z €.

2) P{I(B,h;0) — By, ho; O)}* < Co(]|1B — Bol[* + || — hol[3).

3) Let 8o, = (By, X0, hon), and F,, = {l1(8;0) —1(0g,; O) : 8 € OF}, where
[|hon = hollee = O(q,,7) = O(n™ ).
Then the L..-metric entropy of the space JF;, satisfies

H(e, Fn, || - [loo) = log Ny (&, Fn, || - [loc) < c7(cqn +p)log(1/e) < cgn”log(1/e).
It follows from Theorem 1 in Shen and Wong (1994) that

d(éTH 00) = Op <InaX(’)’L717TV7nfqy7 n*q’/)> —_ Op(n* min(qy,lfT”)).

The following theorem establishes the asymptotic normality of the sieve MLEs of a.

Theorem 4.2. Under the regularity conditions C1-C5,

=

nz(éy, — o) = N(0,17 ()
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in distribution, where I(ag) = P {fa(Bo; O)®2}, and Iy (60; O) is the efficient score func-
tion of ay.

Remark 4.3. To prove Theorem 4.2, we check the assumptions of Theorem 6.1 in Wellner
and Zhang (2007). Specifically, we need to verify the consistency and rate of convergence,
positive information, stochastic equicontinuity of the estimators and the smoothness of the
model. The key idea is that we need to construct e-baskets in which the target functions can
be bounded by ¢ times a positive number. Following the proof of Theorem 6.1 in Wellner

and Zhang (2007), we need to verify the following assumptions.

(i) d(0n,800) = Op(n=?) for some § > 0.

(ii) Pig(00;0) =0 and P, (6y; O)[h] = 0 for all h € H.

(iii) There exists an h* = (h7,h3, -, hps +p?)")7T, where hi €eHforj=1,-- pg +p2,
such that Plag(0o; O)[h] — Plyy(09; O)[h*, k] = 0, for all h € H. Furthermore, the
matrix P {Zaa(eo; 0) — lha(60; O)[h*}} is nonsingular.

(iv) Pnia(0n, O) = 0,(n"2) and P,iy(6,; O)[h*] = o,(n"2).

(v) For any ¢ > 0,

sup }an’a(e; 0) — Gnla(0; 0)‘ = 0,(1),
{d(e,eo)gcn*‘S,OG@ﬁ}

and

= op(1).

sup Guly (65 0) 1] = Gl (603 O) "]
{d(@,@o)gcn%ﬂeeﬁ}

(vi) For some ¢ > 1 and §¢ > 1/2, consider a neighborhood of 6y:

{00 ot — o] + |[he — holl2 < cn_é} :
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Then

‘Pz'a(e; 0) — Pia(60; O) — Picver (80; O) (v — o) — Piian (803 O) e — ho

= 0 ((leve = x| + I = holl2)°)

and
‘Pih(0§ O)[h*] — Pi}(80; O)[h*] — Pia(80; O) (e — ao)[h*] (e — exg)

— Pl (00; O) 1", h = hol| = O ((Jeve = ol + I|hc = holl2)°)

Notice that the term lq(8o; O) in Theorem 4.2 is given by I (0g; Q) — I (60; O)[h*].

The proof mimics the proof of 3.2 in Chapter 3.

A consistent estimator for the asymptotic variance-covariance matrix is provided in the

following theorem.

Theorem 4.3. Under the regularity conditions C1-C5,
Py {ia(850)2} — P {ia(60; 0)*?}

in probability, where lgy(6,,; O) is the estimator of Iy (8¢; O).

The proof is similar to the proof of Theorem 3.3 in Chapter 3.

4.4 Simulation Studies

We conduct simulation studies to examine the finite-sample performance of our proposed
method. In the study, we consider the count data. We include three covariates (py=3)
X1, Xo and X3 in the model. Specifically, X7 is generated from a normal distribution with

mean 1 and variance 0.5%, X3 is generated from the uniform distribution U(—1,2.25), and
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X3 is generated from a bernoulli distribution with success probability 0.5. We set the true

values B, = %(17 1,1) and g(t) = log(t). We include a random intercept in the model

which follows N(0,0.62). The outcome Y is generated from a Poisson distribution with
mean exp { (X8, + b)}. In the simulations, we consider two different scenarios for h(-):
(i) h(t) = t; (ii) h(t) = cos(t). For scenario (i), we divide X7, Xo and X3 by 2. The
log-likelihood is approximated by the Gauss-Hermite quadrature with N, = 10 quadrature
points. Suppose ay,k =1, -, N4 are the abscissas. Let o denote the standard deviation of

the random intercept b. Then we adopt three data-adaptive interior knots that were placed
at the equally spaced quantiles of Xg;,@ +V20ay, j=1,--- kji=1,--- ,nk=1,--- , Ng
given B and o, and employ the cubic (M = 4) B-spline to approximate the unknown

function. We obtain the sieve MLEs iteratively by using the following iterative procedures.
(1) Choose the initial values 3 and o.

(2) Given 3, ¢ and the abscissas ax,k = 1,---, N, of the Gauss-Hermite quadrature,

calculate the knots and basis functions.

(3) Given the knots and basis functions, obtain 4 by solving dl,,(8, 0,v)/0v = 0.

(4) Given the knots, basis functions and 4, obtain B and & by solving dl,(B,0,7v)/08 =0

and 0l,(8,0,v)/0do = 0.

(5) Set the initial values for next iteration as 8 = 3, o = 4.

(6) Repeat steps (2)-(5) until the maximum of the component-wise absolute value differ-

ence of ,3 and & between two consecutive iterations is less than 1073.

The maximization in steps (3) and (4) is carried out by the quasi-Newton algorithm. We
estimate the variance-covariance matrix for the regression parameter 3 using the inverse of
the consistent variance-covariance matrix estimator for the score functions. We compare the

sieve MLEs based on model (4.1) with the sieve MLEs based on model (3.1) without random
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effects and the standard Poisson GLMM with a random intercept and a canonical log link
function. For fair comparison, we standardize the estimates of the regression parameters
(excluding the fixed intercept) of the GLMM such that the Euclidean norm is 1. For each
case, we considered the sample sizes n = 120, 200 with 5 observations for each subject. The
results are based on 1000 replicates.

Tables 4.1 and 4.3 present the summary statistics of the sieve MLEs of the unknown
regression parameters 3 and o using our method with A(t) = ¢t and h(t) = cos(t) respectively.
In these tables, Bias is the sampling average of the biases of the estimates; SE denotes
the empirical standard deviations of the parameter estimates; SEE denotes the average of
the standard error estimates; CP is the coverage probability of 95% confidence interval
estimates; and MSE is the mean squared error of the parameter estimates. We observe
that the biases of the proposed sieve MLEs are small under all simulation settings. The
standard error estimates exhibit the true variation well. The coverage probabilities of the
95% confidence interval estimates are close to the nominal level.

Tables 4.2 and 4.4 present the results from Newy (model (3.1) without random effects)
and the Poisson GLMM with a random intercept and a log link function. Notice that
the results for o under the Newq are not applicable. The column RE is the MSE relative
efficiency of our proposed estimator compared to the estimators based on other models.
In Table 4.2, the relative efficiencies for all parameters compared to the New are greater
than 1. These results are expected because the model (3.1) ignores the within-subject
correlations. As expected, the proposed sieve MLEs are less efficient than the MLEs from
the GLMM with the correctly specified link function under most cases, with the efficiency
loss of less than 10%. The loss of efficiency is caused by estimating the unknown link
function in our method. We also notice that when the sample size increases, the relative
efficiency compared to the GLMM improves. The sieve MLEs appear to be more efficient
with h(t) = cos(t) in Table 4.4 compared to both the estimators based on model (3.1) and
the standard GLMM. Additionally, the estimates under the GLMM in Table 4.4 have larger

biases compared to those in Table 4.3 under our proposed estimators.
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4.5 Example

In this section, we apply the proposed method to an epileptic data study (Thall and Vail,
1990). The objective of this study is to explore the treatment/drug effects on patients’
seizures. Fifty-nine epileptics were enrolled in this study. The numbers of seizures for each
patient suffering from epileptic episodes were recorded at the baseline, then followed every
two weeks for an eight-week period. Thus, each patient had 4 observations. Patients in
this study were randomized to the test group to receive the drug Progabide (Trt= 1) or the
control group to receive a placebo (Trt= 0).

Besides the treatment, two additional covariates are also of interest, including Age in
years and Base in the logarithm of the baseline counts divided by 4. Variable Age was
log-transformed.

In our analysis, we include Age, Trt, Base and the interaction Trt*Base between Trt
and Base as covariates, and evaluate the covariate effects using the proposed method with
a random intercept and without random effects. We also apply a) the GLMM based on the
Poisson distribution with a random intercept and a log link function and b) the GLM based
on the Poisson distribution with a log link function to the data. The parameter estimates
are summarized in Table 4.5 for the four different approaches. In the table, New denotes
our proposed method with a random intercept, while New refers to model (4.1) without
random effects. The results using our methods do not include the intercept because of
the constraint on the regression parameters for the model identifiability. Models GLM and
GLMM were fitted by rountines glm() and glmer() in R, respectively.

The estimate of the standard error ¢ of the random intercept and the standard error
estimate for the estimator are 0.448 and 0.108 using our method, and are 0.501 and 0.058
under the GLMM. Both models detected significant within-subject correlations. By com-
paring the Wald test statistic for testing Hp : ¢ = 0 against a half-half mixture of a point
mass at 0 and a x? distribution, we obtain the p-values of 1.67E—05 and < 1.0E—6 for

model (4.1) and the GLMM, respectively. As expected, the tests based on the standard
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GLM and model (3.1) tend to be liberal in the presence of within-subject correlations. At
the significance level of 0.05, the proposed method detected significant Base effect whereas
the GLMM detected both significant Base effect and significant treatment effect. The di-
rections of the estimates are the same from these two models with a random intercept.
Notice that the interpretation of the parameter estimates that are obtained by our method

is intrinsically tied to the link function.

Figure 4.1 presents the estimated curve ﬁn(t) in the region of Xgﬁn—kf)m, i=1,---,n,j =
1,---, k;, where b;, = E(bi|Y:, X, 9n) is the predictor of the random intercept for the ith
subject given the observed data and the sieve MLEs 0,. It appears that iLn(t) is close to a

straight line within the interval [—2, 2] suggesting a link function close to the canonical log

link function in the Poisson GLMM. To check the fit of the proposed method to the epileptic

data, in Figure 4.2 we also plot the model-fitted mean curve exp{h,(t)} and compare it
with the observed data as well as the empirically estimated mean curve. The model-fitted
mean curve and the empirically estimated mean curve agree very well indicating a good fit

of the proposed method.

4.6 Discussion

We have proposed the sieve MLEs to estimate the regression parameters for the GLMMs
with an unknown link function using B-spline smoothing, and have established the asymp-
totic properties of our proposed estimators. The estimators of the regression coefficients and
the variance-covariance matrix of the random effects achieve the semiparametric efficiency
bound. The simulation studies demonstrate that model (4.1) outperforms the ordinary
GLMMs when the link function is misspecified and there is little loss of efficiency with a
correctly specified link function. We have applied our method to the epileptic data and
an ad hoc model checking procedure by comparing the model-fitted mean curve with the
empirical estimate mean curve suggests the proposed method fits the data well. show that

the proposed method can notably handle the longitudinal data and yield satisfying results.
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It is often of interest to interpret the model by increasing one unit in one covariate.
Usually the interpretation can be straightforward for the canonical link. Discussion on the
interpretation of a nonparametric link function can be found in Climov et al. (2002) and

Chiou and Miiller (2005).
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Table 4.1: Summary Statistics of the proposed sieve MLEs with
h(t) =t for poisson data

n  Parameter True Bias SE SEE MSE CcpP

120 51 0.577 -0.0161 0.146 0.158 0.0217 0.938
B2 0.577 -0.0091 0.110 0.119 0.0121 0.953
B3 0.577 -0.0226 0.145 0.158 0.0215 0.940
o 0.600 -0.0201 0.139 0.140 0.0197 0.932
200 51 0.577 -0.0042 0.113 0.116 0.0128 0.938
B2 0.577 -0.0137 0.089 0.089 0.0080 0.930
B3 0.577 -0.0113 0.113 0.117 0.0129 0.941
o 0.600 -0.0223 0.096 0.102 0.0097 0.920

True is the true value for the parameter; Bias is the bias of the
parameter estimate; SE is the empirical standard deviation of the
parameter estimates; SEE is the average of the standard error
estimates; MSE is the mean squared error; and CP is the coverage
probability of the 95% confidence interval estimates.
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Table 4.2: Comparison of the proposed sieve MLEs with the sieve MLEs assuming
independence (Newg) and the MLEs from the GLMM with h(¢) = ¢ for poisson data

Newy GLMM
n  Parameter Bias SE MSE RE Bias SE MSE RE

120 51 -0.0449 0.194 0.0396 1.83 -0.0164 0.142 0.0203 0.94
B2 -0.0080 0.146 0.0214 1.v7 -0.0063 0.108 0.0117 0.97
B3 -0.0317 0.189 0.0367 1.71 -0.0222 0.139 0.0198 0.92
o -0.0050 0.125 0.0157 0.80
200 51 -0.0225 0.139 0.0198 1.54 -0.0046 0.111 0.0123 0.96
B2 -0.0070 0.112 0.0127 1.58 -0.0098 0.090 0.0082 1.01
B3 -0.0163 0.142 0.0205 1.59 -0.0141 0.111 0.0125 0.97
o -0.0022 0.100 0.0099 1.03

Bias is the bias of the parameter estimate; SE is the empirical standard deviation
of the parameter estimates; MSE is the mean squared error; and RE is the relative
efficiency of the proposed sieve MLEs with the estimators under the indicating
model.
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Table 4.3: Summary statistics of the proposed sieve MLEs with
h(t) = cos(t) for poisson data

n  Parameter True Bias SE SEE MSE CcpP

120 51 0.577 -0.0128 0.091 0.093 0.0084 0.952
B2 0.577 0.0024 0.067 0.068 0.0045 0.948
B3 0.577 -0.0073 0.086 0.090 0.0075 0.946
o 0.600 -0.0095 0.116 0.106 0.0135 0.942
200 51 0.577 -0.0074 0.068 0.071 0.0046 0.961
B2 0.577 0.0031 0.050 0.052 0.0025 0.953
B3 0.577 -0.0056 0.066 0.069 0.0043 0.958
o 0.600 -0.0026 0.081 0.079 0.0065 0.942

True is the true value for the parameter; Bias is the bias of the
parameter estimate; SE is the empirical standard deviation of the
parameter estimates; SEE is the average of the standard error
estimates; MSE is the mean squared error; and CP is the coverage
probability of the 95% confidence interval estimates.
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Table 4.4: Comparison of the proposed sieve MLEs with the sieve MLEs assuming

independence (Newg) and the MLEs from the GLMM with h(t) = cos(t) for poisson
data

Newy \ GLMM
n  Parameter Bias SE MSE RE Bias SE MSE RE

120 51 -0.0129 0.104 0.0110 1.31 -0.0433 0.106 0.0131 1.56
B2 0.0001 0.077 0.0060 1.33 0.0282 0.079 0.0070 1.55
B3 -0.0110 0.102 0.0106 1.40 -0.0116 0.103 0.0116 1.43
o -0.0125 0.123 0.0154 1.14
200 51 -0.0073 0.079 0.0062 1.34 -0.0436 0.085 0.0092 1.97
B2 -0.0003 0.058 0.0033 1.31 0.0316 0.064 0.0051 2.02
B3 -0.0055 0.075 0.0056 1.29 -0.0063 0.082 0.0068 1.58
o -0.0260 0.097 0.0100 1.54

Bias is the bias of the parameter estimate; SE is the empirical standard deviation
of the parameter estimates; MSE is the mean squared error; and RE is the relative
efficiency of the proposed sieve MLEs with the estimators under the indicating
model.
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Table 4.5: Results for the analysis of the epileptic data

Age
Trt
Base
Trt*Base
o

Intercept
Age
Trt

Base

Trt*Base

o

Est SE P-value Est SE P-value
New Newg
0.478 0.291 1.00E-01 0.622 0.032 <1.00E-06**
-0.297 0.168 7.70E-02 -0.245 0.034 <1.00E-06**
0.766 0.184 3.05E-05** | 0.688 0.039 <1.00E-06**
0.310 0.253 2.20E-01 0.282 0.045 <1.00E-06**
0.448 0.108 1.67E-05**
GLMM GLM
1.795 0.104 <1.00E-06** | 1.860 0.041 <1.00E-06**
0.481 0.346 1.64E-01 0.888 0.117 <1.00E-06**
-0.334 0.147 2.33E-02** | -0.346 0.061 <1.00E-06**
0.883 0.131 <1.00E-06** | 0.949 0.044 <1.00E-06**
0.339 0.202 9.40E-02 0.562 0.064 <1.00E-06**
0.501 0.058 <1.00E-06**

** indicates significant effect at the 5% significance level.
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Figure 4.1: Estimated curve ﬁn(t) in the region of X;";Bn 4 bip, i =1, yn,j =1, k;,
where b, = E(b|Y;, X, 9n) is the predictor of the random intercept for the ith subject

given the observed data and the sieve MLEs 0,,.
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Figure 4.2: Model fitted mean curve exp{hn(t)} (blue solid curve) and the empirical esti-

mated mean curve (red solid curve). The circles correspond to the observed data Y;; against
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Chapter 5: Conclusions

5.1 Discussion

We have proposed a generalized odds rate model incorporating short-term and long-term
covariate effects for the survival data and derived the NPMLESs of the unknown parameters
for the model estimation. We have also proposed the sieve MLEs for the GLMs/GLMMs
with an unknown link function using B-splines smoothing method for both data with in-
dependent observations and longitudinal data. We derive the asymptotic properties of the
proposed estimators. Extensive simulation studies demonstrate that the proposed meth-
ods perform well in practical settings. Specifically, the odds rate model is substantially
more powerful than the PO model when the PO assumption is violated especially when
the short-term and long-term effects are in opposite directions. Furthermore, the proposed
sieve MLEs have smaller biases and standard errors than the MLEs based on the GLMs
and GLMMs when the link function is mis-specified. The efficiency loss of the proposed
sieve MLEs is limited compared to the MLEs under the GLMs and GLMMs with correctly
specified link functions. Applications show that the proposed methods can notably handle
the real data and yield satisfying results. We have also implemented the proposed methods

in computer programs in C language.

5.2 Future work

We assume in Chapter 2 that the failure time and the censoring time are conditionally inde-
pendent given the covariates. Violation of this assumption may lead to biased results. For
example, in the analysis of time to develop distant metastasis in the CNA study, censoring

is likely to be informative because some local recurrences might censor the observations
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while being driven by the same tumor. To account for such dependent censoring, one may
assume certain dependence structures between the failure time and the censoring time (e.g.,
see Tanaka and Rao (2005) and Li et al. (2007)). Alternatively, we can adopt the technique
proposed by Othus et al. (2009) through the use of the conditional crude hazard function of
the censoring time given the covariates. Future research along this direction is warranted.
In Chapter 2, we assume independent observations. In several applications, we may
encounter clustered or family data. One interesting future work is to extend our pro-
posed method by incorporating random effects to account for the correlations within a
cluster/family. Suppose X;; is the set of covariates for the jth subject in the ith family.

We can incorporate random effects in the following model

F(t]Xij,wi)
S(t‘Xij,wz‘)

= H(tyw; |B X p(t) + Y Xi5(1)| |
where w; denotes the shared frailty for the ith family. We are currently investigating the
theoretical and computational aspects of this model.

Yang and Prentice (2005) proposed a two-sample model that accommodates the short-
term and long-term covariate effects on the hazard function. More recently, Diao et al.
(2013) extended the above two-sample model to a regression setting accommodating possibly
external time-dependent covariates. While the models of Yang and Prentice (2005) and
Diao et al. (2013) are extensions of the Cox proportional hazards model, the proposed
model renders direct interpretations of short-term and long-term covariate effects on the
survival function and includes the proportional odds model as a special case. It is well
known that both the proportional hazards model and the proportional odds model belong
to a general class of semiparamtric transformation models (Zeng et al., 2008). One may be
interested in investigating the short-term and long-term covariate effects under this class of
transformation models. Future research is warranted.

The flat lines after about 80 months in Figure 2.1 suggest that a proportion of patients
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in the CNA study may never develop distant metastasis, i.e., there exists a cured sub-
population. To account for the presence of a cured sub-population, we can combine the
proposed model and the standard mixture cure model. Specifically, given the covariates Z;
and X;, the mixture cure model postulates that the population survival function takes the
form

Spop(t|Zi, Xs) =1 — 0(Z;) + 0(Z;)S(t|X,),

where
B exp(BTZ;)
0(Zi) = ——— 5~
1+ exp(B1Z;)
and S(t|X;) is the conditional survival function in the un-cured sub-population. Note that
1 — 60(Z;) is the cure fraction. We assume the proposed model for S(¢|X;). The likelihood

function is then given by

I(Y;<o0)

n

{osoixo} ™ o o) +ozsmixy | {1-az))

=1

where f(t|X;) is the conditional density function of the failure time in the un-cured sub-
population. We can perform nonparametric likelihood estimation and inference using tech-
niques similar to those in Zeng et al. (2006) and Diao and Yin (2012).

In the CNV study in Chapter 2, we performed hypothesis testing at each SNP locus to
search for the significant location at which the CNV impacts the time to develop distant
metastasis, leading to the so-called “large p small n” problem. Appropriate procedures are
needed to control for the family-wise error rate introduced by the multiple comparisons.
Many statistical methods have been proposed in literature to account for multiple testing.
Particularly, Lin (2005) developed a Monte Carlo approach to approximate the joint distri-
bution of the test statistics along the genome. It would be interesting to adopt this approach
in our model setting to adjust for multiple testing. Moreover, resampling methods can be
used to approximate the joint distribution of the test statistics, which provides another
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solution for the “large p small n” problem (Diao and Vidyashankar, 2013).

An interesting area is focused on the selection of important variables that impact the
failure time. Recently, Lu and Zhang (2007) proposed variable selection procedures using
adaptive LASSO for the PO model. It would be desirable to extend the adaptive LASSO
procedure to select variables with significant long-term and/or short-term effects.

It is known that using splines method to approximate the unknown function could
cause undersmoothing problem. It would be interesting to develop an estimation procedure
based on the penalized likelihood and compare the results. Penalized spline smoothing
method has been well discussed by Eilers and Marx (1996). They proposed to base the
penalty on finite differences of the coefficients of adjacent B-spline basis functions. Suppose
vi,t =1,--- , K, + M are the coefficients of the B-spline basis functions. Then the penalty

takes the form

Do | >

Kn+M 9 \
> (aky) =57"Dr.
Jj=k+1

where A2%y; = AAy; = 7vj — 2vj-1 + V-2

One important issue in the use of penalized likelihood is how to choose an appropriate
value for the tuning parameter A\. There are a number of criteria that can be used to choose
the tuning parameter A\. The generalized cross-validation (GCV) score (Golub et al., 1979)
and the Akaike’s information criterion (AIC) are two mainly used criteria. Other criteria
are also investigated for selecting the smoothing parameter, see Hurvich et al. (1998), Wood
(2000) and Ueki and Fueda (2010).

The AIC is defined as the corrected log-likelihood of a fitted model for the effective
dimension of the parameter vector. Therefore we need to determine the effective dimension
of the parameter vector under the model setting. For B-spline methods, Eilers and Marx
(1996) used the trace of the influence matrix as an approximation of the effective degree of
the parameters. Imoto and Konishi (2003) also discussed the approximation based on the

empirical influence function of the estimators and the score function. The cross-validation
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score is defined based on the mean square error. Unlike the ordinary cross-validation score,
the GCV score weights the sample differently adjusting the mean square error for periodicity
and non-equidistant samples. Eilers and Marx (1996) discussed the formula of the GCV
score for spline smoothing. Bai et al. (2009), Ruppert and Carroll (2000) and Yu and
Ruppert (2002) adopted the GCV score to select the tuning parameter for spline fitting
with truncated power function basis. Sakamoto and Shirahata (1999) also studied the
smoothing parameter selection using cross-validation.

The results in our data analysis in Chapter 4 do not provide strong evidence that the
log link assumption in the Poisson GLMM is violated. It would be interesting to further
investigate the link function. We can obtain the estimates of the link function using our
method and then compare it to the canonical link function. It would be interesting to
develop a formal procedure to test Hg : h'(t) = ¢,Vt € [a,b] for some constant ¢. Future

research is warranted toward this direction.
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